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Abstract

Purpose – This paper aims to introduce a method to couple truss finite elements to the material point method
(MPM). It presents modeling reinforced material using MPM and describes how to consider the bond behavior
between the reinforcement and the continuum.
Design/methodology/approach – The embedded approach is used for coupling reinforcement bars with
continuum elements. This description is achieved by coupling continuum elements in the background mesh to
the reinforcement bars, which are described using truss- finite elements. The coupling is implemented between
the truss elements and the continuum elements in the background mesh through bond elements that allow for
freely distributed truss elements independent of the continuum element discretization. The bond elements
allow for modeling the bond behavior between the reinforcement and the continuum.
Findings –The paper introduces a novelmethod to include the reinforcement bars in theMPMapplications. The
reinforcement bars can bemodeledwithout any constraints with a bond-slip constitutivemodel being considered.
Originality/value –Asmodeling of reinforced materials is required in a wide range of applications, a method
to include the reinforcement into the MPM framework is required. The proposed approach allows for modeling
reinforced material within MPM applications.

Keywords Material point method, Generalized interpolation material point method, Truss element, Bond

element, Coupling MPM with FEM

Paper type Research paper

Highlights

(1) Modeling of reinforced materials by the generalized interpolation material point
(GIMP) method is introduced.

(2) The coupling of the GIMP method with the truss finite elements is shown.

(3) Bond elements are used to link the truss finite elements to the continuum elements.

1. Introduction
Large deformation problems in solid mechanics are often a challenge for engineers. Such
problems, e.g. plastic forming, soil collapse and high- speed load applications like impact
scenarios, require numerical methods, which are capable of modeling the structural response
with satisfying accuracy and acceptable computational cost.

The finite element method (FEM), which is the most widely used numerical method in
engineering applications for solid mechanics, fails when the deformations of the mesh are
extremely high and the elements are strongly distorted. For such cases, the MPM is an
alternative numerical method.

The MPM has been first introduced by Sulsky et al. (1994, 1995) under the name particle
method, which was later named as the MPM in Sulsky and Schreyer (1996). The idea of the
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MPM is inspired by the fluid implicit particle (FLIP) method (Brackbill and Ruppel, 1986)
for fluid mechanics with two main differences; first, the constitutive equations are solved at
the material points instead of the cell center; second, the MPM formulation is consistent with
the FEM, which yields an efficient combination of both methods (Lian and Zhang, 2018; Lian
et al., 2011a; Zhang et al., 2016). Subsequently, the Generalized Interpolation Material Point
(GIMP) method was proposed by Bardenhagen and Kober (2004) to overcome the problem of
cell crossing noise which occurs when the material points cross elements in the
background mesh.

Formerly, explicit time integration has been employed formost of theMPMdevelopments,
while the implicit MPMhas been recently considered (Charlton et al., 2017; Coombs et al., 2020;
Wang et al., 2016). The advantages of the implicit MPM over the explicit MPM are the larger
time steps, better stability and higher guarantee of accurate results (see Guilkey and
Weiss, 2003).

In this paper, the implicit GIMP method for large deformations is addressed for quasi
static applications.

As the MPM is used to model large deformation problems, such structures may include
reinforced materials. This combination is applied in different fields as reinforced soil fill,
reinforced rubber or reinforced concrete. Reinforced concrete, for instance, is used to construct
civilian buildings, nuclear structures, dams, etc, which is important to investigate its
responses to blast and impact loading. One example is ongoing research on reinforced
concrete under impact, see Figure 1 (Hering et al., 2020), for which a penetration problem is
addressed.

Including the reinforcement into the continuum can be achieved by many approaches.
Discrete approach: The domain is discretized in which the reinforcement bars, modeled by
truss elements, are connected to the continuum element nodes. Comparing to other
approaches, this is the most accurate one. Bond slip can be introduced (see H€aussler-Combe,
2015; Ngo and Scordelis, 1967; Sch€afer, 1975). This approach has the main disadvantage,
that the discretization of the continuum is dependent on the reinforcement layout. Smeared
approach: This formulation is suitable to model structures with uniformly distributed
reinforcement bars, e.g. reinforced plates. In the smeared approach, the reinforcement bars
are smeared as a layer of equivalent thickness placed at the position of the bars (H€aussler-
Combe, 2015). The effect of dowel action can be included (see Zhang et al., 1994). Embedded
approach: The main advantage of this approach is that the discretization of the continuum
is independent of the reinforcement layout. The reinforcement bars are modeled explicitly
by truss elements and embedded in the continuum elements (Elwi and Hrudey, 1989; Hartl,
2002). Truss elements and continuum elements are coupled by means of a special type of
elements. This element is a so-called bond element, which is very stiff in the lateral direction
and has a bond law in the longitudinal direction (see H€aussler-Combe et al., 2019, 2020).

In this work, coupling of the GIMP method with truss- finite elements is introduced
using the embedded approach. The coupling is achieved by means of bond elements, which
allow for coupling freely distributed truss elements with the structured background mesh.
This approach is well suited for the MPM as it gives flexibility for discretizing the truss
elements independently of the background mesh. Truss elements can move over the
computational mesh, and it allows modeling the bond behavior between the reinforcement
and the continuum.

Coupling MPM with FEM in general has been investigated by many researches (see
Chen et al., 2015; Lian et al., 2011a; Zhang et al., 2006). It is of interest because of the attempt
to take advantage of both methods. MPM is more robust than FEM for applications with
large deformations, as the problem of element distortion is avoided in the regions with
severe deformations. On the other side in the regions of small deformations, FEM is more
accurate, as the accuracy of Gauss quadrature in FEM is higher than material point
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quadrature and is computationally more efficient, as no mapping of data is required and it
needs less computational storage. Coupling the MPM with other numerical methods has
been introduced as well. For instance, coupling of MPM with discrete element method
(DEM) has been introduced in Liang and Zhao (2020).

Introducing truss elements into the MPM is a special type of coupling MPM–FEM and has
been proposed in Lian et al. (2011b). The proposed approach in Lian et al. (2011b) differs from
the one in this work at hand. It is implemented in explicit MPM, bond slip between the truss
elements and the continuum elements is not included and all data frombothmaterial points and
truss element nodes aremapped to the grid nodes. However, in the presented work, bond slip is
included and truss element data are not mapped to the grid nodes, as the truss elements are
included explicitly in the system and have their own nodes in the global stiffness matrix.

The paper at hand is organized as follows: In Section 2, the basics of the MPM and the
formulation of the non-linear implicit MPM are presented. The GIMP method is presented in
Section 3. The coupling of the GIMP method with truss- finite elements is introduced in
Section 4. Numerical examples are shown and commented in Section 5. Finally, in Section 6,
conclusive remarks are given.

Figure 1.
Reinforced concrete
plate under impact
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The authors of this paper restrict themselves to two-dimentional problems for simplicity
and clarity, however, the extension to three-dimensional is straight forward.

2. Implicit MPM
2.1 Basics
The main feature of the MPM is moving of the material points, carrying all material
properties, over a continuously reset mesh. The computational cycle can be divided into
three phases. In the first phase, all state variables are mapped from the material points to
the nodes, known as the Lagrangian phase. In the second phase, the system is solved for the
unknown displacements, usually in an iterative manner, e.g. by the Newton–Raphson
method. In the third phase, the state variables are mapped back to the material points and
the mesh is reset to its undeformed configuration, this phase is known as convective phase.
Figure 2 illustrates the three phases.

The mapping of the state variables is achieved using shape functions. For instance, the
nodal force vector fn of an element in the mesh is given by

f n ¼
Xnp
p¼1

N
�
ξp
�T
$f p; (1)

whereN is the matrix of the shape functions, ξp is the local coordinate of material point p, fp is
the material point force vector. On the other side, the displacement vector up of a material
point is given by

up ¼ N
�
ξp
�
$un; (2)

where un is the nodal displacement vector of the corresponding element in the mesh.

2.2 Formulation of non-linear implicit MPM
In non-linear finite element analysis, the reference configuration is taken either the initial
configuration or the current configuration. In the MPM, due to mesh resetting and also
changing the elements each time step, considering the initial configuration as the reference
configuration is not a good choice. In Coombs et al. (2020), taking the reference configuration
at the previously converged state (the state at the beginning of a time step) is proposed as it is
computationally more efficient than the current configuration formulation. Hence, in this
paper, the reference configuration is taken at the previously converged state. The discretized
weak form of the equilibrium is given by

mp → n 

→→→→
⋅ = n → mp 

→→=Figure 2.
Phases in a
computational cycle in
implicit MPM
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Z
Vt

BTðΔuÞ$~σ dVt ¼
Z
Vt

N T$b dVt þ
Z
vAt

N T$t dAt; (3)

with the matrix of shape function derivatives, B, function of the displacement, Δu, starting
from the beginning of the time step, t, ~σ is the second Piola Kirchhoff stress tensor pushed
forward to the previously converged state, body forces b acting over the volume at the
previously converged stateVt, and vAt is the part of the domain surface, where tractions t are
applied (Bathe, 2006; De Borst et al., 2012).

Eq. (3) is non-linear in terms of the nodal displacements. Using the Newton–Raphson
method, and after linearization, the global vector of internal forces and the global stiffness
matrix are given by (Ghorbani et al., 2009)

f ¼
Z
Vt

BT
L ðΔuÞ$~σ dVt; (4)

K ¼
Z
Vt

BT
L ðΔuÞ$CT$BLðΔuÞ þ BT

NL$S$BNL

� �
dVt; (5)

respectively. Those quantities are built by assembly of all material points contributions in a
similar way to the Gauss points in FEM. The vector of internal forces and the stiffness matrix
of a material point are

f p ¼ BT
L ðΔuÞ$~σ Vp; (6)

K p ¼ BT
L ðΔuÞ$CT$BLðΔuÞ þ BT

NL$S$BNL

� �
Vp; (7)

where BL and BNL are matrices of the shape function derivatives, S is the second Piola
Kirchhoff stress tensor pushed forward to the previously converged state, and CT is the
tangential material matrix, i.e. tensor. In the presented work, the simple St. Venant–Kirchhoff
material model (Ogden, 1997) is usedwhen elastic material is described. Thus, in this case,CT

is a constant material tensor C0 mapped to the previously converged state and Vp is the
material point volume at the previously converged state.

The abovementioned components are given as

BLðΔuÞ ¼ BL0 þ BL1ðΔuÞ; (8)

where

BL0 ¼
N1;x 0 N2;x 0 N3;x 0 N4;x 0
0 N1;y 0 N2;y 0 N3;y 0 N4;y

N1;y N1;x N2;y N2;x N3;y N3;x N4;y N4;x

2
4

3
5; (9)

BL1ðΔuÞ ¼
lxx N1;x lyx N1;x lxx N2;x

lxy N1;y lyy N1;y lxy N2;y

lxx N1;y þ lxy N1;x lyx N1;y þ lyy N1;x lxx N2;y þ lxy N2;x

2
4

lyx N2;x . . . lyx N4;x

lyy N2;y . . . lyy N4;y

lyx N2;y þ lyy N2;x . . . lyx N4;y þ lyy N4;x

3
5;

(10)

with
lij ¼

X4

k¼1

N k;j Δuk
i ; (11)
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where Δu equals to 0 for the first iteration in each time step. The tangential material matrix
mapped to the previously converged state is given by

CT ¼ 1

detðF tÞ TT$C0$T
� �

; (12)

with the transformation matrix (Bathe, 2006; De Borst et al., 2012)

T ¼
F tð1; 1Þ2 F tð2; 1Þ2 F tð1; 1ÞF tð2; 1Þ
F tð1; 2Þ2 F tð2; 2Þ2 F tð1; 2ÞF tð2; 2Þ

2F tð1; 1ÞF tð1; 2Þ 2F tð2; 1ÞF tð2; 2Þ F tð1; 1ÞF tð2; 2Þ þ F tð2; 1ÞF tð1; 2Þ

2
4

3
5:
(13)

Ft is the deformation gradient at the previously converged state given by

F t ¼ vut

vx
þ 1; (14)

where ut is the material point displacement vector at the previously converged state and x is
the nodal coordinate vector of the element in the backgroundmesh. The second term in Eq. (7)
is required in order to include geometrical non-linearity, with

BNL ¼
N1;x 0 N2;x 0 N3;x 0 N4;x 0
N1;y 0 N2;y 0 N3;y 0 N4;y 0
0 N1;x 0 N2;x 0 N3;x 0 N4;x

0 N1;y 0 N2;y 0 N3;y 0 N4;y

2
664

3
775; (15)

and

S ¼
�Sxx

�Sxy 0 0
�Syx

�Syy 0 0
0 0 �Sxx

�Sxy

0 0 �Syx
�Syy

2
664

3
775; (16)

with
�S ¼ 1

detðF tÞ F t$�S0$F
T
t

� �
; (17)

�S0 ¼ �s0xx �s0xy
�s0xy �s0yy

� �
; (18)

s0 ¼ C0$e : (19)

e is the Green–Lagrange strain tensor. ~σ in Eq. (6) is then

~σT ¼ �Sxx
�Syy

�Sxy

� �
: (20)

Finally, the volume assigned to a material point is

Vp ¼ detðF tÞ V 0
p; (21)

with V 0
p as the initial volume.

For the formulation shown above, the local coordinates of the material points in the
background mesh elements are required. Those coordinates are changing each time step and
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evaluated using theNewton–Raphsonmethod. Givenmaterial point global coordinates,xp, and
element coordinates, x, material point local coordinates are calculated as shown in Figure 3.

3. Implicit GIMP method
As mentioned previously, GIMP method is used to reduce the cell crossing noise. This is
achieved by replacing the standard shape function N used in the MPM with a weighting
function Svp. Each material point is assigned a domain. The weighting function, as proposed
in Bardenhagen and Kober (2004), is given by

Svp ¼ 1

Vp

Z
Ωp\Ω

χpðξÞNvðξÞdξ; (22)

where Ωp is the influence domain of the material point, Ω is the problem domain, and χp is a
characteristic function in the form

χpðξÞ ¼ 1; if ξ⊂Ωp

0; otherwise

�
(23)

Note that the standard shape function can be recovered from Eq. (22) if χp(ξ) is as follows

χpðξÞ ¼ Vp; if ξ ¼ ξp
0; otherwise

�
(24)

The gradient of the weighting function ∇Svp is given by

∇Svp ¼ 1

Vp

Z
Ωp\Ω

χpðξÞ∇NvðξÞdξ; (25)

Figure 3.
Material point local

coordinates algorithm
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The weighting function gradient, ∇Svp, of node n is equal to zero at node position, thus, the
contribution to the internal force vector of node n is 0 from amaterial point, when it is located
exactly at node n, see Equations (4) and (6). In order to calculate the element stiffnessmatrix in
the same manner as in the FEM, Charlton et al. (2017) introduced a modification to the
weighting function proposed in Bardenhagen and Kober (2004), Equations (22) and (25). The
proposed modification is based on considering only the part of the material point’s domain
overlapping with the element. The main idea is that the summation of the function values
from all elements sharing the same node is equal to the original function value proposed by
Bardenhagen andKober (2004). Theweighting functions of the one-dimensional element with
Nodes 1 and 2 as given by Charlton et al. (2017) are

Svp1 ¼ 1

4lp
2ξ2 � ξ22 � 2ξ1 þ ξ21
� �

;

Svp2 ¼ 1

4lp
2ξ2 þ ξ22 � 2ξ1 � ξ21
� �

:

(26)

In the same manner, the gradient of the weighting functions are constructed and given by

∇Svp1 ¼ ξ1 � ξ2
2lp

and ∇Svp2 ¼ ξ2 � ξ1
2lp

; (27)

with

ξ1 ¼
−1; if ξp �

lp

2
< �1

ξp �
lp

2
; if ξp �

lp

2
> �1

8>>><
>>>:

;

ξ2 ¼
1; if ξp þ

lp

2
> 1

ξp þ
lp

2
; if ξp þ

lp

2
< 1

8>>><
>>>:

;

(28)

where lp is thematerial point influence domain length. For 2D and 3D problems, theweighting
function is simply the multiplication of the 1D weighting function in each direction.

The length of thematerial point influence domain, lp, is updated at each time step. Different
methods for updating lp are proposed in Coombs et al. (2020). In this work, for 2D problems, lp
is updated by

lpi ¼ l
0
piU ii ðno implied sum on iÞ; (29)

whereU is the stretch tensor of the deformation gradient, l0pi is the domain length in the initial
configuration and i indicates the direction (x, y). The algorithm of the implicit GIMPmethod is
shown in Appendix.

4. Coupling the GIMP method with truss finite elements
In many applications, reinforcements are used to strengthen materials, e.g. reinforced
concrete and reinforced soil. In the FEM, truss elements are widely used to model
reinforcements. However, beam elements and continuum elements are also employed,
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depending on the purpose of the simulation and the required accuracy (Fleischhauer et al.,
2015; Fuchs et al., 2020; Mahmoud, 2016).

In this work, truss elements are implemented and coupled with the GIMP method by
means of bond elements to link or to bond the truss elements with the continuum elements in
the computational mesh. In the following sub-sections, the implementation of bond elements
as well as truss elements in the GIMP method is illustrated.

4.1 Bond element
The main feature of the bond element is the slip between truss element and continuum
element. Each bond element has a point called anchor point located along the corresponding
truss element at which slip values are calculated, see Figure 4.

Slip at an anchor point is given by

s ¼ uatðξatÞ � uacðξacÞ
¼ N tðξatÞ$ut � N cðξacÞ$uc½ �
¼ N tðξatÞ � N cðξacÞ½ �$ ut

uc

	 


¼ B bðξaÞ$ ut

uc

	 
 ; (30)

where subscript a indicates an anchor point and subscripts t and c refer to truss element and
continuum element, respectively. Bond stresses induced by the slip vector are given by

τx
τy

	 

¼ Cx 0

0 Cy

� �
$

sx
sy

	 

; (31)

where Cx is the constitutive characteristic relating bond stress in the longitudinal direction to
the slip value sx. In general, Cx is non-linear with vτx/vsx 5 0 at maximum bond strength.
However, for simplicity in this work, a constant Cx is assumed giving a linear relationship
between τx(sx) and sx. On the other side, lateral slip, sy, is avoided by a penalty term (assigning
to Cy a large value). The bond element has no thickness, hence, no geometric non-linear term
exists in the formulation of its stiffness matrix. The stiffness matrix, Kb, and vector of
internal forces, fb, of the bond element are

K b ¼ BbðξaÞT$Cb$B bðξaÞ Ab; (32)

f b ¼ BbðξaÞT$τb Ab; (33)

continuum element

x x

truss elements

bond elements anchor points

x x

Figure 4.
Truss elements

embedded in
continuum elements
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with Ab as the area of the bond element, which is equal to the corresponding truss cross-
sectional circumference multiplied by length of bond element.Kb and fb are assembled toK,
Eq. (5), and f, Eq. (4), respectively, based on the nodal indices of the corresponding truss and
continuum elements. Due to the fact that embedded truss elements have no external
constraints or boundary conditions, a minimum of two bond elements is required to provide
stability. The more bond elements are used, the more accurate is the result but also the more
computational cost has to be paid.

The local coordinates of the anchor points in the continuum elements are calculated using
the Newton–Raphsonmethod in the samemanner shown in Section 2.2, Figure 3. Bymeans of
this bond element, truss elements can be embedded in the continuum with own nodes
independent of the continuum discretization. This is the main advantage, which allows
coupling the MPMwith truss elements as at each time step truss elements are moving over a
fixed mesh.

4.2 Truss element
The truss element formulation including geometrical non-linearity with small strain is used
assuming that the strain is small enough to keep the truss cross-sectional area and length
constant. A≈A0 and l ≈ l0: (34)

Eq. (34) states that the cross-sectional area and the length in the initial configuration (A0 and
l0, respectively) are approximately equal the cross-sectional area and the length at any
configuration (A and l, respectively). Hence, the virtual work equation of the truss element
considering only the axial stress component, σxx, yields

A0

Z
l0

δexx σxx dx ¼ δuTf ext : (35)

Eq. (35) is non-linear in terms of the nodal displacements. After linearization, the truss
element vector of internal forces, ft, and stiffness matrix, Kt, are given by

f t ¼ A0l0BLðuÞσxx; (36)

K t ¼ EA0

l0
BLðuÞBT

L ðuÞ þ
A0σxx
l0

M ; (37)

where

BT
L ¼ 1

l0
� 1þ u2 � u1

l0

	 

�v2 � v1

l0
1þ u2 � u1

l0

	 

v2 � v1

l0

� �
; (38)

where E is the Young’s modulus, u1 and u2 are the horizontal displacements at Nodes 1 and 2,
respectively, and v1 and v2 are the vertical displacements at Nodes 1 and 2, respectively. u1, u2,
v1, and v2 result from the previous iteration. The matrix M is given by

M ¼
1 0 �1 0
0 1 0 �1

�1 0 1 0
0 �1 0 1

2
664

3
775: (39)

For more details on the truss element formulation (see De Borst et al., 2012).
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4.3 Coupling truss elements with the GIMP method
In Sections 4.1 and 4.2, a brief explanation of the formulation of bond and truss elements
applied in FEM is shown. For application in the MPM, two main features have to be
addressed:

(1) Truss elements are moving over a fixed mesh.

(2) Global displacement vectoru is set to 0 every time step, and new vector with new size
and new nodal indices for elements are created.

Figure 5 shows an example of truss elements moving over a fixed mesh from time t to tþΔt.
After solving the system in each iteration, the nodal displacement vectors of the truss
elements are updated, which means that the positions of the truss elements and the
corresponding anchor points change, as a result, the continuum elements of the fixed
background mesh in which the truss elements are embedded may change or at least the local
coordinates of the anchor points in the continuum elements will change and need to be
evaluated each time step. Slip values at the anchor points from the previous time step should
be added to the current slip values since the global displacement vector is set to zero at
each time step and the current slip values are only calculated from the beginning of the
current time step. Asmentioned above that the size of the global displacement vector changes
each time step as new continuum elements are activated and others are deactivated, the
elements’ global indices change as well. For this reason, the nodal displacements of the truss
elements from the previous time step become history variables and are added to the current
nodal displacements.

The description above is summarized by the following steps:

(1) Background element for each anchor point has to be found every time step.,

(2) Local coordinates of the anchor points in the corresponding element have to be
evaluated every time step.

(3) Slip values from previous time step are added to the current values.

(4) For truss elements, displacement values from previous time step are added to the
current values.

5. Numerical examples
In order to validate modeling reinforced materials by the GIMP method, four numerical
examples are presented. The first one models a cantilever beam, the second example

Figure 5.
Coupling the GIMP
method with truss

finite elements
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finite elements

to MPM

2563



describes a clamped beam, the third simulation investigates a reinforcedmaterial tension bar,
and the fourth model problem evaluates a beam-column frame structure.

5.1 Cantilever beam
The cantilever beam is subjected to its self-weight. The initial beam length and depth are
16 cm and 4 cm, respectively. Initially, the beam consists of 224 elements each with equally
distributed 33 3 material points which gives a total of 2016 material points. Plane stress 2D
continuum elements are used. The beam is described by a Young’s modulus, E5 100 N/cm2

and Poisson’s ratio, ν5 0, with mass density, ρ5 0.0165 kg/cm3. 32 truss elements are used
with a cross-sectional area of 0.02 cm2 placed at a distance of 1 cm from the top of the beam.
The reinforcement bar is characterized by Young’s modulus, E 5 10,000 N/cm2. The self-
weight of truss elements is not included. The constitutive characteristic of the bond elements
is Cx5 2500 N/cm3, see Eq. (31). The load is increased incrementally with a load step equal to
0.05 up to load factor of 1.0. On the other side, the same model is simulated by the FEM with
4-node and 9-node 2D plane stress continuum elements. Figure 6 shows the cantilever beam
modeled by the GIMPmethod and the FEM in its final configuration. The crosses indicate the
supports and the blue cells in the MPM model are the activated elements.

The absolute average displacements of the beam tip in vertical and horizontal directions
and the axial stresses of the truss elements are shown in Figures 7 and 8, respectively. The
figures show that the results of the GIMP method coupled with truss- finite element fit very
well the results of the FEM. The obtained displacements yield a very small shift compared to
the FEM, as thematerial points, for which the displacements are plotted, are located inside the
beam and not exactly at the beam tip such as the nodes in the FEM. The plot shown in
Figure 8 exhibits a small shift of the stress values in the left part of the beam, up to truss
element Number 10, and, then, it overlies the stresses obtained by FEM. This small shift
results from the high variation of the number of material points per elements in the left part of
the beam, whereas the right part is almost straight, less curvy than in the right and the
number of material points per element is more uniform. Figure 9 presents the distribution of
thematerial points’ stresses within the cantilever beam. As can be seen, the stress variation of
the material points is smooth and no stress oscillations are observed. In Table 1, the number
of iterations for load steps are shown. As can be seen, the convergence rate is almost
quadratic, which is an indication of a correct implementation.

Figure 6.
Reinforced cantilever
beam model
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In Figure 10, the average vertical displacements of the material points at the cantilever beam
tip are compared with the average displacements obtained from FEM at the same positions
for each case. The FEM is taken as a reference, with 4-node 262,144 (2563 1,024) continuum
elements, with 1/element size equals to 64. The number of truss elements equals the number
of continuum elements in the x-direction for all cases. The average material point
displacements have been normalized to the displacements given by the reference FEM. The
convergence is investigated using different grid element sizes each with different numbers of
material points per element. Figure 10 shows that by reducing the grid element size, the
normalized displacement values approach one. The displacements in the finer meshes are
very similar for different numbers of material points. Same result has been shown in Charlton
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et al. (2017), which indicates that reducing element size has more influence on the accuracy of
the result than changing the number of material points per element.

5.2 Clamped beam
A reinforced clamped beam is subjected to a uniform load applied at the mid span of the top
surface with a magnitude of 500 N/cm. The loaded material points and the mapped forces in
the initial configuration are shown in Figure 11. The reinforcement bars at the top and bottom
are depicted as well. The crosses indicate the supports and the blue cells are the initially
activated elements.

Step Iter Res. [N] Step Iter Res. [N]

0.55 1 1.2e�00 0.8 1 1.7e�00
0.55 2 1.7e�01 0.8 2 1.5e�01
0.55 3 1.3e�04 0.8 3 1.1e�04
0.55 4 4.1e�08 0.8 4 4.7e�08
0.6 1 2.7e�00 0.85 1 2.9e�00
0.6 2 1.8e�01 0.85 2 1.6e�01
0.6 3 1.4e�04 0.85 3 1.3e�04
0.6 4 5.3e�08 0.85 4 6.0e�08
0.65 1 2.0e�00 0.9 1 1.7e�00
0.65 2 1.7e�01 0.9 2 1.4e�01
0.65 3 1.3e�04 0.9 3 1.0e�04
0.65 4 5.0e�08 0.9 4 4.2e�08
0.7 1 2.4e�00 0.95 1 2.7e�00
0.7 2 1.7e�01 0.95 2 1.5e�01
0.7 3 1.4e�04 0.95 3 1.0e�04
0.7 4 5.7e�08 0.95 4 4.2e�08
0.75 1 1.5e�00 1.0 1 2.3e�00
0.75 2 1.6e�01 1.0 2 1.7e�01
0.75 3 1.2e�04 1.0 3 1.2e�04
0.75 4 5.0e�08 1.0 4 4.5e�08

Figure 9.
Material points’
stresses in x-direction
of the cantilever

Table 1.
Convergence rate of
reinforced
cantilever beam
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The initial beam length and depth are 60 cm and 12 cm, respectively. Initially, the beam
consists of 720 elements each with equally distributed 3 3 3 material points, which gives a
total of 6,480 material points. Plane stress 2D continuum elements are used. The beam is
described by a Young’s modulus, E 5 5000 N/cm2 and Poisson’s ratio, ν 5 0.3. Top and
bottom reinforcements are placed at a distance of 1.75 cm from the top and bottom of the
beam, respectively, each with 59 truss elements of a cross-sectional area of 0.01 cm2.
The reinforcement bars are associated with a Young’s modulus, E 5 10,000 N/cm2. The
self-weight of truss elements is excluded. The bond elements exhibit a longitudinal stiffness,
Cx5 2500 N/cm3. The load is increased incrementally with a load step of 0.05 up to load factor
of 1.0.

On the other side, the same model is simulated by the FEM with 4-node and 9-node 2D
plane stress continuum elements. Figure 12 shows the cantilever beam simulated by the
GIMP method and the FEM in its final configuration. The red and green color of truss
elements indicate tension and compression, respectively.
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The axial stresses of truss elements for the GIMP method and the FEM are shown in
Figure 13. The stresses for the upper and lower reinforcement bars are plotted showing the
variation between tension and compression. The stresses obtained from the GIMP method
overly the stresses from FEM. The small variation of the FEM with 9-node continuum
elements is due to the difference in the way the load is applied, as for the GIMP and FEMwith
4-node elements the load is applied on the nodes at the corners; however, in the FEM with
9-node elements, the load is also applied on the nodes at the midpoint of the element edge
as well. Hence, the stress concentration at the region of applied load is different.
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It is shown for this example as well that the results of the GIMP method are in a good
agreement with the results of the FEM.

For this example, as for the previous one, the stress variation of the material points is
smooth and no stress oscillations are observed, see Figure 14. Also, the convergence rate
is quadratic, as can be seen inTable 2, which emphasizes that the inclusion of reinforcement is
implemented correctly.

The influence of changing the grid elements size as well as the number of material points
per element is investigated in this example. In Figure 15, the displacement values of the
material points close to the mid span are compared to the displacement at the same
positions for each case obtained from the FEM. The FEM is taken as a reference, with
4-node 184,320 (192 3 960) continuum elements, with 1/element size equals to 16. The
length of truss finite elements in the top and bottom reinforcement bars equals the length of
continuum elements in the x-direction for all cases. The displacements of the GIMP models
have been normalized to the displacements given by the reference FEM. Figure 15 shows
the same result as in the previous example, that by reducing the grid elements size,
the normalized displacement values approach one. The same conclusion is made that
reducing the element size influences the result more than changing the number of the
material points.

Step Iter Res. [N] Step Iter Res. [N]

0.55 1 3.9eþ01 0.8 1 3.5eþ01
0.55 2 2.2eþ00 0.8 2 2.2eþ00
0.55 3 6.7e�04 0.8 3 1.4e�03
0.55 4 1.5e�10 0.8 4 1.3e�09
0.6 1 3.7eþ01 0.85 1 3.9eþ01
0.6 2 2.0eþ00 0.85 2 2.1eþ00
0.6 3 7.2e�04 0.85 3 1.3e�03
0.6 4 3.2e�10 0.85 4 1.3e�09
0.65 1 7.1eþ01 0.9 1 8.2eþ01
0.65 2 2.7eþ00 0.9 2 1.2eþ01
0.65 3 1.3e�03 0.9 3 3.5e�02
0.65 4 1.0e�09 0.9 4 5.9e�07
0.7 1 4.8eþ01 0.95 1 5.5eþ01
0.7 2 4.0eþ00 0.95 2 3.2eþ00
0.7 3 3.2e�03 0.95 3 3.4e�03
0.7 4 6.7e�09 0.95 4 7.1e�09
0.75 1 4.1eþ01 1.0 1 5.7eþ01
0.75 2 2.3eþ00 1.0 2 3.6eþ00
0.75 3 1.2e�03 1.0 3 5.8e�03
0.75 4 6.9e�10 1.0 4 2.3e�08

Figure 14.
Material points’

stresses in x-direction
of the beam

Table 2.
Convergence rate of

reinforced
clamped beam
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5.3 Elasto-plastic reinforced material tension bar
In the previous examples, coupling of the truss element with the MPM is validated using the
FEM and the convergence rate is observed. In this present example, a reinforced material
tension bar is modeled in different situations using an elasto-plastic constitutive model to
further show the interaction between the reinforcement and the material points. Three models
are used and depicted in Figure 16. Model 1 is an unreinforced bar, which is described by two
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materials, elastic material in the outer parts and elasto-plastic material in the middle segment.
Model 2 is a reinforced bar that consists of two elastic parts connected by the reinforcement
rebar. Model 3 is a reinforced bar which consists of two materials, elastic material in the outer
parts and elasto-plastic material in the middle segment with a reinforcement rebar. The bar
length anddepth are 60 cmand7 cm, respectively,with thickness of 3 cm.The element size used
is 13 1 cmwith equally distributed 33 3material points. Plane strain 2D continuum elements
are used. The bar is described by a Young’s modulus, E 5 50,000 N/cm2 and Poisson’s ratio,
ν5 0.0. The yield stress of the elasto-plastic part is 15N/cm2. The reinforcement rebar is placed
at themiddle of the bar with total length of 40 cmmade of 40 truss elements of a cross-sectional
area of 1 cm2. The reinforcement rebar is associatedwith aYoung’smodulus,E5 50,000N/cm2.
A large value is given to the bond elements’ longitudinal stiffness assuming a rigid bond
connection. The bar is fixed at the left edge and prescribed displacement is applied at the right
edge. The displacement is increased incrementally with a step of 0.05 up to 1.0.

The variation of the reaction force with the applied displacement is depicted in Figure 17.
The plot for Model 1 shows the typical elasto-plastic behavior. The reaction force of Model 2
increases linearly with the applied displacement as linear elastic material is used. The plot of
Model 3 consists of two parts: the first part with the stress value below the yield stress. The
stiffness is the same as for Model 2 as the stiffness contribution of the reinforcement rebar is
small comparing to the stiffness of the bar itself. The second part of the plot with the stress
value exceeds the yield stress and the bar enters the plastic regime. As the stiffness of the
plastic material drops to almost zero, the stiffness in the second part of the plot of Model 3 is
almost equal to the stiffness of Model 2 and the two lines are parallel.

The axial stresses of the truss elements in Model 2 at the final load step are presented in
Figure 18. The axial stresses in the unbonded truss elements are equal to the final reaction
force value in Figure 17 for Model 2, with the cross-sectional area is equal to 1 cm2.

The results in Figures 17 and 18 indicate correct implementation of the truss finite element
in the MPM.
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5.4 Beam-column frame structure
A frame structure is subjected to uniform load in the x-direction at the top left corner with
magnitude of 3 MN/m. The frame is uniform in thickness of 1 m with 6 m total height and
7 m total width. Initially, the frame consists of 612 elements, each with equally distributed
3 3 3 material points which gives a total of 5,508 material points. Plane stress 2D
continuum elements are used. The frame is described by a Young’s modulus, E5 100 MN/
m2 and Poisson’s ratio, ν5 0.3. A total of 216 truss elements are used with a cross-sectional
area of 0.002 m2 placed at a distance of 0.2 m from the frame surfaces. Figure 19 depicts the
reinforced frame in the initial configuration. The reinforcement bars exhibit a Young’s
modulus, E 5 20,000 MN/m2. The constitutive characteristic of the bond elements is
Cx 5 5000 MN/m3. The load is increased incrementally with a load step of 0.1 up to load
factor of 1.0. On the other side, the same model is simulated by the FEM with 4-node 2D
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plane stress continuum elements. Figure 20 shows the reinforced frame modeled by the
GIMP method and the FEM in its final configuration. The red and green color of truss
elements indicates tension and compression, respectively.

The axial stresses of truss elements for the GIMP method and the FEM are shown in
Figure 21. The stresses for the reinforcement bars at the outer surface of the frame are plotted

Figure 20.
Frame structure in the

final configuration
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showing the variation between tension and compression. The stresses obtained from the
GIMP method are in good agreement with the stresses obtained from the FEM. A main
difference in the stress value of the truss element at the top left corner is seen at the region of
applied load. This difference is due to the manner the applied load is distributed over the
nodes in the GIMP method and the FEM, see Figure 20. As the applied load is distributed in
different ways, the resulting stress in the continuum and the truss elements in the near field
will be different as well. The distribution of material points’ stresses within the frame
structure is depicted in Figure 22. The figure shows smooth stress variation and no
oscillations.

In order to show the effect of the reinforcement, the frame structure is modeled in different
scenarios: using elastic material and the Von-Mises elasto-plastic constitutive formulation
with yield stress of 5 MN/m2, both with and without reinforcement. The frame is subjected to
5.4 MN/m at the left upper corner as shown previously. The horizontal displacements in all
cases at the upper right corner are presented in Figure 23. As shown in the figure, for all
cases, the presence of the reinforcement increases the stiffness of the structure and reduces
the displacement. However, the influence of the reinforcement is larger in case of the elasto-
plastic material as the stiffness of the continuum reduces significantly after yielding. The
deformed shapes of the frame structure using the elasto-plastic constitutive approach with
and without reinforcement are shown in Figure 24. The unreinforced frame undergoes
extremely large deformation in comparison to the reinforced frame which illustrates the
influence of the reinforcement on the global structural response.
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6. Conclusions
Modeling reinforcedmaterials discretized by theGIMPmethod is presented in this paper. The
reinforcements are described using truss- finite elements. Beam elements can be applied as
well if the bending stiffness is dominating. Truss elements are coupled to continuum elements
in the backgroundmesh using bond elements. Bymeans of the bond elements, truss elements,
which are moving over the fixed mesh, are linked to continuum elements at each time step.
The displacement values are added from the previous time step as in the GIMP method the
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global displacement vector is reset at each time step. The same is also applied to the bond
elements, where the slip values are added from previous time step.

Looking at the presented numerical examples, the calculated axial stresses of the truss
elements coupled with the GIMP method are in good agreement with the results from the
FEM. Small differences have been seen in the areas with large deformations, where a severe
change of the material points number per elements is present and from the other side where
the finite elements in the FEM are distorted.

The numerical examples have shown quadratic convergence during the simulations. It
has been shown as well that by reducing the background mesh size, the result approaches
toward the correct solution. Both outcomes indicate a correct implementation of the coupling
of the truss finite elements in the GIMP method.

The numerical examples used in this paper are chosen in a way that they can be modeled
by both FEM and GIMP method to serve in the validation of coupling the truss- finite
elements in the GIMP method. This paper is introducing the method of coupling GIMP-truss
FE that will be used for applications of severe deformations for which the FEM fails to yield
correct results.

The constitutive relations used in this paper are linear elastic and simple elasto-plastic
material models. This simplification is chosen because the focus of this publication is on
coupling the GIMP method to truss elements regardless the material description used. Using
different constitutive formulations will be presented in future works. The discussion is made
for 2D problems for simplicity; however, the extension to 3D is straight forward.
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Appendix
GIMP method algorithm
Figure A1 summarizes the main steps of the computation within a time step. Note that in the “update
material point” step, the following computations are performed

(1) Update the displacement, Eq. (2).

(2) Update the volume, Eq. (21).

(3) Update CT of each material point, Eq. (12).

(4) Update material point domain, łp, Eq. (29).

Figure A1.
Algorithm of implicit

GIMP method
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