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Guest editorial

Guest editorial
IGTE 2018
It is a great pleasure to introduce this special issue of selected papers presented at the 18th
International IGTE Symposium on Numerical Field Calculation in Electrical Engineering
(IGTE 2018) held in September 2018 in Graz, Austria. More than 60 colleagues from 15
countries have contributed to IGTE 2018, presenting 28 oral speeches and more than 35
posters. Besides all topics related to numerical techniques in electromagnetism, optimal
design and parameter optimization in electromagnetism, the design of electrical machines
and high frequency problems enjoyed great popularity.
A limited number of 26 papers were selected by a panel of two reviewers per paper. We
take the opportunity to thank the reviewers from all over the world for their precious work.
We hope this special issue will give an impression of what was presented at IGTE’18 and
will provide interesting and new information to the reader.
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Design concepts of low-frequency
electromagnetic devices based on
a data-driven approach
Vahid Ghorbanian, Mohammad Hossain Mohammadi and
David Lowther
Department of Electrical and Computer Engineering, McGill University,
Montreal, Canada

Abstract
Purpose – This paper aims to propose a data-driven approach to determine the design guidelines for lowfrequency electromagnetic devices.
Design/methodology/approach – Two different devices, a core-type single-phase transformer and a
motor-drive system, are used to show the usefulness and generalizability of the proposed approach. Using a
ﬁnite element solver, a large database of design possibilities is created by varying design parameters, i.e. the
geometrical and control parameters of the systems. Design rules are then extracted by performing a statistical
analysis and exploring optimal and sub-optimal designs considering various targets such as efﬁciency, torque
ripple and power factor.

Findings – It is demonstrated that the correlation of the design parameters inﬂuences the way the datadriven approach must be made. Also, guidelines for deﬁning new design constraints, which can lead to a more
efﬁcient optimization routine, are introduced for both case studies.
Originality/value – Using the proposed approach, new design guidelines, which are generally not
obtainable by the classical design methods, are introduced. Also, the proposed approach can potentially deal
with different parameter–objective correlations, as well as different number of connected systems. This
approach is applicable regardless of the device type.

Keywords Electrical machine, Transformers, Finite element method,
Design optimization methodology, Data-driven analysis, Design rules, Electric motor drives,
Statistical analysis
Paper type Research paper

COMPEL - The international
journal for computation and
mathematics in electrical and
electronic engineering
Vol. 38 No. 5, 2019
pp. 1374-1385
© Emerald Publishing Limited
0332-1649
DOI 10.1108/COMPEL-12-2018-0524

1. Introduction
Design of electromechanical and magnetic devices, such as transformers and machines, has
been extensively studied for decades (Zhang et al., 2018; Aghmasheh et al., 2018; Bertoni,
2018; Xu et al., 2018; Mohammadi et al., 2018; Ghorbanian et al., 2018). One of the main
challenges is to optimize the device’s design with respect to speciﬁc objectives. Existing
software packages aim to satisfy various design targets using a generalized approach.
However, various design problems possess different requirements in terms of the sizing
equations, simulation models and techniques for performance analysis (Du and Zhu, 2018;
Silva et al., 2018; Ghorbanian et al., 2017; Cho et al., 2018). This issue questions the
generalizability of the design process and requires extensive study in the ﬁeld to arrive at a
general design approach.
In addition, a main prerequisite of such a generalizable process is the set of design
concepts that must be extracted and transferred to the design tool prior to any optimization
procedure (Ghorbanian, 2018; Sudhoff, 2014; Ghorbanian et al., 2017). Although existing

commercial software packages provide users with a ﬁnite element (FE) solver and an
optimizer to tackle the design optimization of electromagnetic devices, in most cases, there is
a lack of tools available to inform and guide the designer of potential design rules and
constraints, which might be useful for future optimizations (Ghorbanian et al., 2018). A
designer is typically provided with a ﬁnal set of optimal designs without any reason as to
why they were chosen. It is possible that the constraints assigned to an optimization
problem may not be realistic or even practical. An inexperienced designer would not have
such insight unless some knowledge is extracted and provided to him or her.
On the other hand, extracting design knowledge associated with different devices in one
system, e.g. an integrated motor drive, is an emerging ﬁeld of study and requires a more
comprehensive investigation. This becomes more complicated and complex once new
components, e.g. batteries and wireless chargers, are included in the design optimization
problem. New components will require the design process to learn new design guidelines to
achieve an optimal solution appropriately (Ho et al., 2019; Mogorovic and Dujic, 2019).
Therefore, discovering the associated knowledge should be considered as the major stage of
any design process (Muller et al., 2007).
Hence, design knowledge can be derived from analytical, semi-analytical, numerical
analyses or data-driven approaches (Zhao et al., 2006). As there are many objections and
limitations to analytical approaches, an FE solver will be used to extract knowledge through
a data-driven approach applied to a group of low-frequency electromagnetic (EM) devices. In
this paper, these include a core-type transformer and integrated motor drive. Two systems
with different geometry and supply complexity are investigated using the proposed datadriven method. The underlying idea of such an approach is to model and simulate multiple
design possibilities by parameterizing the geometry of the devices and performing a
statistical analysis of the simulated data. A few techniques can be used to help designers
gain an insight of a studied design problem, e.g. the correlation analysis and outlier and
optimal design analysis (Ghorbanian et al., 2018). These techniques will be used here to
address the design challenges and introduce guidelines on how a data-driven approach can
be applied to low-frequency electromagnetic devices regardless of the problem type.
2. Overview of the proposed data-driven design (D3) approach
Figure 1 illustrates the ﬂowchart of the data-driven approach proposed in this work. In the
initial stage of the process, the preliminary speciﬁcations, such as the type and material, of
the EM device are determined. Next, the designer identiﬁes the design parameters, which
can be geometrical- or material-dependent parameters, as well as the corresponding
variations, used for generating a design space, including multiple feasible design structures.
This is handled by means of a sampling algorithm, e.g. the Latin Hypercube Sampling (LHS)
technique, followed by a geometrical/physical constraint handling tool (Stages 2 and 3 in
Figure 1). The feasible samples are then simulated using a high-ﬁdelity simulation tool, i.e.
the ﬁnite element method (FEM) in this work, in Stage 4 to extract the performance
parameters (objectives) of the EM device. The run-time of the simulations highly depends on
the number of samples to be simulated, as well as the adjustment of the FEM solver, such as
the mesh density, the polynomial order of the basis functions and the Newton–Raphson
convergence rate. If the model is more reﬁned, the simulations take longer to complete
(higher run-time). Therefore, there should be a trade-off between the accuracy and speed of
the simulations, which itself is problem-dependent.
The important factor of statistical signiﬁcance is another concern in any data-driven
approach. Basically, conclusions obtained from such an approach are not reliable unless
enough samples are generated and simulated. To ﬁnd the appropriate number of samples to
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Figure 1.
Flowchart of the D3
knowledge-extraction
and optimization
process

guarantee the statistical signiﬁcance, two metrics, including the average and the variance of
the objective space, are monitored, while the number of samples are gradually increased to
ensure the average and variance values do not change signiﬁcantly upon adding new
samples to the design space (Stages 5, 6 and 7 in Figure 1). Next, data-driven knowledge
extraction (Stage 8 in Figure 1) is performed using data mining tools, such as the correlation,
sensitivity (Mogorovic and Dujic, 2019) and robustness analysis. At this stage, design rules
and guidelines corresponding to the investigated EM device are discovered through the
analysis of the parameter–objective spaces. The advantage of the proposed approach is that
it is not limited to a speciﬁc device type or physics and can be applied to different complex
geometries and material properties as long as a detailed simulation model is available.
However, because of the possibly high computational cost of simulations, one might use a
high-performance computing service to handle the simulation. This is performed in the
current work to deal with the computationally expensive motor-drive models.
Finally, the optimization procedure in Stage 9 follows the knowledge extraction step.
Regarding the design requirements determined by the designer, a set of objectives can be
deﬁned and used for optimizing the device structure. However, dealing with the
optimization is not the focus here, as different optimization techniques are available in the
literature (Zhao et al., 2006; Ho et al., 2019).
3. Problem deﬁnition and knowledge extraction
3.1 Core-type, single-phase transformer
The ﬁrst electromagnetic device analyzed in this paper is a core-type single-phase
transformer with two windings for each of the primary and secondary sides as shown in
Figure 2 (Sudhoff, 2014). Table I lists its variable and ﬁxed dimensions. A 3D model of the
transformer is simulated using an FE solver (Mentor-Infolytica Corporation, 2019). However,
a partial model with one-eighth symmetry was used to reduce the simulation’s
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Figure 2.
Core-type singlephase transformer

Parameters
wce (width of core end leg)
wcb (width of core base/top leg)
dcs (depth of core slot)
lc (length of transformer core)
wpw (width of primary winding coil)
wsw (width of secondary winding coil)
cps (horizontal spacing b/w primary and secondary coils)
cpv (vertical spacing b/w primary coil and core)
csc (horizontal spacing b/w secondary coil and core)
csv (vertical spacing b/w secondary coil and core)
cpp (horizontal spacing b/w primary coils)

Minimum (mm)

Maximum (mm)

3.94
4.17
7
8.75
1.26
1.27
0.25
0.25
0.25
0.25
0.25

9.58
10.13
17
21.24
3.07
3.09
0.25
0.25
0.25
0.25
0.25

computational time. The primary winding is connected to a sinusoidal voltage source with
an root mean square value of 480 V, whereas the secondary winding is connected to constant
resistance of 11.5 X as speciﬁed in Sudhoff (2014).
Multiple simulation models (i.e. samples) are created and simulated within their
corresponding design spaces described in Table I. The investigated model was based on the
transformer example discussed in (Sudhoff, 2014) with geometrical parameters shown in
Table I. From the reference design, the LHS technique is used to generate the design space of
six geometrical parameters (wce, wcb, dcs, lc, wpw, wsw) that are independent of each other.
Each parameter was varied from 75 to 175 per cent around the reference design. Therefore, a
uniform distribution for all the parameters is maintained. Because of the design constraints
which can be either physical or geometrical, it is possible that some levels of correlation
might be established to guarantee a physically and/or geometrically feasible design. The
samples obtained from the LHS, as well as the constraint handling step, are precomputed,
meaning that the feasible designs are extracted before the simulation procedure. To
guarantee the statistical signiﬁcance, the average and variance of the objectives, for
example, the efﬁciency shown in Figure 3, are computed to ﬁnd an appropriate number of
samples. According to Figure 3, both the variance and average values of the efﬁciency
stabilize at almost 4,000 samples. A similar situation holds for the other objectives. Hence,

Table I.
Variable and ﬁxed
transformer design
parameters
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Figure 3.
(a) Average and (b)
variance of the
transformer
efﬁciency with
respect to number of
samples

Figure 4.
Correlation plot of the
transformer design
parameters

using more than 4,000 samples is enough for the data-driven analysis. It is worth noting that
each sample takes 10 s to run on a PC workstation (Intel Xeon E5-1650 with 6 cores, 3.50
GHz and 32 GB of RAM).
The correlation plot of the transformer’s design parameters is shown in Figure 4. The
numbers shown on upper diagonal are the correlation coefﬁcients. The diagonal entries
show the statistical distributions of the parameters after applying the constraints. The lower
diagonal illustrates the two-by-two scatter plot of each parameter pair, which looks like a
square, conﬁrming that the parameters are uncorrelated for this transformer model. This
occurs because most geometries are feasible and less constraints are imposed. More
importantly, the variation of the design parameters is such that their ﬁnal distributions,
given that the constraints have been handled, are almost uniform. Figure 5 illustrates the
distributions of three important design objectives, i.e. current total harmonic distortion
(THD), efﬁciency and power factor. Also, the statistical data of the objective distributions,
including the maximum, minimum and mean values, as well as the percentage of the
outliers, have been assigned to the corresponding ﬁgure. Let us consider the following
design targets for the transformer:
 Minimize the current THD.
 Maximize the efﬁciency.
 Maximize the power factor.
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Figure 5.
Objective histograms
of the single-phase
transformer

The outliers, located on the tails of the distributions, are all sub-optimal design spaces and
not useful for selecting an optimal design. For example, the transformer efﬁciency is
expected to be high, practically more that 95 per cent at rated operation. Therefore, the
efﬁciency outliers are non-optimal designs and a similar discussion is valid for the other two
objectives.

Figure 6.
Histograms of design
space parameters
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Another useful point of outlier analysis when applied to the design space and not the
objective space is that it gives the designer valuable insight into the design constraints that
can lead to a more efﬁcient optimization process. Figure 6 displays two histograms in each
subplot: the light gray histogram shows the distribution of the original design parameters,
which consists of the dimensions of all the samples, and the dark gray histogram is related
to the combined objective outliers of the current THD, the efﬁciency and the power factor.
Recalling that the outliers led to sub-optimal objective values, the following designed
guidelines are suggested based on Figure 6:
 The smaller values of wce have more impact on reducing the overall performance.
By decreasing wce, the objective values are shifted toward their outlier regions. This
happens because smaller wce values possess a larger number of samples
contributing to the outliers as in Figure 6(a). A similar conclusion is valid for wcb in
Figure 6(b).
 lc must be kept greater than 15 mm in this case study to guarantee that the objective
values are located within the optimal ranges as in Figure 6(d).
 dcs, wpw and wsw all have a uniform distribution in both the outlier and original
design spaces as shown in Figure 6(c), (e) and (f). This means the entire range of
these design parameters might lead to either optimal or sub-optimal solutions. It is
suggested not to enforce any constraint on them during the optimization process.
However, with regard to wce, wcb and lc, priority should be given to the larger values
of these parameters during sizing and optimization.
3.2 Inverter-fed interior permanent magnet (IPM) motor
A four-pole three-phase 12 kW IPM motor connected to a space vector-modulated two-level
inverter is investigated here as shown in Figure 7(a). The motor-drive system is controlled
using a ﬁeld-oriented control strategy. The variable and ﬁxed design parameters of the
motor are deﬁned in Table II. Figure 7(b) illustrates the IPM motor geometry along with the
parametrized dimensions. In addition to the motor geometric dimensions, the DC bus
voltage and switching frequency are varied as well. The corresponding inverter variations
are listed below:
 bus voltage: 300, 350, 400, 450, 500, 550, 600, 650 and 700 V.
 switching frequency: 4, 6, 8, 10, 12, 14, 16, 18, 20 and 22 kHz.

Figure 7.
IPM motor

The motor-drive system is simulated using the model proposed in Ghorbanian et al. (2018).
Different performance quantities, such as the motor efﬁciency, inverter efﬁciency, power
factor and torque ripple, are obtained and studied. A one-fourth partial model of the IPM
motor is simulated in a 2D FE environment to save computational time (Mentor-Infolytica
Corporation, 2019).
To guarantee the statistical signiﬁcance of the data, Figure 8, which shows the average
and variance values of the motor efﬁciency, is shown to follow the effect of increasing the
number of samples. Hence, 5,000 samples are appropriate for the analysis, as the average
and the variance of the objective function gets close enough to the expected value for 5,000
samples. Each motor-drive model takes 6-10 min to run depending on the switching
frequency and the saturation level.
The correlation plot of the IPM motor’s geometric parameters is shown in Figure 9. The
DC bus voltage and the switching frequency, which are the control parameters of the
inverter module, are independent of the geometrical parameters. Therefore, they are not
included in Figure 9. As seen in Figure 9, the parameters are not completely independent
anymore, as geometrical constraints were imposed to guarantee a feasible structure. The
two largest correlation values are highlighted, indicating that the stator back iron thickness
is highly correlated to the tooth width, as well as the magnet inset depth. However, the
correlation of the tooth width and the inset depth is not large.
As the next step toward knowledge extraction, a global analysis method is proposed
here. To this aim, the range of each design parameter (X) is cut into slices and the
performance parameters (Y) are computed for multiple samples in the parameter space
given that X is ﬁxed over each slice (Figure 10).
Then, the expected value of the performance parameter is calculated at every slice.
Finally, all the expected values are connected to show the variation of the performance
parameters over the parameter space in Figure 11. For the correlated design parameters, for

Parameters
tbi (thickness of stator back iron)
wt (width of stator tooth)
lag (length of air gap)
dmi (depth of magnet inset)
tm (thickness of permanent magnet)
wm (width of permanent magnet)
Stator outer diameter
Stack length
Slot depth

Minimum (mm)

Maximum (mm)

10
4
0.2
9.2
2
15
182.9
201
21.06

20
12
0.6
28.5
6
45
182.9
201
21.06

Low-frequency
electromagnetic
devices

1381

Table II.
Variable and ﬁxed
IPM motor design
parameters

Figure 8.
(a) Average and (b)
variance of motor
efﬁciency with
respect to number of
samples
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Figure 9.
Correlation plot of the
motor design
parameters

Figure 10.
Scatter plot of Y vs X

example, stator yoke thickness and magnet inset depth, the parameters are varied
simultaneously as in Figure 11(a-b). A few design rules are extracted accordingly and
discussed below:
 For a ﬁxed stator yoke thickness, increasing the stator tooth width to a certain
length leads to an increase in the motor efﬁciency. However, beyond that length, the
motor efﬁciency decreases as in Figure 11(b).
 For a ﬁxed stator tooth width, increasing the yoke thickness leads to an increase in
the motor efﬁciency as shown in Figure 11(a).
 The current THD is correlated with the torque ripple. In fact, they have a similar
trend of variation with respect to the design parameters. Therefore, it can be
concluded that they are non-conﬂicting objectives and hence optimizing one of them
results in optimizing the other one as in Figure 11.
 Either a very large or small magnet inset depth decreases the motor efﬁciency as
observed in Figure 11(b). Therefore, an average value of magnet inset depth is
recommended.
 The inverter efﬁciency increases for larger yoke and magnet thicknesses as shown
in Figure 11(a), (b) and (d), as well as for higher DC bus voltages in Figure 11(f).
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Figure 11.
Variation of expected
values



However, beyond a yoke thickness of 25 mm, the inverter efﬁciency reduces as seen
in Figure 11(a-b). Also, its higher sensitivity to the switching frequency level is
observed in Figure 11(g).
The variation rate of the torque ripple gets closer to zero for a higher DC bus voltage
as in Figure 11(f). Moreover, the torque ripple is more sensitive to the switching
frequency than the DC bus voltage, as shown in Figure 11(f-g).
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4. Conclusion
This paper proposed and dealt with a data-driven design (D3) knowledge-extraction process
for low-frequency electromagnetic devices. This approach is based on analyzing big data
obtained from the detailed simulations through FEM software. According to the
investigated examples, i.e. a single-phase transformer and an IPM motor drive, which in
turn represent different levels of complexity of geometries, materials and systems, the datadriven approach can be generalized to a wide range of electromagnetic devices. Multiphysics
problems can also be a target application for the D3 approach. During the process, various
data-mining techniques, such as the sensitivity, outlier, conﬂict and robustness analysis, can
be performed to discover and establish design rules and guidelines for the investigated
problem. As an FEM software is often used for this task, no constraint regarding the
problem type is placed. Therefore, the limits associated with classical design approaches,
e.g. analytical techniques, are eliminated using the D3 approach.
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Abstract
Purpose – Predictive controllers and permanent magnet synchronous motors (PMSMs) got more attention
over the past decades thanks to their applicable features. This paper aims to propose and verify a method to
design a predictive current controller with consideration of motor characteristics obtained from ﬁnite element
analysis (FEA).
Design/methodology/approach – Permanent magnet motor parameters and its maps can be calculated
by means of FEA. The model takes into account magnetic saturation and thermal electro-magnetic properties.
For each dq current vector and each position, self and mutual inductances are calculated. Based on co-energy
method and fundamentals of coordinate transformation dynamic and static, dq inductances are obtained.
These are used in classical and modiﬁed dead-beat current controller equations.
Findings – To sustain good features of a controller over higher current regions, it is necessary to adapt
control law of a dead-beat controller. After its modiﬁcation, control quality can be superior over classical
solution in high saturation regions. The transient simulations of controller and motor give accurate results.
Originality/value – Common predictive current controllers use nominal motor parameters in their
equations. The authors proposed a modiﬁed dead-beat current controller to improve the control quality. There
is no need to apply self-tuning algorithms, and implementation of the controller is not much more complicated
than that of the classical controller. Designer of a control system can obtain required data from motor
designer; in design process of modern machines such data are often already available. The proposed
methodology increases control quality of the presented dead-beat controller.
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1. Introduction
There exist great number of permanent magnet (PM) motor’s constructions regarding
functional conﬁguration (radial or axial ﬂux machines), magnets arrangement (surface,
interior, ﬂux concentration), magnets type (neodymium, samarium-cobalt, iron; sintered,
bonded), windings layout (concentrated, distributed; one-layer, double-layer), etc. (Bianchi
et al., 2015; Liu et al., 2016; Di Barba et al., 2016). Over the past decades, permanent magnet
synchronous motors (PMSMs) are replacing less efﬁcient induction motors in industrial
applications like cranes, compressors and fans, as well as being applied in relatively new
areas, such as ship propulsion or as main drives of hybrid and electric vehicles from power
of hundreds of watts up to tens of MW. Properly designed PM motors generally provide
This work has been supported with the grant of the National Science Centre, Poland 2014/15/N/ST8/
03396.

increased characteristics compared to induction motors. Design of robust motors increase
their cost is occupied with an increased cost (Jedryczka et al., 2016). These PM motors
provide high torque and power density, high efﬁciency and power factor, reduced
maintenance, high reliability and mechanical robustness, as well as good control
capabilities. Continuous development in the ﬁeld of electrical motors is possible mainly
because of improvement in material engineering, power electronics and design tools.
Probably all new serially produced PM motors are designed with the help of ﬁeld
simulations that concern details of geometry, material characteristics and different power
supply conditions including faulty states. Thermal issues (Leﬁk, 2015), vibrations,
mechanical robustness, lifetime (Barcaro et al., 2014) are as well included in optimization
processes. Such detailed designed PM motors work commonly in deep magnetic saturation
state for laminations made of typical electrical steels, even for nominal working conditions,
which results in strong nonlinearity of machine parameters. Main and detailed
electromagnetic parameters and characteristics, such as phase resistance, no-load induced
voltage, self and mutual inductances, ﬂux maps or magnetic ﬂux distribution in the air-gap,
may be evaluated in advance before a prototype is built and tested (Zhou et al., 2010). These
reliable and accurate methods increase performance of machines and its control systems
(Piotuch and Palka, 2016).
Among various control algorithms (Cortés et al., 2008; Mwasilu et al., 2017; Bonislawski
et al., 2015) for PMSM, one can distinguish ﬁeld-oriented control (FOC) structure – a
commonly applied control scheme used to steer the behavior of physical quantities in
PMSM. Because of a change of a coordinate system from natural abc system to a rotating
one called dq system, which rotates synchronously with ﬁeld of a magnet, controlled signals
are treated as constant values and control process is simpliﬁed. The approach is similar to
control process of a separately excited direct current (DC) machine, where ﬂux and torque
(for constant ﬂux) can be controlled separately. Classic FOC structure consists of two major
control loops – external, a main loop which controls speed and an inner loop which controls
currents to achieve requested torque staying within voltage and current limits. Control of a
current could be may by realized in different ways. Typical approach is a set of two
proportional, integral, (derivative) controllers – one for direct current (d-axis current) and
another for quadrature current (q-axis current). Requested output current values are
obtained using different pulse width modulation methods, i.e. space vector modulation
method. The lower the current ripples, the better the quality of the control process. Reduced
current ripples result in smaller vibrations and increased efﬁciency of inverter and motor,
reducing in this way thermal loading. Control quality can be increased through reduction of
sampling period, but this leads to increased requirement for power switches, processing unit
and higher thermal loading of inverter. Improvement of current control quality should not
cause a reduction in dynamic behavior of current. This could reduce dynamics of torque
development which in some applications from industrial or automotive branch is of main
interest.
Over the past few decades predictive controllers gain more and more interest (Bolognani
et al., 2009; Cortés et al., 2008; Mwasilu et al., 2017) mainly thanks to development in
microelectronics area and accurate plant modeling. A number of calculations and condition
blocks required by an application of predictive controllers are not any longer a challenge for
modern microcontrollers (Zho and Xiao, 2012; Preindl and Bolognani, 2013; Domek, 2013).
Thanks to extended possibilities in the ﬁeld of modeling of electrical machines in both ﬁnite
element analysis (FEA) and equivalent circuit area that consider details of machine behavior
(Palka and Piotuch, 2018), and thanks to development in the ﬁeld of microcontrollers, these
models may be efﬁciently considered in control laws of modern control algorithms.
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In the internal loop of FOC, a dead-beat controller may be used (Türker et al., 2016). It
directly applies set of equations of a dq- motor model. Knowing precisely motor parameters
controller reduces current errors theoretically to zero in limited number of steps, but due to
evident nonlinear character of inverter, measurement noises and accuracy current ripples
exist. Assuming that highly loaded motor parameters strongly change over required torque
value, a control law of dead-beat controller can be adapted to working conditions. In this
paper, quality of control process is going to be investigated in more detail for two versions of
dead-beat controller – classical controller version that uses rated motor parameters and
modiﬁed version that uses set of motor parameters (Table I and Figure 1) obtained, e.g. by
means of ﬁnite element method (FEM) (Zarko et al., 2006) and more complex set of
equations. The details of both controllers are presented.
2. Motor description
After optimization process, a self-designed 6-pole with 36 slots interior PMSM was tested. It
is equipped with NdFeB magnets with remanence of Br = 1.21T and distributed winding.
Part of initial motor model cross section (before optimization regarding cost-performance
criteria) is shown in Figure 2. All the parameters listed in Table I are obtained at
temperature of around 60°C. Main electromagnetic parameters of an optimized PMSM that
are required for development of the dead-beat current controller are presented in Table I.
Motor base speed is limited to around 1,000 rpm due to limitation caused by power supply
and inverter (power switches and measurement circuits) but not due to mechanical limits.

Parameter

Table I.
Rated motor
parameters

Figure 1.
Magnetic ﬂux density
distribution over
initial motors crosssection for two
excitations – I = 2In
and I = In

p
Ld
Lq
c pm
R
T
do
Lst
In
Udc

Value

Unit

Description

3
16
25
0.138
4.7
3.21
90
40
3.5
120


mH
mH
Vs
ohm
Nm
mm
mm
A
V

number of pole pairs
d-axis inductance
q-axis inductance
PM ﬂux amplitude
phase resistance
torque
outer stator diameter
stack length
nominal phase current
DC bus voltage
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Figure 2.
Modelling approach

For wide classes of machines exited with PM, the electromagnetic torque may be described
as follows:




3
T ¼  p  c pm  iq þ Ld  Lq  id  iq ;
2

(1)

where id and iq are the d- and q-axis current components. The ﬁrst term in equation (1) is the
PM generated torque, and the second term is the reluctance torque which is proportional to
the difference in Ld and Lq inductances. In the analyzed interior permanent magnet
synchronous motor (IPMSM) reluctance in a path through q-axis is, similar to other IPMSM,
smaller than in d-axis resulting in higher Lq value than Ld. A basic mathematical model for
IPM machines is presented by the following equation set:
u d ¼ R  id þ

dc d
 p  vm  c q
dt

(2)

u q ¼ R  iq þ

dc q
þ p  vm  c d
dt

(3)
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c d ¼ Ld id þ c pm

(4)

c q ¼ Lq iq ;

(5)

where Cd and Cq represent the ﬂux in the d- and q-axis, respectively, ud and uq are the dand q-axis voltage components. Model presented with equations (1)-(5) will serve as a base
for later considerations regarding predictive current controller.
3. Modeling methodology
To calculate motor parameters, it is important to select efﬁcient and reliable method of
modelling. Nowadays, available tools make it possible to apply FEA and by its means to
model different physical phenomena. A method that authors proposed is based on co-energy
method and freezing magnetic permeabilities in geometry points and superposition method.
The details of procedure are presented in Zarko et al.’s (2006) study. A diagram that presents
modeling approach applied in the paper is as shown in Figure 2.
Maps of dynamic inductances presented in Figure 3 could be used in dq machine model
in equations (3)-(4). The results show strong dependency of dynamic inductances over
currents. In a range of twice nominal current in q-axis, a change of a q-axis dynamic
inductance is substantial (from around 22 to 11 mH, which is a range of 633 per cent).
Similar situation exists for dynamic inductance in d-axis (ranges from 13 to 8 mH that is
625 per cent). According to simulation results, nominal static inductances have basically
higher values and are commonly used for design of predictive controllers, because basic dq
model use equations (2)-(4). With results obtained for nominal parameters (Table I),
exemplary motor maps are shown in Figure 4.

Figure 3.
Motor dynamic
inductances maps as
functions of dqcurrents

Figure 4.
Motor maps for
nominal parameters

To verify quality of the simulation model, a few experimental tests have been conducted. A
comparison of simulation and experimental results of no-load phase voltage test is presented
in Figures 5 and 6. It shows extremely good correspondence of obtained results. A slight
difference exists for the 3rd harmonic component in the phase voltage, but this could be
caused by unmolded stacking technology impact on stator core permeability which results
in magnetic saturation or measurement errors.
Next results are step responses of a q-axis currents in both directions (Figure 8). To
preserve the clarity of presentation, these results are presented in Paragraph V.
Accuracy of obtained results stays on very high level, and it proves good mapping of the
controller plant parameters by the model.
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4. Dead-beat current controllers
Each control system, which uses information of an object to develop optimal control signals,
can be included into predictive controllers group (1, 2). A general scheme of predictive
current controller is as shown in Figure 7. According to selected cost function, the best
current vector related to speciﬁc power switches conﬁguration S may be selected in a next
sampling time.
A commonly used cost function that has to be minimized is the distance or angle between
set current and predicted current vector. In this way, controller moves current vector in the
next sampling step (in fact, in two steps) as near as possible to a set current value. The

Figure 5.
No-load phase
voltage waveform

Figure 6.
No-load phase
voltage waveform
harmonic
components
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predicted current vectors in next sampling time are presented in Figure 8. According to cost
function deﬁned in equation (6), the best power switches conﬁguration is conﬁguration
number 3 – S3:
!


iq ðk þ 1Þ  iq * ðkÞ
*
angle ji dq ðk þ 1Þ  i dq ðkÞj ¼ atan
(6)
id ðk þ 1Þ  id * ðkÞ
All the other power switches conﬁgurations that could be applied lead to the worse control
quality. This is a one-step prediction, but more complex ideas could be as well proposed
(regarding number of applied conﬁgurations and prediction horizon).
The output signal of a dead-beat controller, which could be included in the group of
predictive controllers, is not a speciﬁc power switches conﬁguration that minimizes a cost
function but rather a voltage vector (values in d- and q-axis) that brings current error to 0,
theoretically in a next sampling time. A dead-beat controller does not minimize a cost
function, like a regular predictive controller presented in Figure 7 would, but uses a
mathematical description of the object and the inverter to use the inherent discrete nature of
the converter to bring current error to 0 in a ﬁnite number of steps (Palka and Piotuch, 2018).

Figure 7.
Basic scheme of a
predictive current
controller

Figure 8.
Predicted current
vectors for two
following control
steps (dx- predicted
current change for x
key conﬁguration; x –
number of key
conﬁguration, Sx –
upper switches
conﬁguration with
states of subsequent
power switches) for
(a) k sampling time,
(b) for k þ 1 sampling
time

Similar to other predictive controllers, the accuracy of the control process is dependent on
the accuracy of the mapping of controlled plant.
Theoretical behavior of selected physical quantities of a presented system with an ideal
dead-beat current controller is presented in Figure 9. It is proved that if inverter
nonlinearities are neglected (inverter is threated as ideal linear transducer) after a limited
number of control actions, current value is brought to a set value. Afterwards, neglecting
nonlinearities and all noises and disturbances, controlled value stays on the previously
requested level.
Based on the model presented in Paragraph 2, the following matrices have been deﬁned:
2
3
R  Ts
Lq
ð
Þ
1

T


v
k
s
6
7
Ld
Ld
6
7
AðkÞ ¼ 6
(7)
7
4
Ld
R  Ts 5
ð
Þ
1
Ts   v k
Lq
Lq
2

Ts
6L
6 d
B¼6
4
0

3
0 7
7
7;
Ts 5
Lq
"

i dq ðkÞ ¼

3
0
6
7
C ðkÞ ¼ 4 Ts  v ðkÞ
5
 c pm

Lq

id ðkÞ
iq ðkÞ
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2

#

"
;

udq ðkÞ ¼

ud ðkÞ
uq ðkÞ

(8)

#
(9)

Considering equations (2)-(9), it is possible to deﬁne the required voltage vector signal to
reach set current values:


udq ðk þ 1Þ ¼ B 1 i *dq ðkÞ  AðkÞ  i dq ðk þ 1Þ  C ðkÞ
(10)
where i dq ðk þ 1Þ is the estimated or predicted current value at the end of on-going sampling
period. All the above equations deﬁne classical dead-beat predictive current controller.
Remarkable difference between the classical and the modiﬁed controller is changed set of
equations that consider dynamic inductances, which describe time-dependent behavior of a

Figure 9.
Current and voltage
waveform of the
classical Dead-Beat
controller
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current and dependency of dynamic and static inductances over dq-axis currents. The
scheme of a modiﬁed dead-beat current controller is presented in Figure 10.
Equations that are used for the deﬁnition of modiﬁed dead-beat controller can be written
as follows:
ud ¼ R  id þ

1394


 did


dc d
 p  v m  c q ¼ R  id þ Ld_dyn id ; iq 
 p  v m  c q id ; iq
dt
dt
(11)

uq ¼ R  iq þ


 diq


dc q
þ p  v m  c d ¼ R  iq þ Lq_dyn id ; iq 
þ p  v m  c d id ; iq
dt
dt
(12)

where Ld_dyn and Lq_dyn are dynamic inductances in d- and q- axis, respectively. Rebuilt ﬂuxcurrent equations (4)-(5) consider dependency of static inductances over current and form
the following equations:


c d ¼ Ld id ; iq  id þ c pm
(13)


c q ¼ Lq id ; iq  iq

(14)

The structure of modiﬁed controller equations is identical to classical and remains
unchanged.
5. Simulation and experimental results
To effectively evaluate the quality of a control process, two following working conditions
may be distinguished – dynamic and static states. In the ﬁrst, the control quality was
deﬁned as 95 per cent rise time (T95per cent) – a time between acquisition of a request to
raise a current to a speciﬁc value until the signal reaches 95 per cent of its set value. In static

Figure 10.
Modiﬁed Dead-Beat
current controller
scheme

states, when the signals already reached their set values, there are two basic factors that
describe control quality – static errors and current ripples. The FOC concept with its cascade
structure provides compensation of static errors of inner loop signals by external loop.
Minor static current errors are not discussed in the paper. Regarding static states, there exist
great number of criteria. The most common and reasonable is the so-called peak-to-peak
value (pk2pk) over deﬁned number of sampling periods (trade-off value is 20 sampling
periods). The pk2pk value has been deﬁned for currents in both d- and q-axis. Both dynamic
and static performances were simulated and experimentally veriﬁed for classical and
modiﬁed dead-beat controller. The whole set of static simulations for classical and modiﬁed
controller were conducted for parameters obtained from FEM (Table I and Figure 1), as well
as for distorted inductances values. In this way, important phenomena may be recognized
and robustness of a dead-beat controller to motor parameters changes is deﬁned.
The entire tests presented in following part were done on a test-bench presented in
Figure 11.
During development of software for transient simulation of controlled motor, it was
noted that sampling time of a simulation strongly inﬂuences the obtained results. This is
especially true for a step response curve. On the one hand, the higher the sampling period is
the better the obtained results are, but on the other hand, the sampling frequency has to be
as small as possible to limit the simulation time. As a trade-off value for a 100 us sampling
time of the control algorithm (10 kHz sampling frequency), simulation time step was 0.5 us.
The obtained waveform for experiment and simulation for a step response of q-axis (both
negative and positive) current is presented in Figure 12.
The dynamic response shows extremely high accuracy of simulation. T95 per cent for
classical and modiﬁed controller were comparable and equal around 12 ms. The
experimental results are averaged values over three trials.
Exemplary current waveforms obtained within an experiment in one sampling period are
presented in Figure 13.
In fact, current ripples caused by control algorithm for speciﬁc conditions have to be
considered on wider sampling horizons. In the results presented in Tables II-IV, occasional
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Figure 11.
Test bench view
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Figure 12.
Dynamic q-axis
current response
(classical realization)

Figure 13.
Current and voltage
waveforms (averaged
over 128 samples)

Classical
Iq*

Table II.
Current ripple
criteria in ampers
with ID = 0,
experiment

0.2In
0.4In
0.6In
0.8In
In
1.2In

Modified

pk2pk (eid)

pk2pk (eiq)

pk2pk (eid)

pk2pk (eiq)

0.061
0.035
0.039
0.037
0.055
0.060

0.076
0.065
0.078
0.105
0.078
0.062

0.080
0.032
0.042
0.037
0.053
0.058

0.076
0.063
0.075
0.099
0.079
0.054

higher ripples were ﬁltered. Exemplary phase current ripples are presented in Figures 14
and 15. The detailed results are gathered together and presented in Tables II-IV.
The results for the modiﬁed and the classical controller in measureable range and for the
power supply conditions that were possible to be measured were nearly the same. Minor
differences could be caused by any disturbance, slightly different temperature distribution

or measurement errors – in both controller or resulting from means of the test-stand. The
motor has rather small dimensions, and any small deviation from assumed characteristics or
geometry can result in recognizable difference in obtained test results. With the presented
test-bench, it was not possible to strongly exceed the nominal current. Because of this,
higher current regions were quasi-estimated with mismatched inductances, and the results
were presented in Tables III and IV.
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Iq*, Iqn

100%

120%

L, Ln
140%

160%

180%

0.2In
0.4In
0.6In
0.8In
In
1.2In

0.061
0.035
0.039
0.037
0.055
0.060

0.051
0.028
0.051
0.044
0.062
0.096

0.046
0.048
0.053
0.126
0.184
0.146

0.051
0.049
0.107
0.169
0.182
0.216

0.074
0.053
0.234
0.18
0.176
0.147

Iq*, Iqn

100%

120%

L, Ln
140%

160%

180%

0.2In
0.4In
0.6In
0.8In
In
1.2In

0.076
0.065
0.078
0.105
0.078
0.062

0.085
0.068
0.108
0.084
0.116
0.142

0.084
0.088
0.111
0.249
0.237
0.076

0.259
0.243
0.217
0.209
0.17
0.089

0.37
0.3
0.35
0.18
0.225
0.23

Table III.
d-axis current ripple
in ampers with
ID = 0, detunded
inductances,
experiment

Table IV.
q-axis current ripple
with ID = 0, detunded
inductances,
experiment

Figure 14.
Three phase current
ripple waveforms
(averaged over 128
samples)
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The quality of the dead-beat controller performed in high current regions could be only
veriﬁed by simulation, because of test bench limitations, but obtained results proved the
concept. For current equals to 150 per cent of nominal current, the ripples of the classical
controller start to increase and the behavior is similar to presented in Tables III and IV. For
very high current regions, where the voltage limit is being achieved, the ripple starts to
decrease. For nominal current, the current ripples in q-axis are around the same like for the
modiﬁed controller, but for only 20 per cent inductance overshoot (which would respond to
around 1.4 nominal current assuming that all other variables are constant), the difference is
around 30 per cent of current ripple compared to the modiﬁed controller. For 60 per cent
overshoot, the ripples at rated current are 2.5 times bigger than for modiﬁed controller. On
the contrary, in the high current regions, the modiﬁed current controller still performs very
well even for mismatched parameters. The modiﬁed controller has always bigger stability
range then the classical one.
6. Conclusions
The presented approach that uses FE model of the controlled PMSM combined with deadbeat current controller algorithm gives accurate results in terms of transient curves for
different working points. Classical dead-beat current controller applied for small-power
PMSM performs excellent up to nominal working conditions assuring very short rising
times, small current ripples, small static errors as well as certainty of work with a
reasonable calculation time. In high current regions, it loses its perfect performance. It is
hard to deﬁne the level of current density or current loadings for which the process starts, i.e.
on DC bus voltage, changes of parameters with a temperature, different speed values and
resulting dq current components relation. Of most importance is the magnetic behavior of a
machine that strongly depends on PMSM technology, frame size, used type and shape of
magnets, type of winding, application, etc. Variety of parameters is enormous, and because
of complexity, it is recommended to check it for a case individually. The general rule holds
that the higher the requested torque, the bigger the difference between nominal model
parameters and parameters of a supplied motor. An overshoot of 60 per cent of inductances
at rated current results in 2.5 times increased current ripples. This causes extreme
vibrations which generate high level of noise. For great bunch of applications such behavior
is not allowed. With the usage of nowadays tools that estimate motor parameters for

Figure 15.
Current ripples in
q-axis for classic
controller for nominal
and detuned
inductances
(averaged over 128
samples)

different power supply conditions, the modiﬁed dead-beat current controller may be treated
as a more complicated but better, in terms of control quality, and more reliable solution.
Based on the presented results, it is recommended to consider inductances values in deadbeat current controller equations set to assure robust and extremely good performance of a
controlled system.
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Abstract
Purpose – The purpose of this paper is to analyse the inﬂuence of penalty parameters for an interior penalty
Galerkin method, namely, the symmetric interior penalty Galerkin method.
Design/methodology/approach – First of all, the solution of a simple model problem is computed and
compared to the exact solution, which is a periodic function. Afterwards, a two-dimensional magnetostatic
ﬁeld problem described by the magnetic vector potential A is considered. In particular, penalty parameters
depending on the polynomial degree, the properties of the elements and the material are considered. The
analysis is performed by varying the polynomial degree and the mesh sizes on a structured and an
unstructured mesh. Additionally, the penalty parameter is varied in a speciﬁc range.
Findings – Choosing the penalty parameter correctly plays an important role as the stability and the
convergence of the numerical scheme can be affected. For a structured mesh, a limiting value for the penalty
parameter can be calculated beforehand, whereas for an unstructured mesh, the choice of the penalty
parameter can be cumbersome.
Originality/value – This paper shows that there exist different penalty parameters which can be taken
into account to solve the considered problems. One can choose a global penalty parameter to obtain a stable
solution, which is a sharp estimation. There has always to be the consideration to guarantee the coercivity of
the bilinear form while minimising the number of iterations.
Keywords Boundary value problems, Finite element method, Numerical analysis
Paper type Research paper

1. Introduction
The analysis and design of electromechanical converters require numerical methods such as
the commonly used ﬁnite element method (FEM). Thereby, the classical (continuous)
Galerkin approach is widely used and well known. But, nevertheless, this approach has to
face some challenging tasks, for example, if a non-conforming mesh is used for an electrical
machine with moving parts. A new perspective to simulate electromechanical converters is
offered by a discontinuous Galerkin (DG) approach. This approach might be beneﬁcial
compared with the classical FEM, see for example Alotto et al. (2002) and Ho et al. (2014).
There exist different DG methods for hyperbolic, parabolic and elliptic problems. They all
have in common that their introduction started in the 1970s but their development remained
independent of each other. An overview of these methods is given in Arnold et al. (2002), among
others. This paper will focus only on second-order elliptic problems and therefore especially on
interior penalty (IP) methods. Before taking penalty terms into account for a discontinuous
approach they were already used for the classical approach (Epshteyn and Rivière, 2007), for
example in Babuška (1973) and Douglas and Dupont (1976).
The IP method considered here is called symmetric interior penalty Galerkin (SIPG)
method and is mainly derived from the methods in Rivière (2008). A symmetrising term
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corresponding to the ﬂuxes, obtained after integration by parts and a penalty term, are
added. The penalty term is used to enforce continuity of the solution and the boundary
conditions weakly (Epshteyn and Rivière, 2007). Furthermore, there is the non-symmetric
interior penalty Galerkin (NIPG) method introduced in Wheeler (1978) and Arnold (1982)
and the incomplete interior penalty Galerkin (IIPG) method introduced in Dawson et al.
(2004).
One main feature of the DG methods is the ability to handle non-conforming meshes and
therefore the ease in using hp-adaptivity. Moreover the mentioned DG methods yield a block
diagonal mass-matrix due to a local formulation, in case of the SIPG method a symmetric
matrix which could easily be solved by standard solvers (e.g. conjugate gradient).
Nevertheless, the IP methods have one drawback, namely that the choice of the penalty
parameter can affect the stability and the convergence of the numerical scheme.
The purpose of this paper is manifold:
 review the numerical scheme which was already introduced in Straßer and Herzog
(2018) for a non-linear two-dimensional ﬁeld problem;
 present the theory of penalty parameters for IP methods; and
 analyse the inﬂuence of the penalty parameter on a model problem.
Therefore, the paper is organised as follows. Section 2 presents the formulation of a
magnetostatic ﬁeld problem by the magnetic vector potential and reviews the considered
SIPG method. Section 3 focusses on the estimation and computation of penalty parameters.
Section 4 describes the analysis and presents numerical results. The paper is concluded by
Section 5.
2. Formulation
2.1 A-formulation
A domain X in R2 with the boundary @X is considered. Let the boundary @X be the union of
two disjoint sets CB and CH. The two-dimensional magnetostatic ﬁeld problem will be
described by the A-formulation. Therefore, the imposed current density Ji = J( x, y)ez is
oriented in z-direction. This yields for the magnetic vector potential:
A ¼ Aðx; yÞe z ¼ Ae z

(1)

As a result of the z-oriented current density Ji, the Coulomb gauge is satisﬁed automatically.
Deﬁning the reluctivity as the inverse of the permeability  = 1/μ with μ = μ0μr leads to the
second-order elliptic partial differential equation (Poisson equation) (2) in X.
r  ð ðjrAjÞrAÞ ¼ J; in X

(2)

The boundary conditions to formulate the boundary value problem (BVP) correctly are
derived from the boundary conditions of the ﬁeld quantities, whereas on CB, the normal
component of B is described and on CH, the tangential component of H, respectively (Bíro
and Preis, 1989). In general, one forces these components to vanish on the related boundary
part, and yields, therefore, homogeneous boundary conditions. Nevertheless, the more
general way of inhomogeneous boundary conditions will be considered in order to show
how these are included in the SIPG formulation. Here, equation (3) is called an
inhomogeneous Dirichlet boundary condition, whereas equation (4) is called an
inhomogeneous Neumann boundary condition. Consequently, gD, the value of the solution, is

given in the function space H1=2(CB) and gN, the normal derivative or ﬂux is given in the
function space L2(CH), for proof see (Rivière, 2008):
A ¼ gD ; on CB

(3)

 ðjrAjÞrA  n ¼ gN ; on CH

(4)

The magnetic vector potential A is unique or deﬁned up to a constant if CB = ;. If the
reluctivity in equation (2) is assumed to be a non-linear function, equations (2)-(4) become a
non-linear BVP, whereas if the reluctivity is a constant, the BVP becomes a linear problem.
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2.2 Symmetric Interior Penalty Galerkin formulation
The considered domain X is decomposed into k = 1,. . ., K elements, naming one single
element as Dk, and the triangulation is deﬁned as Dh. Using a DG method means to perform
the integration by parts of equation (2) after multiplying by a test function v on every local
element Dk and not on the whole domain X. This leads to the local weak formulation on a
single element Dk:
ð
ð
ð
rA  rv dr 
rA  v  n ds ¼
Jv dr:
(5)
Dk

@Dk

Dk

Summing up equation (5) over all elements k leads to the variational formulation on the
whole domain X. The test function v is taken from the same function space as the ansatz
function for A:
Hp ðDh Þ ¼ fv 2 L2 ðXÞ : 8Dk 2 Dh

vjDk 2 Pp ðDk Þg;

with Pp being the space of polynomials of total degree p on a single element Dk (Rivière, 2008).
The second term on the left hand side of equation (5) is the integral over each edge e of a
single element Dk. Owing to the local formulation and not incorporating the (strong)
boundary condition – here it is no longer a strong one – into the ﬁnite element space like in
the classical FEM this term does not vanish. Obviously, the integration has to be performed
for internal and boundary edges. First of all, deﬁne ϵ0 as the set of internal edges, ϵD as the
set of Dirichlet boundary edges and ϵN as the set of Neumann boundary edges. Then
consider two adjacent elements Dþ and D, as illustrated in Figure 1, sharing one edge e
with the unit outward normal vectors nþ and n, respectively. Let u be a function inside
each element D6 and u6 the traces on e from the interior of D6. One can now deﬁne the
average {·} and jump vb of u on e. Here, u can be either a scalar or vector function, whereas

Figure 1.
Internal elements Dþ,
D– (left) and
boundary element
Dþ (right)
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the jump deﬁnition yields for a scalar function a vector parallel to the normal and for a
vector function a scalar quantity. For an edge, e [ ϵ 0 follows:
ðu þ uþ Þ
;
2

fug :¼
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vub :¼ u  n þ uþ  nþ

(6)

and for e [ ϵ D | ϵN, the single valued function:
fug :¼ uþ ;

vub :¼ uþ  nþ

(7)

Using these deﬁnitions and furthermore the smoothness of the exact solution on internal
edges, vAb ¼ 0, as well as the condition vA  gD b ¼ 0 on the boundary part CB a
symmetrising term can be added:
ð

ð
frvgvAb ds þ
frvgvA  gD b ds
(8)

ϵ0

ϵD

Moreover, the following term with the penalty parameter σ is added to enforce the boundary
condition in equation (3) and the continuity of the numerical solution weakly:
ð 
ð
σ vAbvvb ds þ
σvA  gD bvvb ds
(9)
ϵ0

ϵD

The SIPG formulation of equations (2)-(4) looks as follows:
Find A 2 Hp ðDh Þ : að A; vÞ ¼ LðvÞ 8v 2 Hp ðDh Þ;
with the bilinear form:
að A; vÞ ¼

Xð
Dh



Dk

rArvdr 

X ð

X ð

frvgvAbds þ

e

ϵ 0 [ϵ D

frAgvvbds

e

ϵ 0 [ϵ D

X ð

ϵ 0 [ϵ D

(10)
σvAbvvbds

e

and the linear form:
LðvÞ ¼

Xð
Dh

þ

Dk

Jvdr þ

Xð
ϵD

e

X ð
ϵN

gN vds

e

rvgD nds þ

X ð
ϵD

(11)
σgD vds

e

In equation (11), the natural Neumann boundary condition equation (4) is taking into
account through the second term, whereas the Dirichlet boundary condition equation (3) is
enforced weakly through the last two terms.
3. Penalty parameters
As mentioned in the section before, the penalty term in the numerical scheme is used to enforce
weakly both, the continuity of the solution and the Dirichlet boundary condition. The penalty

parameters suggested in this paper depend on the polynomial degree, the properties of the
mesh, the geometrical properties of the elements and the material of the considered problem.
Therefore, the choice of the penalty parameter is quite delicate as one can affect the stability
and convergence of the numerical scheme, see for example Epshteyn and Rivière (2007).
Moreover, the penalty parameter σ must be speciﬁed correctly to ensure the coercivity of the
bilinear form. If the value for σ is chosen too low, the obtained solution is unstable as it can be
seen later in Section 4. This instability is a direct consequence of the non-coercivity of the
bilinear form. An arbitrarily high value of the penalty parameter on the other hand leads to a
higher number of iterations to solve a problem.
In the past, different penalty parameters have been speciﬁed, Arnold (1982) for example
set the penalty parameter on a mesh consisting of triangles to:
σ ¼ γ0  le1 :
Therein, le is deﬁned as le := diam(e) of an edge e and γ0 as an unknown positive constant.
Another penalty parameter was deﬁned by Schötzau et al. (2003) for a mixed hp-DGFEM
method. Here, σ was set to:
σ ¼ σ0 p2 h1 ;
with the diameter h(e) of the element Dk [ Dh and the polynomial degree p. Whereas :
(
minðhDþ ; hD Þ if e 2 ϵ0 ;
hðeÞ ¼
else;
hDþ
and:
(
p¼

maxðpDþ ; pD Þ

if e 2 ϵ 0 ;

pDþ

else:

Nevertheless, σ0 is left as a large unknown positive constant which is independent of h and p.
Epshteyn and Rivière (2007) speciﬁed an expression for σ, such that the bilinear form
gets coercive and the SIPG scheme is stable and convergent. This expression is based on the
geometric properties of the mesh elements, the used polynomial degree and the material
parameters. With this, one can then estimate a limiting value σ* for internal and boundary
edges of the mesh. To estimate the limiting value, the property of coercivity will be
recapitulated.
Coercivity of a bilinear form:
There exists a constant m > 0 such that:
aðv; vÞ  mjjvjj2E
with the energy norm jjvjj2E :
jjvjj2E

¼

Xð
Dh

Dk

ðrvÞ2 dr þ

(12)

X ð
ϵ 0 [ϵ D

e

σvvb2 ds

(13)
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By choosing A = v in equation (10) one can show that it is sufﬁcient to bound the term:
X ð
2
frvgvvbds
ϵ 0 [ϵ D
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(14)

e

and choosing the penalty parameter σ correctly to ensure the coercivity of the bilinear form.
In Epshteyn and Rivière (2007), the Cauchy–Schwarz inequality is used to bound equation
(14) and the trace inverse inequality :
 k
 k

ð
ð
pD þ 1 pD þ 2 jlengthðeÞj
2
v ds #
v2 dr;
(15)
2
jareaðDk Þj Dk
e
of Warburton and Hesthaven (2003) on an edge e of a triangle Dk is applied to estimate the
penalty parameter. Namely the ratio |length(e)|/|area(Dk)| has to be estimated. Doing this
on a triangle Dk of the mesh, it can be shown that:
k
jlengthðeÞj
cotðαD Þ
;
#4
jlengthðeÞj
jareaðDk Þj

and therefore, the following expression is derived:

σ*ϵ0

¼

 2
þ
3  D2

2 D1

þ

Dþ

p



Dþ

p

  2


   
3  D2

Dþ Þ
ð
þ 1 cot α
þ
pD pD þ 1 cotðαD Þ;

D
2 1

(16)

for all e [ ϵ0 and
σ*ϵD ¼

 2
þ
6  D2

þ
 D1

pD

þ




þ
þ
pD þ 1 cotðαD Þ;

(17)

for all e [ ϵD can be formulated, for proof see Epshteyn and Rivière (2007). Therein, α
denotes the smallest angle,  1 (resp.  2) the minimum (resp. maximum) value for  in the
triangle Dþ and D–, respectively.
In contrast to Arnold (1982) and Schötzau et al. (2003), this penalty parameter does not
include any unknown constants. For example, a structured mesh Dh, consisting of K
triangles, with a minimum angle of α = p /4 in each triangle and the material parameter
 1 =  2 = 1 in each element will lead to the limiting values given in Table I.

Total elements K

Table I.
Limiting values for a
structured mesh

128, 512, 2048
128, 512, 2048
128, 512, 2048
Source: Epshteyn and Rivière (2007)

Degree p on all elements

Limiting value σ*ϵ0 ; σ*ϵD

1
2
3

6, 12
18, 36
36, 72

4. Analysis
4.1 Model problem
To analyse the described penalty parameters, the simple model problem Du = f is computed
and compared to the exact solution, whereas the following assumptions are mainly taken from
Epshteyn and Rivière (2007). The domain X is deﬁned as the unit square [0, 1]  [0, 1] with the
boundary @X = CB, thus, C H = ;. The source function of the problem is chosen as f = 64p 2
[cos(p 8x) þ cos( p 8y)] which yields the exact solution ue = [cos(p 8x) þ cos( p 8y)]. The
material parameter is set to  : 1 and the boundary value is selected as gD = ue .
The SIPG solution is computed for linear and quadratic shape functions on a structured
mesh with K = 2,048 elements. According to Table I, the limiting values are σ*ϵ0 ¼ 6 and
σ*ϵD ¼ 12 for p = 1, as well as σ*ϵ0 ¼ 18 and σ*ϵD ¼ 36 for p = 2. Figure 2 shows the structured
mesh (left), the approximated solution for p = 1, where the penalty parameter was set as
σ < σ* (middle) and σ > σ* (right).
As can be seen, the numerical solution for σ < σ* is unstable. For a stable solution, a
value slightly above the limiting value was chosen, σϵ0 ¼ 8 and σϵD ¼ 16. To analyse the
bound of the penalty parameter numerically, the L2-error and H01 -error are computed for this
mesh (K = 2,048) and polynomial degree (p = 1). On boundary edges, the penalty parameter
is set as twice the penalty parameter for internal edges. Figure 3 presents the variation of
both errors for σ [ [0, 9]. This analysis shows that the numerical bound for the penalty
parameter is between 3.5 and 4, whereas the theoretical estimated limiting value is 6, as it
can also be seen in Epshteyn and Rivière (2007).
However, in general, an unstructured mesh is used and therefore the limiting value
cannot be calculated beforehand like for a structured mesh. This leads, in the ﬁrst place, to
the choice of a large positive value for σ, which could be chosen randomly. To illustrate the
inﬂuence of the penalty parameter on the number of iterations to solve the model problem, σ
is varied in the range of [1, 1000]. Figure 4 shows the results for a structured and
unstructured mesh using different polynomial degrees for the shape functions. Obviously,
the number of iterations is increasing logarithmically with σ. Thus, an arbitrarily large
value of the penalty parameter yields unacceptable high numbers of iterations.
Summarising, the limiting values of Table I are useful, but they are theoretical values,
whereas the numerical bound is lower. For an unstructured mesh the choice of the penalty
parameter as an unknown large number would be favourable. However, there has to be the
consideration to guarantee the coercivity of the bilinear form while minimising the number of
iterations.
4.2 Magnetostatic problem
The magnetostatic problem is a simple two-dimensional geometry of a C-shaped
ferromagnetic material [Figure 5 (left) blue part], with a coil [Figure 5 (left) green and red part]
surrounding one part of the magnetic yoke. On the whole domain a homogeneous Dirichlet
boundary condition gD = 0 is applied, and the region around the ferromagnetic material and
the coil is ﬁlled with air. This leads to a jump of the reluctivity from  0 in air to  0 r in the
ferromagnetic part. One can formulate the problem in terms of a two-dimensional magnetic
vector potential and thus by the described SIPG formulation, equations (10) and (11).
The domain is decomposed by an unstructured mesh consisting of nearly 6,000 triangle
elements of second order, see Figure 5 (left), and the implementation is realised by using the
open-source ﬁnite element library FEniCS (Logg et al., 2012).
As mentioned earlier, the penalty parameters of Arnold (1982) and Schötzau et al. (2003)
include a large unknown positive constant, which can lead to a high number of iterations if it
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Figure 2.
Obtained solution uh,
on a structured mesh
with K = 2,048
elements (left), by the
SIPG scheme with
σ < σ* (middle) and
σ > σ* (right)

is chosen arbitrarily high. Whereas equations (16) and (17) do not include any unknown
constants and hence are used to solve the magnetostatic problem. One can implement them
as either local expressions for each element Dk of the mesh or as global ones. The global
values can be obtained by choosing α as the smallest angle over all elements, using the same
polynomial degree on every mesh element, and determining the minimum and maximum
value of the reluctivity of the whole domain. Here this means:
p ¼ 2;

1 ¼ 0r ;

2 ¼ 0;

α ¼ αmin

8Dk 2 Dh :
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Figure 5 illustrates the solution of the magnetic vector potential A obtained by the SIPG
formulation with a global penalty parameter estimated using aforementioned properties.
The penalty parameter was set to σ < σ* (middle) and to σ > σ* (right).

Figure 3.
Variation of the
L2-error (left) and
H01 -error (right) on a
structured mesh with
K = 2,048 elements
and p = 1 for σ [ [0,9]

Figure 4.
Number of conjugate
gradient iterations
needed to solve the
model problem vs the
penalty parameter
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Figure 5.
Unstructured mesh
with nearly 6,000
triangle elements
(left) and obtained
solution for the
magnetic vector
potential A by the
SIPG method using a
penalty value σ < σ*
(middle) and σ > σ*
(right)

5. Conclusion
Choosing the penalty parameter σ in the bilinear form correctly plays an important role
as the stability and convergence of the numerical scheme can be affected. If the value is
set too low, the solution is not satisfactory and if the value is too large, the performance
of the iterative solver is degraded. For a structured mesh, a limiting value can be
calculated beforehand, to ensure the coercivity of the bilinear form. Nevertheless, for real
applications in general, unstructured meshes are used, and therefore, it is difﬁcult to know a
priori the limiting value σ*. However, one can choose a global penalty parameter to obtain a
stable solution, which is a sharp estimation. There has to be the consideration to guarantee
the coercivity of the bilinear form while minimising the number of iterations. Furthermore, if
different polynomial degrees (p-adaptivity) or a non-conforming mesh (e.g. hanging nodes)
is used, the inﬂuence of local and global penalty parameters on the solution should be
analysed.
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Abstract
Purpose – This paper aims to propose an effective modeling method of dynamic hysteresis properties for
soft magnetic composite (SMC) core using an equivalent circuit representation. Because the eddy currents
ﬂowing inside iron powder particles should be considered, it is well known that an accurate magnetic ﬁeld
analysis of the SMC core in a wide range of excitation frequency is not easy. To overcome this difﬁculty, a
dynamic hysteresis modeling based on the standard Cauer circuit is investigated.
Design/methodology/approach – In the proposed method, the ﬁrst inductance represents the static
magnetic property of the SMC, and the latter part represents the dynamic effect because of the eddy currents.
The values of the circuit elements were determined by an optimization method based on symmetric loops
measured at several frequencies. To verify the validity of the proposed modeling method, ﬁnite-element
analyses of a ring core inductor and an alternating current reactor were performed.
Findings – By comparing the simulated and measured magnetic properties, the necessity to consider
magnetic hysteresis in the equivalent circuit model is clariﬁed. Furthermore, the frequency-dependent
inductances of practical reactors can be obtained from the ﬁnite-element analysis combined with the proposed
method.
Originality/value – This paper demonstrates the signiﬁcance of determining the circuit parameters in the
equivalent circuit for dynamic hysteresis modeling based on the measured magnetic properties. The
effectiveness of the proposed method is veriﬁed by comparing frequency-dependent inductances of two kinds
of reactors between the simulation and measurement.

Keywords Magnetic hysteresis, Soft magnetic materials, Finite-element method,
Equivalent circuit model, Cauer circuit
Paper type Research paper

1. Introduction
Soft magnetic composites (SMCs) are widely used as iron cores in high-frequency
applications because it can suppress an eddy current loss drastically. To perform a magnetic
ﬁeld analysis directly considering the eddy currents ﬂowing inside iron powder particles in
the SMC core, enormous elements are generally required. To overcome the difﬁculty because
of the huge computational cost, various homogenization methods have been proposed
(Bordianu et al., 2012; Ito and Igarashi, 2013). In these methods, it is assumed that the shape
and size of each particle are identical and the particles are perfectly insulated from each
other. However, in the actual SMC, the shape and size of the particles are not uniform, and
the insulation is partially destroyed by the pressure of compression molding. As the
particles are frequently in contact with each other, not only the local eddy currents ﬂowing
inside particles but also the global eddy currents ﬂowing between particles should be
considered (Saito et al., 2005). In addition, because the hysteresis loss of SMC is generally
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large compared with that of an electrical steel sheet, the modeling of static hysteresis should
be considered in the magnetic ﬁeld analysis. Therefore, it is not easy to represent the
dynamic magnetic properties of SMC by means of simple homogenization methods,
especially in a wide range of excitation frequency.
In this paper, as a novel approach different from ordinary homogenization of iron
particles, we develop a dynamic hysteresis modeling method based on the standard Cauer
circuit (Miyazaki et al., 2015; Shindo et al., 2016), which is a ladder network composed of
resistances and inductances. The macroscopic magnetic properties of SMC materials have a
frequency dependence because of global eddy currents ﬂowing between particles as well as
local eddy currents ﬂowing inside particles. The proposed method can represent static
hysteresis properties and the frequency-dependent magnetic properties because of the
global and local eddy currents separately in the equivalent circuit model. In this paper, the
play model (Matsuo and Shimasaki, 2005; Matsuo, 2010) is used as a modeling method of
static hysteresis. The values of circuit elements are determined by an optimization method
such as the genetic algorithm (GA) based on symmetric loops measured at several
frequencies so that the standard Cauer circuit with the play model can reproduce the
measured hysteresis loops of the SMC core. Although the similar approach based on the
standard Cauer circuit was investigated by Sato and Igarashi (2017), the circuit parameters
are analytically derived with the help of the Ollendorff formula (Ito and Igarashi, 2013),
which is one of the homogenization approaches to estimate macroscopic electromagnetic
properties of SMC cores, by assuming uniform distribution of iron particles with perfectly
insulated coating, and the comparison between simulation and measurement was not
discussed. The proposed method considers the magnetic hysteresis, and the circuit
parameters are determined based on the measured results. The necessity of considering
hysteretic property is discussed by comparing simulated and measured hysteresis loops of
the SMC core. Finally, the proposed modeling method is applied to a ﬁnite-element analysis
of a ring core inductor and an alternating current (AC) reactor. The effectiveness of the
proposed method is veriﬁed from the standpoints of computational accuracy and cost.
2. Modeling of dynamic hysteresis based on standard Cauer circuit
2.1 Equivalent circuit representation for eddy current ﬁelds of soft magnetic composites
In this paper, we use the standard Cauer circuit as an equivalent circuit for frequencydependent magnetic properties (Shindo et al., 2016; Sato and Igarashi, 2017) of SMC materials.
Figure 1 shows the standard Cauer circuit. The Cauer circuit is a ladder network in which
resistances and inductances are repeated in parallel and series inﬁnitely. As the frequency
becomes lower, inductances approach the short-circuited state and most of the currents ﬂow
through the ﬁrst inductance. Therefore, the ﬁrst inductance should represent the direct current
(DC) magnetic property Hdc(B0) of the SMC, where B0 is the average magnetic ﬂux density. On
the other hand, as the frequency becomes higher, inductances approach to the open-circuited
state and the currents ﬂowing through the latter resistances increase. From the relationship
Hac
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between an electric circuit and a magnetic circuit, the current and the voltage corresponds to
the magnetic ﬁeld and time variation of ﬂux density in the Cauer circuit.
As the magnetic ﬂux densities B1, . . ., Bn1 because of the eddy currents are expected to
be much smaller than the average magnetic ﬂux density B0 in the SMC, it would be
sufﬁcient to introduce nonlinearity only to the ﬁrst inductance. The standard Cauer circuit
can provide the magnetic ﬁeld Hac as an output using the average magnetic ﬂux density B0
as an input. Practically, it is necessary to truncate the standard Cauer circuit in ﬁnite stages,
which is discussed in more detail in a later section.
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2.2 Measurement of frequency-dependent magnetic properties of soft magnetic composites
Figure 2 shows the speciﬁcations of the SMC core. The magnetic properties of the SMC core
are measured by the magnetizing current method. When the current ﬂowing through the
magnetizing coil is I and the voltage induced in the B-coil is Vb, the magnetic ﬁeld strength
H and the magnetic ﬂux density B can be obtained by the following equations:
H ¼ NI=l
B¼

ð
1
Vb dt
Nb S

(1)

(2)

where N and Nb are the number of turns of the magnetizing coil and B-coil, respectively. l
is the magnetic path length and S is the cross-sectional area of the SMC core. When
measuring magnetic properties with a ring specimen, it is well-known that the ratio of the
outer diameter of the ring specimen to the inner diameter should be as close to 1 as
possible in general to accurately estimate a magnetization property. Owing to the
limitations of a forming die, however, the outer-to-inner-diameter ratio of the ring
specimen shown in Figure 2 is not close to 1. Therefore, we investigated the effect of the
magnetic path length on magnetization properties by using the similar method proposed
by Nakata et al. (1992). As a result, the measured magnetization property does not
signiﬁcantly change before and after the correction of the magnetic path length. In
addition, the iron loss property can be evaluated correctly by using the mean geometrical
path length. Thus, l in equation (1) is obtained by p (di þ do)/2, where di and do are the
inner and outer diameters, respectively.
Symmetric hysteresis loops are measured in the range of 0.01 T # Bm # 1.5 T, where
Bm is the amplitude of a ﬂux density waveform. Here, the convergence conditions for the
magnetic measurement are that the error of the form factor of the induced electromotive
force with respect to a sinusoidal waveform is within 0.05 per cent; the error with respect
to the target value of the maximum magnetic ﬂux density is within 0.05 per cent; and the
distortion factor of the induced electromotive force waveform is within 2.0 per cent. The
B-coil was directly wound on the specimen. The specimen with the B-coil was covered
with a polyimide ﬁlm, and six layers of the magnetizing coil was wound on it. The

Figure 2.
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Hysteresis loops at
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Notes: (a) Bm = 0.5, 1.0, and 1.5; (b) Bm = 0.1, 0.2, 0.3, and 0.4 T

number of turns of the B-coil and magnetizing coil is 25 and 281, respectively. The
measured hysteresis loops at Bm = 0.1, 0.2, 0.3, 0.4, 0.5, 1.0 and 1.5 T are as shown in
Figure 3. Here, Hmax denotes the maximum magnetic ﬁeld intensity as shown in Figure 4.
The normal magnetization curve, which is obtained by connecting the tips of the
symmetric loops, is also indicated by the broken line in Figure 3(b). In the SMC, the
inﬂuence of the eddy currents is very small at low frequency because the individual
particles are insulated. Therefore, the symmetric loops measured at 50 Hz can be
regarded as the DC hysteresis loops. The play model is used for representing the DC
hysteretic properties, and the shape functions of the play model are identiﬁed from the
symmetric hysteresis loops measured at 50 Hz. Because the play model is mathematically
equivalent to the Preisach model (Torre, 1999), the same identiﬁcation method for the
Preisach model can be applied (Matsuo and Shimasaki, 2005).
To clarify the inﬂuence of the eddy currents on the magnetic properties of the SMC core,
the hysteresis loops are measured at several frequencies under the condition of Bm = 50 mT
because of the capacity of a power supply. The number of turns of the B-coil and
magnetizing coil is 14. The frequency is set in the range from 50 Hz to 1 MHz, considering

: 50 Hz

: 1 kHz

: 50 kHz

: 500 kHz

: 800 kHz

: 1 MHz

: 200 kHz

60
40

B [ mT ]

20
0
–20
–40

Figure 4.
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the heat generation of the SMC specimen. Figure 4 shows the hysteresis loops at frequencies
of 1, 50, 200, 500, 800 kHz and 1 MHz. The hysteresis loop at 50 Hz is indicated by the broken
line, which is nearly equal to the hysteresis loop at 1 kHz. As the frequency becomes higher,
the loss increases because of the inﬂuence of the eddy currents.
Figure 5 shows the frequency characteristics of the inductance of the ring core
inductor measured by means of an impedance analyzer. The vertical axis is normalized
by the inductance measured at 1 kHz. The number of turns of the ring core inductor is 14
and the excitation frequency is set in the range from 1 kHz to 8 MHz. The inductance
decreases at over 200 kHz. This tendency can be conﬁrmed from the measured symmetric
loops, as shown in Figure 4, where the area of the loop signiﬁcantly increases at over
200 kHz.
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2.3 Determination of resistances and inductances in Cauer-equivalent circuit
As mentioned above, the ﬁrst inductance represents DC hysteretic property Hdc(B0) using
the play model. The point of the dynamic hysteresis modeling based on the standard Cauer
circuit is how to determine the other elements Rj and Lj. To appropriately determine them,
the standard Cauer circuit is separated into static and dynamic components, as shown in
Figure 6. The circuit elements R0, R1, . . . Rn1 and L1, L2, . . ., Ln1 in the dynamic part
represent the inﬂuence of the global and local eddy currents and n denotes the number of
stages of the standard Cauer circuit. Because the circuit elements at the latter stages
represent magnetic properties corresponding to higher frequency region, circuit elements R0,
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R1, . . . Rn1 should gradually increase and circuit elements L1, L2, . . ., Ln1 should gradually
decrease. In this paper, the element values in the dynamic part which are satisﬁed with the
above-mentioned conditions are determined by the GA.
Because the dynamic part of the proposed Cauer circuit is linear, it is expected that the
circuit parameters can be identiﬁed without relation to the amplitude of a hysteresis loop in
the case where the DC hysteretic property Hdc(B0) is accurately modeled. On the other hand,
to consider effects of the local and global eddy currents, it is desirable to represent hysteresis
loops in a wide range of frequencies. To determine the circuit parameters in the dynamic
part, symmetric loops measured at several frequencies are used. The number of sampling
points per period is np, and the number of measurement frequencies is nf. The measured and
calculated magnetic ﬁeld strengths at the sampling point i at the k-th frequency are deﬁned
as Hmeasured (k, i) and Hcalculated (k, i), respectively. By imposing magnetic ﬂux density
waveforms as the external voltage on the standard Cauer circuit, Hdc is given by the ﬁrst
inductance and H1, H2, . . ., Hn are obtained by solving circuit equations corresponding to
dynamic part of the Cauer circuit. The objective function f which is minimized by the GA is
deﬁned as:
!
nf
np
X
X
f ¼
jHmeasured ðk; iÞ  Hcalculated ðk; iÞj
(3)
k¼1

i¼1

First, the inﬂuence of a treatment of a DC magnetic property Hdc (whether a hysteretic
property is considered or not) on the accuracy of dynamic hysteresis modeling is
investigated. n is ﬁxed to 4, and R0, . . . R3 and L1, . . . L3 are determined by the GA. The
initial values of the circuit elements are determined randomly in the realistic range. The
method considering hysteretic property in which Hdc given by the play model is called
Method A. For comparison, the method in which Hdc is given by the normal magnetization
curve is also examined (Method B). The symmetric loops measured at 1 kHz-1 MHz are used
for the optimization.
The circuit parameters are determined based on the measured magnetic ﬁeld intensity at
Bm = 0.05 T, as shown in Figure 4. Figure 7 shows the comparison of the measured and
calculated magnetic ﬁeld waveforms. As it is difﬁcult to consider both the phase differences
because of the magnetic hysteresis and the eddy currents between the magnetic ﬁeld and the
magnetic ﬂux density waveforms simultaneously in Method B, the deviation of the
measured and calculated values is large at over 200 kHz, as shown in Figure 7(b). In Method
A, as the phase difference can be appropriately considered, the measured and calculated
magnetic ﬁeld waveforms are in good agreement. From the above results, it is necessary to
consider magnetic hysteresis as the DC magnetic property of the SMC.
Next, the inﬂuence of the number of stages n in the Cauer circuit is investigated by
using Method A. When changing n from 4 to 2 or 3, the accuracy of the magnetic ﬁeld
strength waveform is discussed. Figures 8(a) and (b) show the comparison of the
magnetic ﬁeld waveforms at n = 2 and n = 3, respectively. As the deviation between the
measured and calculated magnetic ﬁeld waveforms is large as shown in Figure 8(a), n = 2
is insufﬁcient. Although the calculated magnetic ﬁeld strength waveforms as shown in
Figures 7(a) and 8(b) look almost the same, the accuracy of the four-stage circuit is
slightly higher, especially at the high frequency. In the case of the Cauer circuit with over
ﬁve stages, the further improvement of the accuracy is not expected and the
computational cost increases. Therefore, the four-stage circuit is used in this paper to
represent the measured dynamic hysteresis properties accurately.
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In general, the required number of stages in the Cauer circuit strongly depends on SMC
materials. Fortunately, it is not difﬁcult to increase the number of stages when determining
the values of circuit elements based on the above procedure. Practically, the Cauer circuits
with two stages is examined ﬁrst. If the accuracy is not acceptable, the number of stages is
gradually increased until the accuracy satisﬁes the requirement.

Figure 7.
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The validity of the identiﬁed circuit parameters obtained from the above procedure is
investigated. Figure 9 shows the comparison of measured and simulated symmetric loops
at Bm = 0.2 T. The symmetric loops with an amplitude of 0.2 T can be measured up to
200 kHz at a maximum because of the capacity of a power supply. As shown in Figure 9,
by using the circuit parameters identiﬁed by symmetric loops at Bm = 0.05 T, the good
accuracy can be achieved at Bm = 0.2 T, which demonstrates the effectiveness of the
proposed method.

3. Application of dynamic hysteresis modeling method to ﬁnite-element
analysis
3.1 Coupling of ﬁnite-element method and Cauer-equivalent circuit
By adopting the magnetic ﬂux density Bi as unknown variables in the Cauer circuit as
shown in Figure 6, the following equations are obtained on each node (Sato and Igarashi,
2017):


1 dB 0 dB 1
ð
Þ

;
(4)
H ac ¼ H dc B 0 þ
R0 dt
dt
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(5)

where Hdc(B0) is calculated by the isotropic vector play model (Matsuo, 2010). Applying the
Galerkin method to the ﬁnite-element formulation in a static magnetic ﬁeld, the residual Gi is
given by:
ð
ð
Gi ¼ rotN i  H dV  N i  J 0 dV;
(6)
V

V

where Ni is the edge element basis function, J0 is the given current density in the
magnetizing coil and H is the magnetic ﬁeld intensity. By substituting Hac in equation (4)
into H in equation (6), we get:
(

)
ð
ð
1 dB 0 dB 1

dV  N i  J 0 dV:
Gi ¼ rotN i  H dc ðB 0 Þ þ
(7)
R0 dt
dt
V
V
Similarly, the residuals for the Cauer circuit Gci are written as:
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;

(8)




ð 
1 dB n2
1
1
dB n1 B n1
dV
¼

þ
þ
þ
Rn2 dt
Rn2 Rn1
dt
Ln1
V

where B0 is obtained from the rotation of the magnetic vector potential A deﬁned in the
ﬁnite-element method (FEM). As the magnetic ﬂux density Bi (i = 1, . . ., n  1) has three
components in the three-dimensional (3D) orthogonal coordinate system, it is given by Bi =
(Bxi, Byi, Bzi). Thus, the proposed dynamic hysteresis modeling method requires the additional
unknown variables for the Cauer circuit, and the computational cost increases. The number
of additional unknowns is nec by n – 1 by 3, where nec is the number of elements in the SMC.
3.2 Ring core inductor
Figure 10 shows the analysis model of the ring core inductor. Because the ring core is
axisymmetric and it has an upper and lower symmetry, 1/400 of the whole model was analyzed
by the FEM. The Newton–Raphson (NR) method with a line search technique (Fujiwara et al.,
2005) was adopted as a nonlinear iteration method. Because the coefﬁcient matrix arising from
the ﬁnite-element formulation considering hysteretic property is non-symmetric, the BiCGstab
method is used for solving a system of linear equations. The NR iteration is terminated when
the change of the ﬂux density |DB| is less than 104 T in all the elements. The convergence
of the BiCGstab method is judged when the relative residual norm is less than 104. To
accelerate the convergence of transient solutions to their steady state, the simpliﬁed timeperiodic explicit-error-correction method (Takahashi et al., 2010) is applied. The frequency is set
to 1,200, 500 kHz and 1 MHz, and the current waveforms obtained from the measurement are
imposed on the coil.
Figure 11 shows the comparison of the measured and simulated hysteresis loops. The
hysteresis properties depending on the excitation frequency can be accurately reproduced in
a wide range of frequencies, which indicates the validity of the proposed method. Table I
shows the computational time, the average number of NR iterations per time step and the
averaged total number of BiCGstab iterations per time step at respective frequency. The
values in parenthesis indicate the ratio of computational time with respect to the static FEM.
Although the number of NR iterations is almost constant at any frequency, the proposed
method requires more computational time than ordinary static FEM. This is caused by the
additional unknown variables for the Cauer circuit. In addition, the computational time of
the proposed method increases drastically as the frequency becomes higher. At 1 MHz, the
computational time is about four times longer than that of static magnetic ﬁeld analysis.
This is because the coefﬁcients in equation (8), corresponding to the circuit elements in the
Figure 10.
Analysis model of
ring core inductor

latter stages, have a signiﬁcant inﬂuence on the convergence property of the BiCGstab
method as the frequency increases.
Next, the frequency characteristics of the inductance of the ring core inductor are discussed.
The number of turns of coil is 14 and the same current waveform as the inductance
measurement is applied to the coil. Figure 12 shows the comparison of measured and simulated
inductances, which is normalized by the inductance L1 kHz measured at 1 kHz. As the frequency
dependence of the magnetization property is not considered in the static FEM, the calculated
inductances are constant. On the other hand, by using the proposed method based on the Cauer
circuit, the frequency characteristics of the inductance can be reproduced with high accuracy
from low to high frequencies. However, in the frequency range of over 5 MHz, the simulated
values tend to differ from the measured ones. This is because the elements in the Cauer circuit
are identiﬁed from the hysteresis loops measured under 1 MHz.
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3.3 AC reactor
Figure 13 shows an analysis model of the practical AC reactor. The reactor consists of eight
rectangular cuboid SMC cores and four cylindrical SMC cores. The mass density of each core is
60
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almost the same as that of the ring core inductor, as shown in Figure 2. The one-eighth part of
the whole model is analyzed considering the symmetry. Gap elements (Nakata et al., 1990) are
set on the joint surface of each core to express the minute air gaps. The analysis conditions are
the same as for the ring core inductor. Figure 14 shows the distribution of magnetic ﬂux
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density when the applied current becomes the maximum. As the magnetic ﬂux density
distributions in Figures 14(a) and (b) are nearly the same, the inﬂuence of the eddy currents
given by the Cauer circuit is negligibly small and the DC hysteresis property is dominant at
1 kHz. From Figure 14(b)-(d), the inﬂuence of the Cauer circuit increases as the frequency
becomes higher, and the magnetic ﬂux density decreases throughout the core because of the
effect of the eddy currents.
Table II shows the computational time, the average number of NR iterations per time
step and the averaged total number of BiCGstab iterations per time step at each frequency.
As is the case with the ring core inductor, the computational time increases as the frequency
becomes higher. At 1 MHz, the computational time is about 16 times as compared with that
of the static FEM. The ratio of the number of elements in the SMC core to all the elements in
the analysis model is about 4 per cent in the ring core, while it is 30 per cent in the AC
reactor. Therefore, the increase ratio of the computational time of the proposed method in
the AC reactor model is much larger than that in ring core inductor model.
Figure 15 shows a comparison of the frequency characteristics of the inductance of the
AC reactor and the ring core inductor. The respective inductance values are normalized with
the inductances simulated at 1 kHz. Because of the air gap between SMC cores, the
inductance of the AC reactor decreases more gradually than the ring core inductor.
4. Conclusion
In this paper, we proposed a dynamic hysteresis modeling method for SMC cores based on
the standard Cauer circuit. In the proposed method, the DC magnetic property is given by
the ﬁrst inductance, which is expressed by the play model, and the effect of the eddy
currents is represented by the subsequent circuit elements. The values of the circuit
elements are determined to reproduce measured hysteresis loops of the SMC core by the GA.
By comparing the simulated and measured hysteresis loops, the accuracy of the proposed
method was conﬁrmed in a wide range of frequencies. Finally, the proposed method was
applied to the ﬁnite-element analysis of the practical reactors. As a result, the validity of the
proposed method was demonstrated. In future work, the validity of the proposed method
will be investigated under non-sinusoidal excitation conditions.
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Abstract
Purpose – The purpose of this paper is to investigate an alternative to established hysteresis models.
Design/methodology/approach – Different mathematical representations of the magnetic hysteresis
are compared and some differences are brieﬂy discussed. After this, the application of the T(x) function is
presented and an inductor model is developed. Implementation details of the used transient circuit simulator
code are further discussed. From real measurement results, parameters for the model are extracted. The
results of the ﬁnal simulation are ﬁnally discussed and compared to measurements.
Findings – The T(x) function possesses a fast mathematical formulation with very good accuracy. It is
shown that this formulation is very well suited for an implementation in transient circuit simulator codes.
Simulation results using the developed model are in very good agreement with measurements.
Research limitations/implications – For the purpose of this paper, only soft magnetic materials were
considered. However, literature suggests, that the T(x) function can be extended to hard magnetic materials.
Investigations on this topic are considered as future work.
Originality/value – While the mathematical background of the T(x) function is very well presented in the
referenced papers, the application in a model of a real device is not very well discussed yet. The presented
paper is directly applicable to typical problems in the ﬁeld of power electronics.

Keywords Magnetic hysteresis, Transient analysis, Transient simulation
Paper type Research paper

1. Introduction
To consider non-linear inductors in circuit simulation, several approaches have shown good
results in the past. The simplest implementation only covers saturation by using a non-linear
BH-curves without any hysteresis effects. In (dos Santos et al., 2017) several mathematical
models are compared and their accuracy is estimated. It is shown that exponential and
hyperbolic functions are good candidates to represent the behavior of magnetic components.
By considering the magnetization such a simple model can be extended to include the
magnetic hysteresis. The Jiles–Atherton model presented in (Jiles and Atherton, 1984)
consists in its original form only of ﬁve parameters and gives reasonable results for major
and minor loops. Here, the anhysteretic magnetization is calculated using a hyperbolic
function – the Langevin function, shown in equation (2). This allows for much faster
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calculation than the classical Preisach model in (Preisach, 1935), where a large number of
independent elements need to be evaluated.
Especially for numerical simulation, energy-based models can provide beneﬁts. Both the
Preisach and the Jiles-Atherton models are not naturally extending in three dimensions of
space, and e.g. dissipated and stored energies are not available at every instance in time. A
discussion of further differences is given in (Jacques et al., 2017).
The T(x) model on the other hand, extensively discussed in (Jeno†’s (2003) study, is not
fully based on existing theories. It can be understood as a very elegant mathematical
description of the magnetic hysteresis. Therefore, its parameters are considered dimensionless and have no physical meaning.
While being not very well known, it is certainly very interesting for transient
simulations. The Brillouin-function, B(x), as well as its simpliﬁed form, the Langevinfunction, L(x), both suffer from poles at x = 0 as can be easily seen in equations (1) and (2). In
contrast to these two functions, the formulation of the T(x)-function in equation (3) uses the
hyperbolic tangents. Hence, here, x = 0 does not require any special treatment:
BðxÞ ¼ C1 coth x  C2 coth ðC3  xÞ
LðxÞ ¼ C1 coth ðC2  xÞ 

C3
x

T ðxÞ ¼ C1 x þ C2 tanh ðC3  xÞ

(1)

(2)
(3)

A comparison of all three functions is given in Figure 1. Here, for B(x) the constants C1, C2
and C3 were set to 1. The constants of the other two functions were ﬁtted to match the B(x)
function as accurately as possible.
Another beneﬁt of the T(x)-function is the existence of an exact inverse function.
Furthermore, it is shown (Jeno†, 2003) that with proper choices of constants, the results of
models based on the T(x)-function can be expected to closely match those of the widely
accepted Preisach model.

Figure 1.
Comparison of the
B(x), L(x) and T(x)
functions

The basic T(x) function is suitable for soft magnetic materials only. However (Dospial et al.,
2014), shows an extension to hard magnetic materials by using T(x) function as a base
function of a series.
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2. Modeling of the magnetic hysteresis
The basic principles of this model are discussed using a normalized description of the
magnetic hysteresis in order to make it easier for the reader to follow the equations. By
shifting the T(x) function, the basic magnetic hysteresis loops are formed:
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fþ ¼ tanh ðx  a0 Þ þ A0  x þ b

(4)

f ¼ tanh ðx þ a0 Þ þ A0  x  b

(5)

with
b¼

tanh ðxm þ a0 Þ  tanh ðxm  a0 Þ
2

(6)

The functions fþ and f  are the ascending and descending branch branches, respectively.
xm deﬁnes the minor loop and a0 corresponds to the magnetic remanence. To obtain the
virgin curve, simply, the mean value of these two functions is calculated:
f ¼

tanh ðx  a0 Þ þ tanh ðx þ a0 Þ þ 2A0  x
2

(7)

An example of the resulting curves is given in Figure 2.
Reversal curves, needed to describe the hysteresis behavior in case of an arbitrarily
changing exciting magnetic ﬁeld, are more complex. Some examples for the resulting
movements are shown in Figure 3.

Figure 2.
Major (xm = 4), minor
(xm = 2) and virgin
curves for a0 = 1.75
and A0 = 0.05
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Starting from x = x0, the descending branch of the minor loop deﬁned by xm = 2 is followed.
At x = x1 the direction is reversed. The starting point of this new ascending curve needs to
coincide with the reversal point at x = x1. Furthermore, this new curve needs to reach the
starting point x0 at x = xm. This can be accomplished by a scaled constant. Equation (4) will
therefor get the form:
fþ;reversal ¼ tanh ðx  a0 Þ þ A0  x þ b
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þ c  H ðx; xr ; xm Þ

(8)

where c is the difference of the ascending and descending branch values at x = x1 and the
function H() is a scaling function ranging from 1 (at x = xr) to 0 (at x = xm) with the
parameters x, xr and xm.
To deﬁne H() (Jeno†, 2003), suggests a hyperbolic function.
This ﬁnally leads to:
fþ;reversal ¼ tanh ðx  a0 Þ þ A0  x þ b þ c



tanh ðxm  a0 Þ  tanh ðx  a0 Þ
tanh ðxm  a0 Þ  tanh ðxr  a0 Þ

(9)

with
c ¼ f ðxr Þ  fþ ðxr Þ
This reversal curve can now be followed to x = x2 = x0 – the start of the minor loop.
Increasing of x beyond x2 to x = x3, will cause a change to the virgin curve. Any change of
direction on the virgin curve gives a new minor loop to be followed. However, if the reversal
curve leading from x1 to x2 is interrupted at x ¼ x2 0 , a new value for xm needs to be
calculated to start moving on a new minor loop. To accomplish that, equation (10) has to be
solved with regard to xm:

Figure 3.
Reversal on a
symmetrical minor
loop (xm = 2) at x =
– 1 and extension to
the major (xm = 4)
loop for a0 = 1.75 and
A0 = 0.05

fþ;reversal ðx2 0 Þ ¼ tanh ðxr2 þ a0 Þ þ A0  xr2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}



f

tanh ðxm þ a0 Þ  tanh ðxm þ a0 Þ
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
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(10)
To simplify the equations we deﬁne:
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0Þ

0

d ¼ fþ;reversal ðx2  tanh ðx2 þ a0 Þ

(11)

þ A0  x2 0
This now gives:
00
d


xm ¼ atanh@@
2
tanh ðd  a0 Þ  tanh ða0 Þ

1
tanh ðd  a0 Þ  1

!12 1
A

(12)

The minor loop deﬁned by this new value of xm leads to the points x3 0 and x4 0 . A much more
detailed discussion of the construction of ﬁrst- and higher-order reversal curves is given in
chapter 5 of (Jeno†, 2003). Below the T(x) model is applied to magnetic hysteresis. The
magnetic ﬂux density B corresponds to the value of the T(x) function whereas the magnetic
ﬁeld H is its parameter x (i.e. for the ascending branch simply B(H) = fþ with x = H).
3. Simulation environment
The circuit simulation code adopting the presented hysteresis model implements a simple,
yet effective strategy.
Instead of a classic sparse matrix approach, as implemented in SPICE, each model is
presented with vectors containing the node voltages (V), the residual currents (R), the
results of an integration operation as well as vectors holding generic values representing e.g.
model states. The model updates elements in R, representing the nodes it is connected to,
and sets the derivative of its associated integration variables. After all models have been
executed, each element of R represents the sum of all branch currents of the particular node.
By the means of a quasi-newton algorithm on the node voltage vector, the residual current
vector R is minimized using a least-squares approach to fulﬁll Kirchhoff’s current law.
While losing the versatility of the classic SPICE approach (i.e. not all branch relations can be
implemented), the source code is simpliﬁed a lot. However, considering real components
instead of ideal ones, this shortcoming nearly vanishes since series resistors will be present
in all models.
Integration methods implemented include forward-Euler, backward-Euler and bilinear
algorithms. These can be selected at run-time. For the presented simulations, a bilinear
integration was used for accuracy and stability reasons.
4. Inductor model
As discussed above, some branch relations cannot get implemented with the available
simulation code. By adding a resistor, representing the losses in the copper wire, in series to
the inductor, as shown in Figure 4, this problem is overcome. For the purpose of this paper,
further parasitic properties, such as the capacitance of the winding and effects showing up
at higher frequencies, are neglected.

COMPEL
38,5

1432

The T(x) function provides a relation between the magnetic ﬂux density B and the
magnetic ﬁeld strength H. For this reason, an application of Faraday’s Law of Induction
presents a straightforward approach to model the inductor. Additionally, this gives useful
results for the process of parameter identiﬁcation from measurements as shown later on.
In datasheets of magnetic cores, usually the effective cross-section area Aeff and the
effective length of the magnetic path leff are given. This allows for an application of the
common approximations:
U ¼ B  Aeff

(13)

and
H¼

N I
le

(14)

where U is the magnetic ﬂux and N is the number of turns of the winding.
Applying these approximations to Faraday’s Law gives:
vL ¼ N

df
dB
¼ N  Aeff
dt
dt

¼ N  Aeff

¼ N  Aeff

¼

Figure 4.
Circuit representation
implemented
inductor model

dB  dH
dt  dH
dB dH

dH dt



N 2  Aeff dB di


leff
dH dt

(15)

dB
This result is, besides the use of dH
as the magnetic permeability m , well known and
represents the approximation applicable to long, thin inductors. However, the crucial
parameters Aeff and leff are given in datasheets and the applications notes to different
magnetic materials point toward using the given approximations. This suggests that model
errors were already considered in these parameters. Equation (15) is further rewritten to give
the current i in its differential form:

vL  leff
di
¼
dB
dt N 2  Aeff  dH

1433
(16)

By utilizing the integration facilities of the simulator, the current I through the inductor can
dB
needs further
be obtained for every time-step. However, in order to do so, the term dH
discussion, since, for obvious reasons, each curve will need to be treated differently. In
contrast to the discussion above, the presented model implements the not normalized form
of the T(x) function:
BðHÞasc ¼ B0  tanh ðC0 ð H  a0 ÞÞ þ A0 H þ b

(17)

BðHÞdes ¼ B0  tanh ðC0 ð H þ a0 ÞÞ þ A0 H  b

(18)

Bð H Þvir ¼

Bð H Þasc þ Bð H Þdes
2

(19)

with
b ¼ B0

tanh ðC0 ðHm þ a0 ÞÞ  tanh ðC0 ðHm  a0 ÞÞ
2

(20)

Here, B(H)asc, B(H)des, B(H)vir represent the ascending and descending branch as well as the
virgin curve, respectively. The constants A0, ao, B0, C0 have no direct physical meaning.
Their values are results of a parameter ﬁtting process using measurement values. In
contrast to the previous constants, Hm is changing during the simulation and deﬁnes the
maximum of the magnetic ﬁeld strength of the minor loop.
From these deﬁnitions, the needed derivatives can be obtained. This gives for B(H)vir:
dBvir
2
¼ B0  C0  ðcothðC0  ð H þ a0 ÞÞÞ
dH

(21)

2
þ ðcothðC0  ð H  a0 ÞÞÞ þ A0

As discussed above, the functions deﬁning the ascending and descending branches need to
be modiﬁed to represent reversal curves. Applying the introduced constant c and the scaling
function H() to the not normalized functions gives:
BðHÞasc ¼ B0  tanh ðC0 ð H  a0 ÞÞ þ A0 H þ b
c

tanh ðHm  a0 Þ  tanh ð H  a0 Þ
tanh ðHm  a0 Þ  tanh ðHr  a0 Þ
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(22)
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and
BðHÞdes ¼ B0  tanh ðC0 ðH þ a0 ÞÞ þ A0 H  b
c
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tanh ðHm  a0 Þ  tanh ð H  a0 Þ
tanh ðHm  a0 Þ  tanh ðHr  a0 Þ

(23)

This adds the constants c, the difference of the magnetic ﬂux density between the ascending
and descending branch at the reversal, and Hr, the magnetic ﬁeld strength at the reversal, to
the list of changing constants during the simulation.
dB
for these branch functions gives:
Calculating the term dH
dBasc
2
¼ B0  C0  ðcothðC0  ð H  a0 ÞÞÞ þ A0
dH
2



c  C0  ðcothðC0  ð H  a0 ÞÞÞ
tanh ðC0  ðHm  a0 ÞÞ  tanh ðC0  ðHr  a0 ÞÞ

(24)

and
dBdes
2
¼ B0  C0  ðcothðC0  ð H þ a0 ÞÞÞ þ A0
dH
2
c  C0  ðcothðC0  ð H þ a0 ÞÞÞ

tanh ðC0  ðHm þ a0 ÞÞ  tanh ðC0  ðHr þ a0 ÞÞ

(25)

To ﬁnally calculate the derivative of the current through the inductor, the voltage across it
needs to be deﬁned. Since the current I, the result of the last integration operation, is an input
parameter to the model, we can simply apply Kirchhoff’s voltage law to deﬁne the last
unknown vl:
0 ¼ vl  vR þ V
vL ¼ v  vR

(26)

vL ¼ v  I  R
The different constants used in this model can be separated into two categories:
(1) constants changing during execution; and
(2) real constants.
Real constants are the parameters of the T(x) function (A0, ao, B0, C0) as well as physical
parameters of the core and winding (R, N, le, Aeff). In contrast to these, on certain events, the
magnetic ﬁeld strength deﬁning the minor loop (Hm), the magnetic ﬁeld strength at reversal
(Hr) as well as the constant used to shift the reversal curve (c) are changing. These conditions
dB
need to be discussed next since they also dictate the choice of the function for the term dH
.
5. Model state machine
The behavior during the simulation is governed by a ﬁnite state machine. Its basic structure
is shown in Figure 5.
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Figure 5.
State machine
governing the
hysteresis model

The three states represent the virgin curve (V) as well as the ascending (A) and descending
(D) branches of the hysteresis loop. When entering one of these states, the function
dB
associated with the particular state is selected for the term dH
. The edges between these
states represent changes of direction and changes of exciting magnetic ﬁeld strength Hm
deﬁning the minor loop.
On the virgin curve, the current must monotonically increase or decrease. Otherwise, the
state changes to either the descending (edge 1) or the ascending (edge 2) branch. This change
di
is indicated by a change in the sign of dt
with respect to the current I. For positive currents, a
di
di
would
negative dt would call for a change of the state while for negative currents a positive dt
di
do so. Since dt is one of the results calculated by the model, this check can be efﬁciently
di
> 0. When changing to a different state, the current
implemented by simply evaluating I  dt
magnetic ﬁeld strength gives a new value for the variable Hm.
The edges 3 and 5 represent changes back to the virgin curve. As explained above this
only occurs if jHj > jHm j. Both values are available to the model.
Changes from the ascending to the descending branch and vice versa, are similar to the
di
virgin curve. Again, evaluating I  dt
> 0 indicates a change along the edges 4 (ascending to
descending) and 6 (descending to ascending). If a change happens before reaching Hm, the
constants c and Hr need to be updated. This has already been explained above for
equation (9).
6. Model initialization
Figure 5 suggests that the model can start not only at the virgin curve but also has the
ability to start on the ascending and descending branches as well. This is useful to take, e.g.
the residual magnetization into account. In this case, the initial minor loop parameters are
calculated from the inverse functions of ascending and descending branches during the
initialization phase of the model. For positive residual ﬂux density, the simulation starts on
the descending branch and for negative ones on the ascending branch respectively.
Therefore Hm for the state D in case of positive residual magnetization is:
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Hm ¼

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B

atanh  
3
B0 tanh ðC0 a0 Þ  tanh ðC0 a0 Þ  Btanh2 ðC0 a0 Þ

(27)

C0

A negative magnetization results in a start in state A and Hm gets:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B


atanh
3
B0 tanh ðC0 a0 Þ  tanh ðC0 a0 Þ þ Btanh2 ðC0 a0 Þ
Hm ¼ 
C0

(28)

7. Parameter identiﬁcation
To verify the presented model, a small inductor was prepared consisting of two ungapped
E/25/13/7 cores out of 3C94 material and 10 turns of 1 mm magnet wire. Additionally, a
winding consisting of 3 turns of RG213 coaxial cable was used to indirectly measure the
magnetic ﬂux density. The outer conductor of the coaxial cable was connected to ground on
one end to form an electrostatic shield. Connecting the winding formed by the inner
conductor to an R-C network forming a lowpass ﬁlter, the magnetic ﬂux density can be
measured after some considerations.
The construction of the inductor is shown in Plate 1. It is to be noted that in contrast to
image, the inductor used for the simulations discussed below has no air gap. A 3d-printed
frame compresses both halves of the core to ensure repeatable measurement results.

Plate 1.
Example inductor
with measurement
winding

Faraday’s law of induction suggests that no constant magnetic ﬁeld strength can be
measured with this technique. In addition to that, the integrator, formed by the low pass
ﬁlter introduces a phase error. The number of turns, the cross-section area of the core and
the attenuation of the ﬁlter need to be considered to calculate the magnetic ﬁeld B from this
signal. To minimize the errors, the load at the measurement winding needs to be minimized;
hence, the resistor value in the low pass ﬁlter needs to be as high as possible.
For practical reasons, the lowpass was built from a 1MX resistor and a 10nF capacitor.
Bigger resistors need special care since contaminations of the circuit due to e.g. touching it
may result in huge measurement errors. The capacitor was chosen so minimize the phase
error, thus this was further neglected. Another criterion to be considered for the capacitor it
the voltage dependency of the dielectric material. Here a C0G type capacitor was used. An
ampliﬁcation by a factor of 100 was used to a get signal to noise ratio of the measured signal.
The circuit is shown in Figure 6. A 4-quadrant linear ampliﬁer, capable of providing up to
40 A and 10 V, was used to excite the inductor. The test signals were generated by a
programmable arbitrary-waveform-generator (AWG).
With the effective cross section area Aeff given in the datasheet of the core we get:
B¼C

^
U
Aeff
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(29)

^ is the signal after the integration and C represents the combined attenuation of the
where U
lowpass ﬁlter, the ampliﬁer and the number of turns of the measurement winding. In
addition to the voltage at the measurement winding, the current through the inductor was
measured using a current clamp. The magnetic ﬁeld strength is calculated using:
N I
le

H¼

(30)

where le is the effective length of the magnetic path and N is the number of turns of the main
winding.
Both signals were captured by a digital oscilloscope while applying a sinusoidal current,
high enough to fully saturate the inductor. The model parameters for the branches of the
major loop were ﬁtted to these results. Some experiments showed that a genetic algorithm
yields to good results while being very robust against the introduced measurement errors
and noise. The choice of the optimization algorithm is uncritical since the parameters for the
simulation are only calculated once. Figure 7 shows the measured data as well as the ﬁtted
major loop. The last missing model parameter, the series resistance, was measured using an
LCR meter.
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Integration circuit for
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8. Simulation results
8.1 Major loop
In addition to the current through the main winding of the inductor, the voltage across its
terminal was also measured when collecting data for the parameter identiﬁcation process. The
measured current was post-processed to remove as much measurement noise as possible. To do
so, ﬁrst, a median ﬁlter over 11 samples was used to reduce outliers. After that, a ﬁrst-order
lowpass ﬁlter with a corner frequency of 10 times the frequency of the exciting current was
applied. In the simulation, the measured current was injected into the inductor. Between the
samples, an interpolation using a Lanczos ﬁlter kernel was used. This was done to further reduce
the effects of measurement noise and to prevent oscillations in the simulation code (Figure 8).
As shown in Figure 10, simulation and measurement show a very good agreement. The
noise on the simulated waveform, especially visible in the non-saturated region, was tracked
down to the remaining noise in the measured current waveform.
8.2 Major and minor loop
In a further test, the more complex waveform in Figure 9 was used to excite the inductor.
The previous simulation showed that measurement noise greatly degrades the simulation
5
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Figure 9.
Complex excitation

results. Therefore, in this test, the waveform data provided to the AWG was used in the
simulation instead of the measured data. As a result, the simulation in Figure 10 has less
noise and runs faster.
To show the capability of simulating minor loops, the major and a minor loop was
extracted from the transient simulation results. Figure 11 shows the BH-curves and the
corresponding measurements. Here, veriﬁcation was not possible due to the measurement
noise.
9. Conclusion
This paper demonstrates the feasibility of using the T(x) function in transient simulations.
It was shown that a rather simple model can be used to achieve simulation results in a
good agreement to measurements.
An implementation of a more generalized form to support hard magnetic materials, as
presented in (Dospial et al., 2014), an investigation whether the presented model also leads to
accurate estimations of losses in the magnetic core and benchmarking against other
hysteresis models present topics for future work.
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Abstract
Purpose – Finite element (FE) models are considered for the penetration of magnetic ﬂux in type-II

superconductor ﬁlms. A shell transformation allows boundary conditions to be applied at inﬁnity with no
truncation approximation. This paper aims to determine the accuracy and efﬁciency of shell transformation
techniques in such non-linear eddy current problems.

Design/methodology/approach – A three-dimensional H – f formulation is considered, where the

reaction ﬁeld is calculated in the presence of a uniform applied ﬁeld. The shell transformation is used in the
far-ﬁeld region, and the uniform applied ﬁeld is introduced through surface terms, so as to avoid inﬁnite
energy terms. The resulting ﬁeld distributions are compared against known solutions for different geometries
(thin disks and thin strips in the critical state, square thin ﬁlms). The inﬂuence of the shape, size and mesh
quality of the far-ﬁeld regions are discussed.

Findings – The formulation is shown to provide accurate results for a number of ﬁlm geometries and shell
transformation shapes. The size of the far-ﬁeld region has to be chosen in such a way to properly capture the
asymptotic decay of the ﬁelds, and a practical procedure to determine this size is provided.
Originality/value – The importance of the size of the far-ﬁeld region in a shell transformation and its
proximity to the conducting domains are both highlighted. This paper also provides a numerical way to apply
a constant magnetic ﬁeld in a given region, while the source, on which only the far-ﬁeld behaviour of the
applied ﬁeld depends, is excluded from the model.
Keywords Eddy currents, Finite element method, Computational electromagnetics,
Superconducting materials
Paper type Research paper

1. Introduction
The ﬁnite element (FE) method is widely used to model the penetration of magnetic ﬁeld inside
a superconductor and compute the distribution of induced currents. The FE method can be
constructed in a number of ways, resulting in formulations such as the H (Grilli et al., 2013), A –
V (Lousberg et al., 2009), T (Nii et al., 2012), T – X (Amemiya et al., 1998), T – A (Zhang et al.,
2016), and A – V – J (Lahtinen et al., 2012) formulations. Even though boundary conditions on
electromagnetic ﬁelds should theoretically be imposed at an inﬁnite distance from the sources,
the FE method is in most cases applied on a ﬁnite but sufﬁciently large domain, with boundary
conditions imposed on its exterior surface. This leads to a domain truncation, which not only
represents an approximation with respect to the theoretical boundary conditions, but may also
increase the number of degrees of freedom and the computation time.
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Several approaches exist that can address FE computations for open boundaries, for
instance by means of mapped elements, iterative, integral techniques or in FEs (Chen and
Konrad, 1997; Tamitani et al., 2011). Among the methods that preserve the sparsity of the
FE matrix, shell transformation techniques can be straightforwardly applied for a number
of different geometries (Henrotte et al., 1999). In this approach, the physical domain is
partitioned into an interior domain of ﬁnite extent and an exterior domain of inﬁnite extent,
which is then transformed into a shell of ﬁnite extent. The problem is discretized on a mesh
spanning the interior and the shell domains, both of ﬁnite extent, and the boundary
conditions are imposed on the shell external surface with no truncation approximation.
In this paper, we focus on shell transformation techniques and investigate their relevance
for modelling magnetic ﬂux penetration in superconducting ﬁlms in the framework of an
H – f formulation. Their performance is compared with respect to a truncation approach,
while the other iterative and integral techniques described in (Chen and Konrad, 1997) are
not considered further in this work. The paper is structured as follows. The shell
transformations are introduced in Section 2. The detailed geometry of the problem and the
mesh are described in Section 3. Section 4 contains a description of the H – f formulation
and a discussion of the precautions needed to properly obtain the superconductor reaction
ﬁeld when subjected to a uniform applied ﬁeld. The simulation results are compared against
known cases and the performance of the approach is discussed in Section 5. Conclusions are
presented in Section 6.
2. Shell-transformation techniques
A shell transformation is a one-to-one map between a large, possibly inﬁnite, domain and a
ﬁnite shell domain. It can be used with trapezoïdal, spherical or unidirectional shells
(Henrotte et al., 1999). Figure 1 illustrates a unidirectional shell transformation applied on a
parallelepipedic domain. In this particular case, only the coordinate along the z-axis is
modiﬁed, while the other coordinates are left unchanged. Each point P 0 of coordinate Z in the
physical domain Xph of height L – A, lying a distance A above the z = 0 plane, is mapped
onto a unique point P of coordinate z in the unidirectional shell Xsh of height B – A, with B
ﬁnite and B < L. The transformation is carried out through the change of coordinates:
Z ¼ f ð zÞz ¼
A
where B0 ¼ LL0 B0 B 
 A , and L0 ¼
2

2

!p
AðB0  AÞ
z;
zðB0  zÞ

 1=p
L
B

. To ensure the continuity of the metrics at z = Z = A

(i.e. @Z=@zjz¼A ¼ 1), B must be chosen such that B 0 = 2 A (Henrotte et al., 1999).
Figure 1.
Unidirectional shell
transformation along
the z-axis. Each point
P 0 in Xph is mapped
onto a point P in Xsh
by means of a
change of
coordinates, Z = f(z)z

(1)

For a physical domain of inﬁnite extent, L ! 1 and the transformation of (1) becomes:
Z ¼ f ð zÞz ¼

Að B  AÞ
zð B  zÞ
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!p
z_

(2)

Boundary conditions at Z ! 1 are thus equivalently imposed in the shell domain at z = B.
Besides avoiding a domain truncation approximation, such transformation also allows one
to properly interpolate the physical quantities in Xph by choosing an adequate parameter p
in (1) or (2). In the context of the H  f formulation to be introduced below, the magnetic
potential f decreases as Z2 in Xph, i.e. from (2), f (z) is a polynomial function of z in the
shell domain. Choosing p = 1 and ﬁrst-order test functions then amounts to interpolate f (z)
by piecewise-linear functions of z in the shell domain, resulting in a continuous interpolation
of the decay of f (Z) in Xph. For spherical and trapezoïdal shell transformations, similar
changes of coordinates are used (Henrotte et al., 1999).
3. Geometry and meshing of the problem
We consider modelling superconducting ﬁlms with a thickness, d, and a characteristic side
length, ‘, in the ratio ‘/d  1000 in three dimensions. Because of their high aspect ratio, the
ﬁlms are meshed with right prisms. In the non-conducting domain, depending on the shape
of the transformation shell, either a structured or unstructured mesh is used. In what
follows, three kinds of shell transformations are considered: trapezoïdal, spherical, and
unidirectional. The corresponding geometries are shown in Figure 2. For the trapezoïdal and
spherical shells, the mesh of the non-conducting domain is unstructured. Pyramidal
elements are then needed to make the transition between the prisms in the ﬁlm and the
elements of the unstructured mesh. For the unidirectional transformation, the mesh of the
non-conducting domain is structured along the direction perpendicular to the ﬁlm and is
divided in two parts. The ﬁrst part is located near the superconducting ﬁlm and is not
subjected to a shell transformation; it contains Na extruded layers of unequal heights, the
thinnest layer lying close to the ﬁlm. The second part lies in the transformation shell and
contains Nsh extruded layers of equal heights. In Figure 2, for the sake of comparison, we
also consider geometry where the non-conducting domain is truncated (panel d). Its
extension is ﬁnite and is set to 100‘, to minimise the truncation error.
In all geometries, the magnetic source ﬁeld is applied perpendicular to the ﬁlm, is
uniform in the ﬁlm, and is ramped up linearly over time.
4. H–/ formulation in an inﬁnite domain with a source of uniform ﬁeld
We now turn to formulating the weak form of the equations describing the superconducting
ﬁlm magnetic response. We consider type-II superconductor with strong pinning (Grilli et al.,
2014). The electric ﬁeld, E, and magnetic ﬁeld, H, satisfy Faraday’s and Ampere’s laws:
_
r  E ¼  m 0 H;

(3)

r  H ¼ J;

(4)

where B = m 0 H is assumed [jHj  Hc1 , where Hc1 is the lower critical ﬁeld (Tinkham,
1996)] and the displacement current is neglected. The superconductor current density, J, is
related to the electric ﬁeld by a power law:
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Figure 2.
Illustration of the
different shapes of
transformation shells

(a)

(b)

(c)

(d)

Notes: (a) Trapezoïdal, (b) spherical
and (c) unidirectional shells. Panel (d)
illustrates a domain truncation. All
geometries are shown in two
dimensions for the sake of clarity.
Conducting domains (i.e.,
superconductors) are coloured in red,
shell domains are coloured in blue,
while domains which are not
transformed are shown in white. In
each case, the boundary conditions
are applied on the outermost
boundary. In (c), the central white
domain contains one mesh layer, both
surrounding
white domains contain
a
N layers each,
and each blue domain
sh
contains N layers

E ¼ r ðjJjÞ J;

with

r ðjJjÞ ¼

Ec
Jc

 n1
jJj
;
Jc

(5)

where Jc is the critical current density, Ec = 104 [V/m] is the critical electric ﬁeld, and n is
the creep exponent.
We work with the H- f formulation and split the magnetic ﬁeld into the applied and the
reaction components:
H ¼ Ha þ h;
where Ha 2 L2 ðXÞ and h belongs to the space Fh1 :


Fh1 ¼ h 2 L2 ðXÞ; r  h 2 L2 ðXÞ; n  hjC ¼ 0 ;

(6)

(7)

with, n, the unit normal vector of C. Note that, in the non-conducting domain X\Xc, which is
simply connected, one has J = 0. Thus, from (4), h can be written as h ¼ r f , where f is
the magnetic potential, which is set to 0 on C.

The weak form of the problem is established in the Galerkin scheme following a welltrodden path. First, the terms of (3) are multiplied by test functions w 2 Fh1 and integrated
over X. Integrating by part then gives:
ð
ð
ð
ð
m 0 H_ a  w dX þ m 0 h_  w dX þ E  ðr  wÞdX þ ðE  wÞ  n dC ¼ 0:
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X

X

X

C

Since the test functions can be written as w ¼ r w in XnXc , we have r  w ¼ 0 and the
integral in the third term can be restricted to the conducting domain Xc. The last term
vanishes, as can be seen by a further integration by part:
ð
ð
ðE  wÞ  n dC ¼  ðE  r w Þ  n dC
C
C
ð
ð
¼ ðr  ðE w ÞÞ  n dC  ð w r  EÞ  n dC:
(9)
C

C

The ﬁrst term can be shown to vanish by using Stoke’s theorem on C (which has no 1 D
boundary), while the second term vanishes because w jC ¼ 0. Returning to (8), using
Ampere’s law (4) and (5), one ﬁnally gets:
ð
ð
ð
m 0 H_ a  w dX þ m 0 h_  w dX þ
r ðjr  HjÞðr  HÞ  ðr  wÞdX ¼ 0;
X

X

Xc

(10)
where H = Ha þ h.
We now consider the case where the superconducting ﬁlm is subjected to a uniform ﬁeld,
Ha, which is square integrable in X. In this context, Ha is uniform over the sub-domain Xc,
where superconducting currents are induced, but otherwise decays far away from the ﬁlm.
Such a source ﬁeld can be generated by enclosing the ﬁlm in a spherical shell of coils with a
current intensity varying as the sine of the elevation angle. The resulting ﬁeld is uniform
inside the shell, decays as a dipolar ﬁeld outside the shell, and is divergence-free in X.
Sources with other geometries, producing a ﬁeld which is uniform in and around the
superconducting ﬁlm and decays at far distances, can be envisaged as well.
In this work, however, we use a much simpler device, where Gauss’s law
Ð
r  ð m 0 Ha Þ ¼ 0 is used to recast the term m 0 H_ a  w dX in (10) into integrals which are
carried out in the region where Ha is uniform. To this end, consider a domain Xb which
encloses the superconductor, is larger than it, and is lying in the region where Ha is uniform,
see Figure 3. Let Cb be the external boundary of Xb, with a unit normal vector nb. The source
term of (10) is split into an integral over Xb, where Ha is uniform, and another one over
XnXb , where Ha decays at far distances. This last integral is carried out in the nonconducting domain where w ¼ r w , so that:
ð
ð
m 0 H_ a  w dX ¼ 
m 0 H_ a  r w dX:
(11)
XnXb

XnXb



Using the identity r  H_ a w ¼ H_ a  r w þ w r  H_ a , Gauss’s law r  m 0 H_ a ¼ 0, and
the divergence theorem, one has:


ð
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XnXb

m 0 H_ a  r w dX ¼

ð
C[Cb

m 0 n  H_ a w dC:

(12)

Now, w vanishes on C, so that the right side is only evaluated over Cb. (11) thus becomes (nb
is pointing outwards Xb):
ð
ð
m 0 H_ a  w dX ¼
m 0 nb  H_ a w dC:
(13)
XnXb

Cb

This is the ﬁnal result: the right side is evaluated on a surface where Ha is uniform, so that
the detailed behaviour of the source ﬁeld at far distances is in fact not needed.
Gathering the results of (10) and (13), the ﬁnal weak form of the problem is written as:
ð
ð
ð
m 0 H_ a  w dX þ
m 0 nb  H_ a w dC þ m 0 h_  w dX
Xb

ð

þ

Xc

Cb

X

r ðjr  hjÞ ðr  hÞ  ðr  wÞ dX ¼ 0;

(14)

where, in Xc, r  Ha ¼ 0 was used. In practice, for the geometries of Figure 2, the domain Xb
is taken as Xb ¼ XnXsh . The power law in (5), with typically large values of n in the range [10,
100], makes the problem highly non-linear. In this work, the weak form in (14) is linearised with
the Newton-Raphson method. The ﬁeld Ha is applied perpendicular to the ﬁlm and is ramped
up at a constant rate, H_ a , for a duration T. The magnetic response of the superconductor is
calculated by integrating (14) over time with a backward Euler scheme. The meshes are
generated with Gmsh (Geuzaine and Remacle, 2009) and the simulations are performed with
GetDP (Dular et al., 1998) on a CPU with an Intel Core i7 (3.6 GHz and 16 Gb RAM).

Figure 3.
Domain partition
used in the H– f
formulation: Xc is the
conducting domain,
Xb is an auxiliary
domain used to
impose a uniform
ﬁeld in its interior,
and X is the fulldomain, including the
transformation shell.
C, Cb, and Cc are the
exterior boundaries of
X, Xb, and Xc,
respectively

5. Results
5.1 Model validation
To validate the approach, numerical solutions are compared to analytical results from the
critical state model (CSM) for disks (Clem and Sanchez, 1994) and strips (Brandt and
Indenbom, 1993). The CSM, which ignores ﬂux creep effects, can be shown to be equivalent
to considering the power law of (3) in the limit n ! 1. In practice, the power law model
almost coïncides with the CSM for n > 100 (Grilli et al., 2014). We consider two ﬁlm shapes: a

thin superconducting disk of radius R (TD), and a long strip with a length, L, much larger
than its width, w (TS). For the TS case, the induced currents ﬂow along rectangular loops,
and the current density is studied along the smallest median of the strip. In the TD case, the
induced currents ﬂow azimuthally and the norm of the current density, jJj, is investigated as
a function of the radius. In both TS and TD cases, the out-of-plane component of the
magnetic ﬁeld, Hz, is also compared to the CSM. The corresponding physical and
geometrical parameters are listed in the ﬁrst two columns of Table I. For comparison with
the CSM model, a large creep index of n = 1000 is chosen, while for each ﬁlm shape,
simulations are carried out in each of the four transformation geometries of Figure 2.
The TS case results are shown in Figures 4 and 5, while the corresponding
computational performance parameters are listed in Table II. Here, one ﬁnds small average
absolute errors of  1.3 per cent of Jc for jJj and  2.5 per cent of Jc d for Hz, respectively.
Shell transformations lead to CPU times similar to those needed by the truncation method.
For the TD case, jJj and Hz are shown in Figure 6 and Figure 7 respectively, while the
corresponding computational performance is summarised in Table III. Results are in very
good agreement with the analytical CSM predictions, with average absolute errors of  1
per cent of Jc for J and  0.7 per cent of Jc d for Hz, respectively. However, shell
transformations lead now to lower CPU times than the truncation method. For both the disk
and thin strips, it appears that the unidirectional shell transformation, which is constructed

Parameters

TD

TS

SF

d
R
L
w
s
A
Na
Nsh
n
H_ a
T
Jc

100 [nm]
141 [ m m]
/
/
/
30 [ m m]
3
3
1,000
1,000 [A/m.s]
0.5 [s]
1 [MA/cm2]

100 [nm]
/
1.2 [mm]
400 [ m m]
/
72 [ m m]
3
3
1,000
1,000 [A/m.s]
0.5 [s]
1 [MA/cm2]

100 [nm]
/
/
/
200 [ m m]
22 [ m m]
3
3
20
1,000 [A/m.s]
/
1 [MA/cm2]

Penetration of
magnetic ﬂux

1447

Table I.
Physical and
geometrical
parameters for the
validation cases

Figure 4.
Norm of the current
density along the
smallest median of
the thin
superconducting
strip. The FE results
for the four
geometries of
Figure 2 are
compared to the CSM
prediction
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on a structured mesh, generates more degrees of freedom than the transformations with
unstructured meshes and hence requires longer simulation times.
To complete the validation of the FE model, we turn to a square ﬁlm (SF) of sidelength s
and smaller n values, n = 20. Simulation results are compared to those obtained with the
well-established integral equation method suggested by E. H. Brandt (Brandt, 1996). The
physical and geometrical parameters are listed in the third column of Table I. Only a
unidirectional transformation is considered. Currents are now induced along square loops
and we investigate jJj along one of the medians of the square ﬁlm as a function of time,
yielding the results of Figure 8. Our results agree well with those of the Brandt method:
independently of the duration T, the average absolute errors do not exceed 1.1 per cent of Jc
for jJj and 1.3 per cent of Jc d for Hz, respectively. Similar errors are obtained with spherical
and trapezoïdal shell transformations.

Figure 5.
Out-of-plane
component of the
magnetic ﬁeld along
the smallest median
of the thin
superconducting
strip. The FE results
for the four
geometries of
Figure 2 are
compared to the CSM
prediction

1,500

1,000

Shape of transformation shell

Table II.
Computational
performance in the
thin strip case

Figure 6.
Norm of the current
density along the
radius of a thin
superconducting disk
(TD). The FE results
for the four
geometries of
Figure 2 are
compared to the
CSM prediction

Truncated
Trapezoidal
Spherical
Unidirectional

Dofs

CPU Time

Error jJj (%)

Error Hz (%)

127 140
124 280
124 443
163 648

220 min
218 min
216 min
272 min

1.3
1.3
1.3
1.4

2.3
2.3
2.3
2.8

5.2 Parameter choice for the unidirectional transformation
An interesting element to be discussed is the accuracy obtained with a unidirectional
transformation, as a function of the parameter A in Equation (2). Figure 9 shows the current
density distribution for a disk of radius R = 141 [ m m], with Na = 3 extruded layers in the nonconducting region, Nsh = 3 extruded layers in the shell region, a creep index n = 1000, and
different values of A. There appears to be an optimal choice for A, near A  30 [ m m]. This
stems from the behaviour of the magnetic potential, which exhibits a smooth near-ﬁeld
behaviour in the direct vicinity of the superconducting disk, while it decays as Z2 as Z ! 1,
in the far-ﬁeld region, as illustrated in Figure 10. The key element to understand is that the shell
transformation, which is constructed to provide a reasonable interpolation of the far-ﬁeld
decay, should ideally be carried out only in this far-ﬁeld region. If A is chosen too small, the
1,500

Truncated
Trapezoidal
Spherical
Unidirectional
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Figure 7.
Out-of-plane
component of the
magnetic ﬁeld along
the radius of a thin
superconducting disk
(TD). The FE results
for the four
geometries of
Figure 2 are
compared to the CSM
prediction

1,000

Shape of transformation shell

Penetration of
magnetic ﬂux

Dofs

CPU t

Error jJj (%)

Error Hz (%)

93 542
73 338
68 181
104 825

182 min
128 min
118 min
168 min

1
0.8
0.8
1.1

0.7
0.7
0.7
0.6

Table III.
Computational
performance in the
thin disk case

Figure 8.
Norm of the current
density along the
median of the
superconducting
square. Comparison
of the FE model with
a unidirectional shell
transformation (plain
lines) and Brandt’s
method (dashed
lines). The different
curves show the
current density as a
function of duration
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Figure 9.
Norm of the current
density in a thin
superconducting disk
(radius R = 141
[ m m]). Comparison
between the FE
model with an
unidirectional shell
transformation, for
different values of A,
and the CSM

Figure 10.
The magnetic
potential, f / f 0, as a
function of the
distance to a thin disk
of radius R, Z/R. f 0 is
the value of the
magnetic potential on
top of the ﬁlm. The
red dot shows the
value of A chosen in
the simulations

shell domain includes part of the near-ﬁeld variations. A good accuracy of the solution then
requires a ﬁne mesh in the shell region (a larger Nsh), to correctly capture these variations. By
contrast, if A is chosen too large, the transformation shell does not include all the far-ﬁeld
region, and a good accuracy of the solution requires a ﬁne mesh in the vicinity of the
superconductor (i.e. a larger Na) to capture the fast variations of f . The optimal choice is one
where z = A is at the boundary between the near- and far-ﬁeld regions, so that both near and
far-ﬁeld variations are properly captured with a low number of mesh elements. In practice, p
weﬃﬃﬃ
found that choosing A as the distance where the potential f has decreased by a factor of 2
from its value on top of the ﬁlm (Figure 10) provides such an optimal choice.
The optimal A has been computed analytically in the case of a completely penetrated
rectangular thin strip in the critical state, for different aspect ratio L/w. The results, which are
reported in Figure 11, can be also used as a guideline for arbitrary ﬁlm shapes. The parameter
A was in fact chosen following this guideline in the validation cases studied in Sec. 5.1: From
Table I, we have A  0.22  R  30 [ m m] (TD), A  0.18  w = 72 [m m] (TS), and
A  0.11  s = 22 [ m m] (SF), respectively.
Once the parameter A is chosen, there remains the question of choosing the size of
mesh elements in the transformation shell, to obtain a good interpolation of the magnetic
potential. Figure 12 shows the inﬂuence of the number of layers Nsh on the accuracy of
the numerical solution in the TD case, while keeping Na ﬁxed to Na = 3. One can
immediately see that the larger Nsh, the more accurate the numerical approximation,

however, at the expense of a larger number of degrees of freedom. The mean absolute
error on jJj is 3.4 per cent, 1.9 per cent and 1.1 per cent for Nsh = 1, Nsh = 2 and Nsh = 3
respectively, while it is below 1 per cent for Nsh > 3. Hence, for a targeted mean absolute
error of  1 per cent, Nsh = 3 seems to be a reasonable compromise between accuracy and
computational speed.

6. Conclusions
In this work, we showed that shell transformation techniques are a relevant tool for
modelling the magnetic ﬂux penetration in superconducting ﬁlms, in the context of the
FE method with an H– f formulation. Shell transformations provide a good interpolation
of the far-ﬁeld decay of the magnetic potential, while imposing boundary at an inﬁnite
distance from the superconductor. Good agreement with analytical predictions and
numerical results from the literature has been found for different ﬁlm geometries and
different shapes of the transformation shell. We described a way to optimise the shelltransformation parameters, so as to achieve a good balance between accuracy and
simulation time.

Penetration of
magnetic ﬂux
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Figure 11.
Optimal choice of A/
w as a function of the
aspect ratio L/w of a
rectangular ﬁlm

Figure 12.
Norm of the current
density along the
radius of a thin
superconducting disk
(radius R = 141
[ m m]). Comparison
between the FE
model with a
unidirectional shell
transformation and
the CSM. In the FE
model, different
values of Nsh are
considered while
Na = 3 is kept ﬁxed

COMPEL
38,5

1452

References
Amemiya, N., Murasawa, S., Banno, N. and Miyamoto, K. (1998), “Numerical modelings of
superconducting wires for AC loss calculations”, Physica C, Vol. 310 Nos 1/4, pp. 16-29.
Brandt, E.H. (1996), “Superconductors of ﬁnite thickness in a perpendicular magnetic ﬁeld: strips and
slabs”, Physical Review B, Vol. 54 No. 6, pp. 4246-4264.
Brandt, E.H. and Indenbom, M. (1993), “Type-II-superconductor strip with current in a perpendicular
magnetic ﬁeld”, Physical Review B, Vol. 48 No. 17, pp. 12893-12906.
Chen, Q. and Konrad, A. (1997), “A review of ﬁnite element open boundary techniques for static and quasistatic electromagnetic ﬁeld problems”, IEEE Transactions on Magnetics, Vol. 33 No. 1, pp. 663-676.
Clem, J.R. and Sanchez, A. (1994), “Hysteretic ac losses and susceptibility of thin superconducting
disks”, Physical Review B, Condensed Matter, Vol. 50 No. 13, pp. 9355-9362.
Dular, P., Geuzaine, C., Henrotte, F. and Legros, W. (1998), “A general environment for the treatment of
discrete problems and its application to the ﬁnite element method”, IEEE Transactions on
Magnetics, Vol. 34 No. 5, pp. 3395-3398.
Geuzaine, C. and Remacle, J.-F. (2009), “Gmsh: a three-dimensional ﬁnite element mesh generator with
built-in pre- and post-processing facilities”, International Journal for Numerical Methods in
Engineering, Vol. 79 No. 11, pp. 1309-1331.
Grilli, F., Brambilla, R., Sirois, F., Stenvall, A. and Memiaghe, S. (2013), “Development of a threedimensional ﬁnite-element model for high-temperature superconductors based on the Hformulation”, Cryogenics, Vol. 53, pp. 142-147.
Grilli, F., Pardo, E., Stenvall, A., Nguyen, D.N., Yuan, W. and Gömöry, F. (2014), “Computation of losses
in HTS under the action of varying magnetic ﬁelds and currents”, IEEE Transactions on Applied
Superconductivity, Vol. 24 No. 1, p. 8200433.
Henrotte, F., Meys, B., Hedia, H., Dular, P. and Legros, W. (1999), “Finite element modelling with
transformation techniques”, IEEE Transactions on Magnetics, Vol. 35 No. 3, pp. 1434-1437.
Lahtinen, V., Lyly, M., Stenvall, A. and Tarhasaari, T. (2012), “Comparison of three eddy current
formulations for superconductor hysteresis loss modelling”, Superconductor Science and
Technology, Vol. 25 No. 11, p. 115001.
Lousberg, G., Ausloos, M., Geuzaine, C., Dular, P., Vanderbemden, P. and Vanderheyden, B. (2009),
“Numerical simulation of the magnetization of high-temperature superconductors: a 3D ﬁnite
element method using a single time-step iteration”, Superconductor Science and Technology,
Vol. 22 No. 5, p. 055005.
Nii, M., Amemiya, N. and Nakamura, T. (2012), “Three-dimensional model for numerical
electromagnetic ﬁeld analyses of coated superconductors and its application to Roebel cables”,
Superconductor Science and Technology, Vol. 25 No. 9, p. 095011.
Tamitani, S., Takamatsu, T., Otake, A., Wakao, S., Kameari, A. and Takahashi, Y. (2011), “Finiteelement analysis of magnetic ﬁeld problem with open boundary using inﬁnite edge element”,
IEEE Transactions on Magnetics, Vol. 47 No. 5, pp. 1194-1197.
Tinkham, M. (1996), Introduction to Superconductivity, 2nd ed., McGraw-Hill, New York, NY.
Zhang, H., Zhang, M. and Yuan, W. (2016), “An efﬁcient 3D ﬁnite element method model based on the
TA formulation for superconducting coated conductors”, Superconductor Science and
Technology, Vol. 30 No. 2, p. 024005.
Corresponding author
Loïc Burger can be contacted at: lburger@uliege.be

For instructions on how to order reprints of this article, please visit our website:
www.emeraldgrouppublishing.com/licensing/reprints.htm
Or contact us for further details: permissions@emeraldinsight.com

The current issue and full text archive of this journal is available on Emerald Insight at:
www.emeraldinsight.com/0332-1649.htm

Model order reducibility of
nonlinear electro-quasistatic
problems
Fotios Kasolis and Markus Clemens
Chair of Electromagnetic Theory, Bergische Universitat Wuppertal,
Wuppertal, Germany

Model order
reducibility

1453
Received 13 December 2018
Revised 24 April 2019
Accepted 25 April 2019

Abstract
Purpose – This paper aims to develop an automated domain decomposition strategy that is based on the

presence of nonlinear ﬁeld grading material, in the context of model order reduction for transient strongly
nonlinear electro-quasistatic (EQS) ﬁeld problems.
Design/methodology/approach – The paper provides convincing empirical insights to support the
proposed domain decomposition algorithm, a numerical investigation of the performance of the algorithm for
different snapshots and model order reduction experiments.
Findings – The proposed method successfully decomposes the computational domain, while the resulting
reduced models are highly accurate. Further, the algorithm is computationally efﬁcient and robust, while it
can be embedded in black-box model reduction implementations.
Originality/value – This paper fulﬁlls the demand to effectively perform model order reduction for
transient strongly nonlinear EQS ﬁeld problems.

Keywords Electromagnetic ﬁelds, Model order reduction, Time-domain modelling,
Computational electromagnetics, Domain decomposition method, Electro-quasistatics,
Field grading material, Nonlinear model reduction, Rényi entropy
Paper type Research paper

1. Introduction
The electro-quasistatic (EQS) approximation (Haus and Melcher, 1989) is suitable for lowfrequency electric ﬁeld simulations of high-voltage (HV) components, such as cable
terminations, bushings, corona protected electrical machines and surge arresters.
Commonly, these devices contain nonlinear electric ﬁeld grading material (FGM) that
exhibit switch-like conductivity behavior (Christen et al., 2010). High-ﬁdelity threedimensional simulations of such HV components may become computationally prohibitive,
in particular, when we are interested in applications that require repeated solutions of the
resulting nonlinear systems, such as in parameter tuning problems. Thus, the interest of
several research communities has been directed toward reduced basis (RB) methods for
model reduction (MR) (Schmidthäusler et al., 2013). RB methods aim at reducing the
computational complexity of large-scale problems by decreasing the dimension of the
original system while preserving the information provided by the latter.
A key ingredient of RB methods is the proper orthogonal decomposition (POD)
(Schmidthäusler and Clemens, 2012; Quarteroni et al., 2016). The POD is a strategy for
reducing the dimensionality of a system by transforming the original variables into a new
The authors acknowledge the support of the German Research Foundation (Deutsche
Forschungsgemeinschaft) under grant no. CL143/10-2.
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set of independent variables, the so-called POD modes. Ideally, the ﬁrst few POD modes
retain most of the information of the original system, so that only a few POD modes are
needed to obtain a sufﬁciently good approximation. The POD modes are obtained with the
singular value decomposition (SVD) of a collection of high-ﬁdelity snapshots. The POD
framework works well for linear problems, while for weakly nonlinear problems, the
discrete empirical interpolation method (DEIM) (Chaturantabut and Sorensen, 2010), which
combines POD, Galerkin projections and a greedy approach for reconstructing nonlinear
functions, has been successful. However, the optimality of the SVD for low-rank matrix
approximations is not of any help, when the generated time signals are weakly separable
(Golyandina and Zhigljavsky, 2013); hence, the DEIM performs poorly, when applied to
strongly nonlinear problems.
Typically, in the context of EQS applications, FGM occupies a relatively small part of the
HV components, and thus, a decomposition of the computational domain, based on the
presence of FGM is possible. Domain decomposition enables the use of a linear projectionbased RB approach for the subdomains with linear material parameters, while the highﬁdelity problem may be used for the subdomains with nonlinear material parameters
(Schmidthäusler et al., 2013; Sato et al., 2016). Although this approach provides important
performance beneﬁts, it requires low-level control of the simulation code, it suffers from
implementation complexity, and hence, it lacks automation. Here, based on the energy and
on the entropy of the nodal time series of an HV cable termination test model, we present an
algorithm that successfully locates subdomains with linear and nonlinear material
properties. Provided the resulting decomposition, we only reduce the linearly behaving parts
of the device using the standard POD approach, while for the degrees of freedom that exhibit
nonlinear behavior we retain the high-ﬁdelity problem.
The paper is structured as follows; after brieﬂy presenting the EQS problem, we
introduce the POD framework for model order reduction. Then, we formulate a domain
decomposition algorithm that is based on the energy and on the entropy of a signal. We
complete our presentation with numerical experiments that demonstrate convincing
evidence regarding the efﬁciency and the robustness of the proposed method, in the context
of MR for a cable termination model.
2. The EQS approximation
The EQS approximation (Haus and Melcher, 1989) of Maxwell’s equations imposes
vanishing temporal variations of the magnetic ﬂux density B, that is, @ tB = 0. Thus,
Faraday’s law implies a curl-free electric ﬁeld E and enables a potential formulation, as E =
rU, where U is an electric scalar potential function. Taking the divergence of Ampere’s
law and using the constitutive relations:
J ¼ s rU;

D ¼ e rU;

(1)

we obtain the continuity equation:
r  ðs rU þ e r@t UÞ ¼ 0 in ð0; 1Þ  X;

(2)

where X  R3 denotes a domain of interest, such as the conceptual one depicted in Figure 1,
which also contains v , s is the ﬁeld strength dependent conductivity and e is the electric
permittivity. The domain X is assumed to be free from current sources, the conductivity s is
material dependent and is constant in Xnv , whereas in the FGM domain v , it is a nonlinear
(rapidly changing sigmoid) function of the electric ﬁeld strength jEj. Further, the

permittivity is material-wise constant throughout X. Equation (2) is complemented with the
initial condition U (0, ·) = 0 in X, with Dirichlet data, and with homogeneous Neumann data,
that is:
Uðt; Þ ¼ gðtÞ on CD ;

@U
ðt; Þ ¼ 0 on CN
@n

(3)

for all t [ [0, 1), where the function g imposes the excitation potential and it models
boundaries that are grounded and inﬁnitely distant.
The boundary value problem that is deﬁned by equations (2) and (3) is discretized
Steinmetz et al. (2006) in space with the ﬁnite element method (FEM), which results in the
initial value problem:
CðxÞx þ Px_ ¼ b;
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(4)

where x 2 Rm is the space-discrete electric potential vector, x_ = dx/dt, C(x) and P are the
discrete m  m conductivity and permittivity div-grad operators, respectively, and b
incorporates the transient Dirichlet data. Further, equation (4) is discretized in time with a
backward Euler differentiation formula (BDF1), and the potential xk at each time step k is
obtained by solving a nonlinear algebraic system of the form Fkþ1 (xkþ1) = 0 using
Newton’s method.
3. The proper orthogonal decomposition
A common practice in the context of RB methods (Quarteroni et al., 2016) for transient
problems, is to obtain a set {xk}, where k [ {1, . . ., n} is the discrete time index, of highﬁdelity solutions xk 2 Rm , where the integer m denotes the degrees of freedom and
typically, m  n. These snapshots are used as the columns of the so-called snapshot matrix:
X ¼ ½x1 jx2 j    jxn  2 Rmn

(5)

and hence, the snapshot matrix encodes the dynamics of the system that generates these
snapshots, within the considered time interval. Given X, we perform an ‘-truncated SVD:

Figure 1.
The conceptual
domain, which is
used to formulate the
EQS problem
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X‘ ¼

‘
X

mn
s i ui v>
;
i 2 R

(6)

i¼1

where s 1  s 2  s ‘  0 for ‘ # min (m, n) are the ﬁrst ‘ singular values of X. The ﬁrst ‘
left singular vectors {u1, . . ., u‘} form an orthonormal basis and are used as the columns of
the unitary matrix:
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U‘ ¼ ½u1 ju2 j    ju‘  2 Rm‘ :

(7)

The dimension ‘ of the basis is such that the ratio:
kX  X‘ k F =kXk F

(8)

is smaller than a desired tolerance. The described strategy is known as the POD method,
while the ‘ basis vectors are called POD modes and they capture the essential information of
the dynamics of the problem that is contained in X. In particular, the (low-) rank ‘
approximation matrix X‘ is the best rank ‘ approximation of X, in both the Frobenious and
the Euclidean norm. Given U‘, we can obtain a reduced model within a projection
framework; for instance, xk U‘yk, where yk 2 R‘ and ‘ m.
4. Entropy-based domain splitting
In view of domain decomposition for MR (Schmidthäusler et al., 2013), we seek for a set of
indices L  f1; . . . ; mg that correspond to the nodes of the computational mesh at which
the dynamics is reducible with a linear method such as POD, and hence, the vector of the
nodal potential values can be decomposed as x ¼ ½xN ; xL , where N ¼ f1; . . . ; mg  L is
the set of indices at which the problem is essentially irreducible. Provided such a
decomposition, we only need to update a small jNj  jNj block of the matrix C(x) during
Newton’s iterations, as the FGM domain v is relatively small, and thus, we expect that
jN
Lj, where j · j denotes the cardinality operator. The linear part of the computational
domain is effectively reduced using the POD, and hence, Newton’s iterations become
signiﬁcantly less expensive.
Here, we manufacture an algorithm that relies on the energy and on the entropy of
various nodal time series to construct the set L. In the discrete setting, we collect n highﬁdelity (FEM and BDF1) potential, ﬁeld strength and charge density snapshots xk, yk and
zk, respectively. These snapshots are used as the columns of the m  n snapshot matrices X,
Y and Z, accordingly. Let W e {X, Y, Z}. Each row Wj,: of the snapshot matrix W
represents the time evolution of the corresponding quantity at the j-th node of the
computational mesh. For each j e {1,. . ., m} and each k e {1,. . ., n} we compute the m  n
~ with components:
instantaneous power matrix Q
~ j;k ¼ jWj;k j2  0
Q

(9)

and the associated signal energy vector e e [0, 1)m with components
~ j;: jj2 ¼
ej ¼ jjQ
2

n
X

~ j;k :
Q

(10)

k¼1

To obtain m vectors Qj, that can be interpreted as nodal probability vectors, we normalize
~ j;: , whenever their energy does not vanish i.e.:
the instantaneous power vectors Q

~ j;k =ej ; if ej 6¼ 0;
Qj;k ¼ Q
Then, we can use the Rényi entropies:


Ha Wj;:



n
X

Qj;k ¼ 1:

(11)

k¼1

n
X
1
¼
log
Qaj;k
1a
k¼1

!
(12)
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and a  0, as a local reducibility indicator. The Rényi entropies are Schur concave, while in
the limits a ! 1, 1, we obtain the Shannon and the min-entropy:


H1 Wj;: ¼ Q>
(13)
j;: logQj;: ;


H1 Wj;: ¼ log maxQj;: ;

(14)

respectively, (Kantz and Schreiber, 2004). In practice, we use the entropy H1, as it is the
most ﬁrm measure of information in the Rényi family.
As entropy characterizes an ensemble of probabilities, it can happen that low-energy
signals have high entropy values. In particular, in a numerical setting, it is entirely
possible to have nodal potential values with rapid ﬂuctuations, but with magnitude in
the order of O(1030); for instance, this scenario can be the result of a coarse mesh or of
penalized Dirichlet boundary conditions. Hence, we ﬁrst remove these energy
insigniﬁcant signals by identifying the set E  f1; . . . ; mg of nodes that satisfy the
inequality:
ej # d

max ej ; where d 2 ð0; 1=2Þ

(15)

j2f1;...;mg

is a chosen tolerance. In practice, to avoid removing nodes that may contain substantial
information, the tolerance d is chosen to be relatively small. The proposed domain
decomposition method is comprised of two stages. In the ﬁrst stage, we identify the
locations of energy-insigniﬁcant signals, while in the second stage, for all nodes with nonvanishing H1 we deﬁne the scaled min-entropy:




H1 Wj;:  min‘ H1 W‘;:



;
Hj ¼
max‘ H1 W‘;:  min‘ H1 W‘;:

(16)

whereas we set Hj = 0, when H1 (Wj,:) = 0. As Hj [ [0,1], we can construct an index set
N  E by imposing the constraint Hj  h , where h is a predeﬁned tolerance. Further, the
ratio:

j ¼

jNj
2 ½0; 1
m

Model order
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(17)

can be viewed as a global reducibility indicator that takes into consideration the magnitude
(energy) and the distribution (entropy) of the time series that are associated with the nodes
of the computational mesh. In particular, as j ! 0 the nodes that are high in energy and
entropy occupy a small part of the computational domain, and hence, the problem can be
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effectively reduced. Although, the reducibility indicator j depends strongly on the userdeﬁned tolerances d and h , the values of these parameters become apparent, within the
context of their deﬁnitions, as we demonstrate in the numerical experiments section.
Algorithm 1: Entropy dom. decomposition index.
Input: Snapshot matrix W 2 Rmn , d and h .
Output: Index sets N; L, reducibility indicator j .
1 Assign N
fg;
2 Compute e, Q;
3 Solve equation (15) to obtain the set E;
4 for j 2 E (parallel) do
5 Compute H1(Wj,:) using equation (14);
6 if H1(Wj,:) = 0 then
7
Compute Hj using equation (16);
8 else
9
Assign Hj / 0;
10 if Hj  h then
11
Assign N
N [ fjg;
12 Compute j using equation (17);
13 Set L
f1; . . . ; mg  N;

5. Numerical experiments
As a test model, we consider a three-dimensional quarter of the cylindrically symmetric cable
termination, depicted in Figure 2, also featuring nonlinear FGM. The model consists of PVC
(I), oil (II), zinc oxide FGM (III) and XLPE (IV), with relative permittivity values « = 3, « II =
2.25, « III = 14 and « IV = 2.3, respectively, and electrical conductivity values equal to 8.85,
1012 S/m for all regions, other than III where experimental conductivity data following an
approximate power law with switching point at 1.25 · 105 V/m have been used. The function
g vanishes on CD to model grounded and inﬁnite distance boundaries, while its values:
gðtÞ ¼ Umax  f  minðt; 1=f Þ  sinð 2p ftÞ
(18)
on CE excite the cable. In particular, the excitation frequency is f = 50 Hz and the maximum
value Umax = 400 KV is gradually introduced within one period.
We proceed by generating high-ﬁdelity potential, ﬁeld strength and charge density
snapshot matrices X, Y and Z, respectively, using 0.06 s long high-ﬁdelity time series with
time steps D t = 104 s, and we apply the entropy domain decomposition index (EDDI) Alg.
1 for each one of these snapshot matrices.
We ﬁrst examine the effect of the energy tolerance d , by using Alg. 1 (lines 2–9) for

d 2 fe M ; 1010 ; 106 g;

Figure 2.
Two-dimensional
slices of the cable
model we use for the
numerical
experiments

(19)

where e M is the machine epsilon. Figures 3, 4 and 5 depict the nodal entropy values, when
truncating the energy values using equation (15). In these ﬁgures, we observe that the
entropy values of the potential and the charge density snapshot matrices X and Z perform
well, in terms of identifying the location of the FGM domain, even without considering the
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Figure 3.
Entropy Hj
throughout the
computational mesh
for energy tolerance
d = eM

Figure 4.
Entropy Hj
throughout the
computational mesh
for energy tolerance
d = 1010

Figure 5.
Entropy Hj
throughout the
computational mesh
for energy tolerance
d = 106
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Figure 6.
Sorted entropy values
versus the node
numbers for d = e M;
X, Y and Z
correspond to
potential, ﬁeld
strength and charge
density snapshots,
respectively

Figure 7.
Sorted entropy values
versus the node
numbers for d =
1010; X, Y and Z
correspond to
potential, ﬁeld
strength and charge
density snapshots,
respectively

entropy tolerance h . Although, in our example, energy considerations restrict the domain of
interest in the vicinity of the domain that is occupied by FGM, energy does not provide
regularity information for the corresponding time series, and hence, it is not possible to use it
as a node selection criteria. The value of d should be chosen sufﬁciently low, in practice of
the order of e M, to cancel out the effect of misleading entropy values that may arise in the
case of very low energy aperiodic time series, and thus, to avoid high entropy values under
the presence of numerical instabilities, as for instance, when approximating Dirichlet
boundary data with Robin data and in the case of coarse mesh inaccuracies. The advantage
of this approach is that we do not need to be aware of the low-level implementation details of
the high-ﬁdelity FEM code, as entropy will, indeed, attain its values according to physically
accepted aperiodicities. In the same ﬁgures, we observe the expected loss of regularity in the
entropy, which is introduced by the successive differentiation of the potential U (snapshots
X), to obtain jEj ¼ jrUj (snapshots Y) and r = r·(e E) (snapshots Z).
Figures 6, 7 and 8 depict the sorted entropy values Hj that corresponds to Figures 3, 4
and 5, respectively. In these ﬁgures, we see that the entropy values of the potential can be
grouped into three subdomains, and thus, the entropy of the potential provides a minimal
decomposition of the computational domain. On the other hand, the entropy values of the
ﬁeld strength and of the charge density snapshots, introduce intermediate subdomains, and
hence, they provide ﬁner domain decompositions. Further, the ﬁeld strength entropy values
exhibit a long plateau that results in an unclear information tolerance h , whereas the charge
density entropy essentially agrees with the potential regarding the number of nodes that
hold most of the information, though the locations of these nodes are not necessarily the
same.

An alternative picture that can be used to identify the number of nodes that contribute to
entropy preservation is the cumulative sorted entropy:
hj ¼

j
X

Hk ;
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k¼1

where j = 1, 2, . . ., m and H1  H2  . . . Hm, depicted in Figure 9. In this ﬁgure, we see that
the entropy of the potential and of the charge density sharply suggests that approximately
330 nodes contribute to entropy increment, whereas information gets congested above this
point. For jNj ¼ 330 the reducibility indicator [Equation (17)] is j = 0.055 1 and
essentially states that it is, indeed, possible to reduce the problem, as only 5.5 per cent of the
total degrees of freedom contribute to P
information increment. A constraint on the normalized
version of the cumulative entropy, m
j¼1 hj ¼ 1, can replace the tolerance h , in Alg. 1.
According to equation (16), the entropy tolerance h deﬁnes the percentage of the difference
between the actual maximum and minimum entropy values, meaning that the tolerance
condition Hj  h is equivalent to:




H1 Wj;:  min H1 W‘;: þ
‘
h
(21)



i
h  maxH1 W‘;:  min H1 W‘;: :
‘
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‘

Figure 8.
Sorted entropy values
versus the node
numbers for d =
106; X, Y and Z
correspond to
potential, ﬁeld
strength and charge
density snapshots,
respectively

Figure 9.
Cummulative sorted
entropy values versus
the node numbers for
d = 106; X, Y and Z
correspond to
potential, ﬁeld
strength and charge
density snapshots,
respectively
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Figure 10.
Nodes selected by the
EDDI algorithm for
d = 106 and h = 0.2

Figure 11.
Spectra of the original
potential snapshot
matrix X and of the
potential snapshot
matrix restricted to
the EDDI selected
linear domain
according to potential
and charge density
snapshots

Figure 12.
Normalized potential
values, obtained with
the proposed partial
reduction strategy, at
t = 0.065 s (top) and
t = 0.085 s (bottom)

Choosing h = 0.2 results in approximately the same number of nodes, when using X and Z,
while the long plateau of the entropy of Y makes the ﬁeld strength snapshots inappropriate
for node selection criteria. In particular, for h = 0.2, the EDDI algorithm selects
jNðXÞj ¼ 355; jNðYÞj ¼ 4286 and jNðZÞj ¼ 339 nodes, respectively, which are shown in
Figure 10.
Before we proceed with reduction results, we present the normalized spectrum of the
original matrix X together with the spectra of two matrices XL;: that are restricted on the
EDDI selected linear domain according to potential and charge density snapshots. In
Figure 11 we see that both EDDI restricted matrices result in improved spectra proﬁles, in
terms of reducibility. In particular, EDDI on nodal potential snapshots and on charge

density snapshots results in ‘ = 48 and ‘ = 43 singular values before the plateau,
respectively, instead of the ‘ = 131 singular values that are suggested by the spectrum of the
original matrix X, to obtain:
kX  X‘ kF
/ 1010 :
kXkF

(22)

Here, we use the POD to reduce the EQS problem within the EDDI selected low-entropy
degrees of freedom, m  jNðZÞj ¼ 5659 with jNðZÞj ¼ 339, that is obtained using the
charge density snapshots Z, while we reuse ‘ = 43 low-order POD modes, during the
integration process. Hence, the reduced problem is 15 times smaller than the original one
and is highly accurate, as indicated by the potential contours in Figure 12 and veriﬁed by
the relative error between the high ﬁdelity and the RB computed potential values XHF and
XRB, respectively, for t [ (0.06,0.12],
kXHF  XRB kF
/ 105 :
jjXHF kF

Model order
reducibility

(23)

In terms of the physical time, the described approach reduces the computational time from
7 min (high-ﬁdelity) to 4 min (reduced model), respectively, while the overhead of the
EDDI algorithm is only 1 s.
6. Conclusions
We introduced a domain decomposition method, in the context of model (order) reduction
for transient strongly nonlinear EQSﬁeld problems. The proposed EDDI has been used to
successfully decompose the computational domain of a cable termination model that
contains FGM, according to local information content, as measured by the entropy of
potential, ﬁeld strength and charge density time series. Our numerical experiments
veriﬁed that the EDDI method automatically identiﬁes nodes that are low/high in
information, it is computationally efﬁcient and robust, while it can be embedded in blackbox MR implementations. Given the EDDI-based domain decomposition, we used the
POD to reduce the low-entropy degrees of freedom, while preserving the high-ﬁdelity
problem in regions of high-entropy values, and hence, we effectively accelerated the EQS
simulation.
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Abstract
Purpose – The purpose of this paper is to determine the impact of human age on the distribution of electric
ﬁeld and absorbed energy that originates from a mobile phone.

Design/methodology/approach – This research was performed for frequencies of 900, 1800 and
2100 MHz, which are used in a mobile communication system. To obtain the most accurate results, 3 D
realistic model of the child’s head has been created whereby the dimensions of this model correspond to the
dimensions of a seven-year-old child. Distribution of the electric ﬁeld and speciﬁc absorption rate (SAR)
through the child’s head was obtained by numerical analysis based on the ﬁnite integration technique.

Findings – The results discover that amount of absorbed energy is greater in the surface layers of the child’s
head model when the electromagnetic (EM) characteristics of tissues are adjusted for the child. This deviation
corresponds to different EM characteristics of biological tissues and organs of an adult person compared to a child.
Research limitations/implications – The study deals with penetrated electrical ﬁeld and absorbed
EM ﬁeld energy. There is space for further studies of other EM ﬁeld effects (e.g. thermal effects).

Practical implications – The analysis of obtained results leads to idea that mobile phones and devices
aimed for children using should be modiﬁed to provide SAR values inside prescribed standards.

Social implications – The obtained results are foundation for future research on inﬂuence of EM ﬁelds of
mobile devices on human health.
Originality/value – The proposed procedure offers the model for accurate estimation and quality analysis
of SAR and EM ﬁeld distribution inside child head tissue.

Keywords Communication technologies, Electromagnetic ﬁelds, Optimal design,
Electromagnetic compatability
Paper type Research paper

1. Introduction
The development of technology has enabled the availability of mobile communication
devices for all age ranges of the modern society. Precisely this intensive use of mobile
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phones by children causes great concern about possible harmful effects of electromagnetic
radiation emitted by these devices.
Most studies dealing with the inﬂuence of the electromagnetic radiation are focused on
determination of the absorbed energy in the standard models of the adult’s head (Bhat and
Kumar, 2013; Wessapan et al., 2012; Starzynski et al., 2002). Also, international safety
standards and guidelines related to the limits of exposure to electromagnetic ﬁelds, have
been developed based on the researching on adults. Therefore, beside the speciﬁc safety
limits which standard contains, it should be also emphasized if these limits are valid for the
children.
Assessment of exposure to mobile phone radiation is based on the determination of
induced internal electromagnetic ﬁeld and its spatial distribution. This results in absorption
of electromagnetic energy causing increasing of the human’s head temperature. The amount
of the absorbed electromagnetic energy depends on the shape of the anatomical model and
its features, besides the operating frequency and the distance between the electromagnetic
source and exposed object.
In addition to the essential differences in size and shape of the head of adults and children
(Martinez-Burdalo et al., 2004; Keshvari and Lang, 2005; De Salles et al., 2006; Wiart et al.,
2008; Christ et al., 2010a; Gandhi et al., 2012; Morgan et al., 2014; Gandhi, 2015; Christ et al.,
2010b), the differences in morphology and composition of tissues are also included as
parameters. This primarily refers to the amount of water content in tissues, and the growth
of various organs with age (Wang et al., 2006).
In several studies with rats (Peyman et al., 2001; Peyman et al., 2002), it has been shown
that the conductivity and the permittivity decrease with age. In these studies, the
experimentally measured results for the values of dielectric parameters of the tissues of rats
aged 10 to 70 days, have been presented. During this experiment, the dielectric properties of
the rat’s tissues (six different age groups in the frequency range between 130 MHz and
10 GHz) have been measured. The results showed a general decrease of the dielectric
properties’ values with the age of individuals. For reproductive mature rats (50 days old), the
values of electrical parameters of tissues were about 20 per cent smaller than in the case of
rats aged 10 days. This reduction was more noticeable in the skull tissue, skin and brain
than in abdomen tissues. Authors explained that the reason for this decreasing can be
connected to the fact that the water and organic content in the tissues reduce with age.
In Schmid and Überbacher (2005), experimental measurements of the permittivity and
conductivity of bovine brain and ocular tissues, conﬁrmed that the permittivity values for
young animals is 15-22 per cent higher, as well as the conductivity values (around 12-15
per cent), compared to the tissues of older animals.
According to the study elaborated in Peyman et al. (2009), the impact of the age on the
dielectric parameters was observed for tissues such as white matter, cerebral cortex, fat,
skin, skull and spinal cord, while in tissues such as tongue, the cornea and the gray mass
effect of the age was not observed.
The aim of this study is to determine the impact of dielectric parameters values of tissues
and biological organs on the value of induced electromagnetic ﬁeld in the child’s head
model. For this purpose, a comparative analysis of the electric ﬁeld distribution and speciﬁc
absorption rate (SAR), for the cases of dielectric parameters of both adults and children, has
been performed.
The amount of absorbed energy in the child’s head model was obtained by numerical
analysis based on the ﬁnite integration technique (FIT) that can be regarded as an extension
of the FDTD (Finite-Difference Time-Domain). This numerical analysis was performed at
the three different frequencies: 900 MHz, 1800 MHz and 2100 MHz.

2. Method and modeling
2.1 Model of child’s head and phone
To examine the human age impact, the 3 D realistic model of the child’s head with
anatomical characteristics corresponding to seven-year-old child has been developed
(Figure 1) (Conil et al., 2008; Fujimoto et al., 2006; Hirata, 2009). Model consists of the
following tissues and organs: skin, fat, muscle, skull, jaw with teeth, tongue, eyes, vertebrae,
cartilage, spinal cord, cerebrospinal ﬂuid, brain, and pituitary gland as shown in Figure 2.
As previously stated, the child’s head model of this study contains different biological
tissues and organs (Figures 1 and 2). It is important to note that the different tissues are
designed such that they don’t overlap each other. Hence, it is possible to take into account
the boundary conditions at the separation area between two tissues, while electromagnetic
waves propagate from one tissue to another.
Detailed knowledge of dielectric properties of biological tissues is fundamental for
understanding the interaction of electromagnetic radiation with the body. Dielectric
characteristics of tissues have an impact on the propagation, reﬂection and attenuation of
electromagnetic ﬁelds inside the tissues. These parameters are highly dependent on the
tissue type and the frequency.
The age dependence of dielectric properties of biological tissues mainly relies on the fact
that the permittivity and electrical conductivity can be expressed as a function of water
content in the tissue. The concentration of the water varies depending on the age of tissue.
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Figure 1.
External appearance
of the child’s
head model

Figure 2.
Cross-sections of the
child’s head model
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Table I.
Electromagnetic
properties of tissues
and organs for an
adult person

Table II.
Electromagnetic
properties of
biological tissues for
a child

As the content of the water in the tissue increases, the conductivity increases equally. As the
frequency increases, the conductivity also increases, but the permittivity decreases. It
should be noted that the relative magnetic permeability is assumed to be 1.
The values of electromagnetic properties for an adult person and a child (Wang et al.,
2006; Peyman et al., 2002; Schmid and Überbacher, 2005; Hasgall et al., 2018;
Fernández et al., 2005; Ibrani et al., 2011), for the frequencies above mentioned, are shown in
Table I and Table II, respectively. These tables include the numerical designations of tissues
and organs that correspond to the labels from Figure 2.
As a source of the electromagnetic ﬁeld, the model of an actual smart phone has been
designed. The mobile phone is positioned on the right side of the head model and slanted
towards the face (Figure 3). This position of mobile phone is typical for conversation
scenario.
The mobile phone model contains the following parts: the display, cell phone housing
and planar inverted F antenna (PIFA). The PIFA, as a source of electromagnetic radiation,

Tissue label

Biological tissue

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

Cortical bones
Brain*
Cerebrospinal ﬂuid
Fat
Cartilage
Pituitary gland
Spinal cord
Muscle
Eyes*
Skin
Tongue
Teeth

«r

900 MHz
s (S/m)

12.45
45.805
68.60
11.30
42.70
59.70
32.50
55.00
49.60
41.40
55.30
12.50

0.143
0.7665
2.410
0.109
0.782
1.040
0.574
0.943
0.994
0.867
0.936
0.143

«r

1800 MHz
s (S/m)

11.8
46.1
67.2
11.0
40.2
58.1
30.9
53.5
46.3
38.9
53.6
11.8

0.275
1.710
2.920
0.190
1.290
1.500
0.843
1.340
1.369
1.180
1.370
0.275

«r

2100 MHz
s (S/m)

11.60
45.50
66.80
10.90
39.50
57.70
30.50
53.20
47.88
38.40
53.10
11.60

0.328
1.880
3.150
0.224
1.490
1.700
0.951
1.510
1.530
1.310
1.560
0.328

Note: *Characteristics of tissues are deﬁned as an average value

Tissue label

Biological tissue

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

Cortical bones
Brain*
Cerebrospinal ﬂuid
Fat
Cartilage
Pituitary gland
Spinal cord
Muscle
Eyes*
Skin
Tongue
Teeth

«r

900 MHz
s (S/m)

14.79
55.24
81.84
13.48
49.11
62.09
38.77
62.32
59.17
51.58
55.30
14.79

0.180
0.960
2.930
0.132
0.899
1.082
0.697
1.065
1.212
1.078
0.936
0.180

Note: *Characteristics of tissues are deﬁned as an average value

1800 MHz
«r
«r
14.02
55.60
80.17
13.12
46.23
60.10
36.86
60.61
55.24
48.47
53.60
14.02

0.345
2.140
3.550
0.230
1.484
1.575
1.023
1.513
1.669
1.468
1.370
0.345

2100 MHz
s (S/m)
«r
13.78
54.87
79.69
13.00
45.43
60.00
36.39
60.28
57.12
47.85
53.10
13.78

0.412
2.354
3.830
0.271
1.714
1.768
1.154
1.705
1.865
2.135
1.560
0.412

was modeled for the frequencies of 900 MHz, 1800 MHz and 2100 MHz with the output
power of P = 1W (IEEE, 2002) and the impedance of Z = 50X.
As the authors Wang and Fujiwara (2003) and Okoiewski and Stuckly (1996) have
concluded, the feed-point impedance depends on the size of the models of the head and the
phone. To perform comparison properly, the same antenna output power (P = 1W) is used
for numerical calculations in the case of dielectric parameters of adult as well as in the case
of dielectric parameters of child. Further, it is important to note that the same model features
are also used in both cases i.e. the model shape, size and its position relative to the phone are
not changed. The only variable parameters in numerical calculations were dielectric
parameters having different values for adult and a child. In that way, we have ensured that
obtained results are comparable.
Based on aforementioned, it can be said that the conditions of exposure to electromagnetic
radiation of mobile phone are the same in both cases (model with electromagnetic
characteristics of adult person and model with electromagnetic characteristics of a child).
To determine the spatial distribution of electric ﬁeld and SAR within the model, we used
the CST (Computer Simulation Technology) software package (CST, 2012), which is based on
the FIT method (Clemens and Weiland, 2001). The simulation is realized in time domain
using Transient Solver included into CST package and the source is modeled as discrete port.
Before any numerical computation, it is necessary to deﬁne appropriate boundary
conditions that deﬁne the electromagnetic wave propagation within environment of the
model. Open (add space) boundary conditions, that assume perfectly matched microwave
absorber material at the boundary, have been applied in order to ensure that the closest ﬁelds
are not in the contact with the boundary, since the best results are obtained in that way.
Application of FIT often results with the discrete equations, identical to the ones derived
with Finite-Difference-Time-Domain (FTDT) method (Vandenbosch and Vasylchenko,
2011). In Bossavit and Kettunen (1999) is presented theoretical links of above mentioned
methods realized in CST package (Vandenbosch and Vasylchenko, 2011). The applied
boundary conditions are derived from integral form of Maxwell’s equation and differential
form of grid Maxwell’s equations using approach introduced in Yee (1966).
When using the CST software package, the key step before computation is to create the
mesh of elements. A ﬁner mesh means a greater number of elements, which provides the
more accurate results. On the other hand, a ﬁner mesh requires more powerful hardware and
computational time (that can last for days for some applications).
To demonstrate that the results do not depend on the number of required mesh elements,
it is necessary to perform the test of convergence. As an example, in Figure 4 the curve of
convergence process is shown for the frequency of 900 MHz, but the test of convergence was
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Figure 3.
The external look of
the smartphone and
its position
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performed for each frequency, as well. The graph in Figure 4 shows that the sufﬁcient
number of mesh cells is about 2 million. It can be assumed that with this number of elements
the accuracy of the numerical results is independent on the number of mesh elements. It
should be noted that the number of mesh cells is different for different frequencies due to the
wavelength.
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2.2 SAR calculation
When the electromagnetic wave spreads from the source of the electromagnetic radiation,
i.e. mobile phone, through the human body, the biological organs and tissues absorb
electromagnetic energy. The measure of the interaction between electromagnetic waves and
biological organs and tissues is the SAR value. SAR is deﬁned as the speed of power
dissipation normalized by the density of the material (biological tissues), and can be
expressed by the equation (Ebrahimi-Ganjeh and Attari, 2007; Miaskowski et al., 2016):
SAR ¼

s 2
s 2
E ¼
E
r
2r m

(1)

where s is the electrical conductivity (S/m), and r is the density of the tissue or biological
organs (kg/m3). It should be noted that the E and Em are the root mean square and
maximum values of electric ﬁeld strength E (V/m).
Averaged SAR is also very important quantity which can be deﬁned as the ratio of the
power absorbed in the tissue and the weight of this biological tissue. This quantity is
obtained by integrating the following expression:
ð
ð
1
1 s 2
SARav ¼
SARdV ¼
E dV
(2)
V
V r
V

V

Mass averaged SAR is typically calculated for samples of 1 g (SAR1g) and 10 g (SAR10g).
SAR averaging is realized according to the international standard IEC/IEEE 62704-1.
3. Results
3.1 Electric ﬁeld
A comparative overview of the electric ﬁeld distribution for the model of the child’s head in
the case of different electromagnetic characteristics of biological tissues (corresponding to

Figure 4.
Convergence
process curve

an adult and to a child), and for all three frequencies, is shown in Figures 5, 6 and 7,
respectively.
According to Figure 5, the small deviation can be noted comparing the electric ﬁeld
intensities obtained with electromagnetic characteristics for adult and a child, at 900 MHz.
The electric ﬁeld for adult parameters is slightly higher than for child parameters. The
highest deviation of the electric ﬁeld is in the surface layer of the model (i.e. in the skin) and
this value is 7 V/m.
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Figure 5.
1 D representation of
the electric ﬁeld for
different parameters
at f = 900 MHz

Figure 6.
1 D representation of
the electric ﬁeld for
different parameters
at f = 1800 MHz

Figure 7.
1 D representation of
the electric ﬁeld for
different parameters
at f = 2100 MHz
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A similar conclusion can be drawn for the electric ﬁeld intensity at 1800 MHz and 2100 MHz
(Figures 5 and 6, respectively), except that the maximum value of the electric ﬁeld is greater
for model with electromagnetic characteristics of child’s tissues compared to the same
model for an adult person.
In the case of the electric ﬁeld distribution at 1800 MHz (Figure 6), incident ﬁeld is higher
for about 4.4 V/m. This increase was observed in the skin and one part of the fat tissue. In
other organs of the head’s model, the electric ﬁeld is usually higher in the case of the
electromagnetic characteristics of adult’s tissues and the maximum deviation is 5.6 V/m
(which represents an increase of 11.5 per cent in the same position relative to the model with
the adjusted parameters for the child).
At 2100 MHz, (Figure 7) the incident ﬁeld is higher in the skin and in the fat tissue for
about 2.7 V/m. In the other tissues and organs, the ﬁeld is higher in the adult’s tissues, so
that the maximum deviation is 3.4 V/m (which represents an increase of 9.5 per cent in the
same position relative to the child’s head model).
3.2 SAR distribution
From Figures 8 and 9 it can be observed that the SAR1g and SAR10g in the surface layers for the
frequency of 900 MHz is higher for electromagnetic characteristics of tissues for the child.

Figure 8.
SAR1g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 900 MHz

Figure 9.
SAR10g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 900 MHz

Values of SAR1g have an increase of approximately 0.46 W/kg for models with
characteristics of a child, which is about 10 per cent higher, compared to the model with the
characteristics of an adult (Figure 10). This increase in value for SAR1g can be noted in the
surface layers of the model to a depth of about 25 mm. The deviation of the SAR1g through
the other tissues and organs is negligible.
In the case of SAR10g, the value is higher around 0.21 W/kg (8 per cent) in the case of a
model having child features (Figure. 11) and also in the surface layers (up to the depth of 25 mm).
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Figure 10.
1 D representation of
SAR1g for different
parameters at
f = 900 MHz

Figure 11.
1 D representation of
SAR10g for different
parameters at
f = 900 MHz

Figure 12.
SAR1g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 1800 MHz
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Figure 13.
SAR10g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 1800 MHz

Figure 14.
1 D representation of
SAR1g for different
parameters at
f = 1800 MHz

Figure 15.
1 D representation of
SAR10g for different
parameters at
f = 1800 MHz

Figures 12 and 13 show the spatial distribution of the SAR1g and SAR10g for different
electromagnetic characteristics of tissues at the frequency of 1800 MHz.
The increase in value of SAR in the surface layers of the model with electromagnetic
characteristics of tissues for the child is notable for1800 MHz. Increase of 0.87 W/kg
(15 per cent) has been found for SAR1g (Figure 14), while in the case of SAR10g (Figure 15)
the value of 0.25 W/kg (10 per cent) was observed.

According to Figures 16 and 17, one can observe that the values of the SAR1g and the
SAR10g in the surface layers of the model with characteristics of tissues for the child are
higher than in the model with the characteristics of the tissues of an adult person at the
frequency 2100 MHz. In the case of SAR1g (Figure 18) the increase in value is 1.12 W/kg (26
per cent), while for SAR10g (Figure 19) the increasing is 0.32 W/kg (16 per cent).
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Figure 16.
SAR1g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 2100 MHz

Figure 17.
SAR10g [W/kg] for the
child’s model with
adult parameters
(left) and child
parameters (right) at
f = 2100 MHz

Figure 18.
1 D representation of
SAR1g for different
parameters at
f = 2100 MHz

COMPEL
38,5

1476

Figure 19.
1 D representation of
SAR10g for different
parameters at
f = 2100 MHz

4. Conclusion
The need to access a variety of information and the availability of communication at any
time resulted in wireless devices becoming accessible to people of all ages. Regardless the all
advantages that new wireless devices offer, the fact that their users are in the artiﬁcial
electromagnetic ﬁeld, must not be neglected. In particular, the use of mobile phones by
children raised the safety issues and potential harmful effects. International safety
standards and guidelines about limits of exposure to electromagnetic ﬁelds are generated
based on the studies performed on adults. Therefore, it is essential to establish their
applicability to the most vulnerable part of the society, the children.
In addition to differences in the size and shape of an adult and child’s head, it is
necessary to take into consideration the differences in morphology and composition of the
tissues. The values of the electromagnetic properties of biological tissues also depend on the
water content in the tissue that decreases with age.
In this study the human age impact on the electric ﬁeld distribution and amount of the
absorbed energy from a mobile phone has been examined. According to the obtained results
for the electromagnetic characteristics of tissues for an adult person and for the child, one
can conclude that certain variations in the values of electric ﬁeld and SAR exist.
The values of the SAR1g and the SAR10g in the case of child parameters of tissues are
higher compared to the same model with the adult’s characteristics of tissues. The difference
for the SAR1g is 0.46 W/kg (10 per cent) at f = 900 MHz, 0.87 W/kg (15 per cent) at
f = 1800 MHz, and 1.12 W/kg (26 per cent) at f = 2100 MHz. The difference for the SAR10g
can also be noted and the values are: 0.21 W/kg (8 per cent) at f = 900 MHz, 0.25 W/kg (10
per cent) at f = 1800 MHz, and 0.32 W/kg (16 per cent) at f = 2100 MHz.
As expected, higher absorption of electromagnetic energy is noticeable at higher
frequencies while the depth of penetration of the electromagnetic waves is greater at
lower ones. From the obtained results, it can be concluded that the amount of absorbed
electromagnetic energy depends on the frequency as well as on the age of mobile phone
users.
Certain numbers of researchers have tried to ﬁnd a connection between leukemia and
mobile phone usage. In one study (Kaufman et al., 2009), it has been determined that the risk
of leukemia among mobile phone users is tripled, and the risk for any lymphoid leukemia is
increased more than four times. Also in several epidemiological studies, a signiﬁcantly
higher risk of brain cancer has been identiﬁed. In these studies, a long-term frequent use of
mobile phones for more than a decade has been observed. The largest study of brain cancer

called Intercom was conducted in 13 different countries, and 2,708 cases of glioma were
recorded (The INTERPHONE Study, 2010).
Based on the previously mentioned facts, there are arguments for studying the impact of
age on the dielectric properties of biological tissues and assignment of different values for
different age groups, particularly highlighting the differences between the dielectric
characteristics of children, adults and older people.
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Abstract
Purpose – This paper aims to present an approach based on electrical impedance tomography spectroscopy
(EITS) for the determination of water and ice fraction in low-power applications such as autarkic wireless
sensors, which require a low computational complexity reconstruction approach and a low number of
electrodes. This paper also investigates how the electrode design can affect the reconstruction results in
tomography.
Design/methodology/approach – EITS is performed by using a non-iterative method called optimal
ﬁrst order approximation. In addition to that, a planar electrode geometry is used instead of the traditional
circular electrode geometry. Such a structure allows the system to identify materials placed on the region
above the sensor, which do not need to be conﬁned in a pipe. For the optimization, the mean squared error
(MSE) between the reference images and the obtained reconstructed images was calculated.
Findings – The authors demonstrate that even with a low number of four electrodes and a low complexity
reconstruction algorithm, a reasonable reconstruction of water and ice fractions is possible. Furthermore, it is
shown that an optimal distribution of the sensor electrodes can help to reduce the MSE without any costs in
terms of computational complexity or power consumption.
Originality/value – This paper shows through simulations that the reconstruction of ice and water
mixtures is possible and that the electrode design is a topic of great importance, as they can signiﬁcantly
affect the reconstruction results.

Keywords EITS, Multi-frequency EIT
Paper type Research paper

1. Introduction
Icing can signiﬁcantly affect aircraft performance, and it continues to be a safety concern in
aviation. Many systems exist to avoid ice formation on the surface of aircraft or on
instruments. Most systems rely only on verifying atmospheric icing conditions and ﬂightstate parameters to see if the ﬂight conditions are safe. This information is needed, as it can
help pilots in decision-making or on a path and manner suggestion for ﬂying based on such
conditions (Pei et al., 2017). Furthermore, heating systems used for anti-icing and deicing can
have a very high power consumption (Meier and Scholz, 2010). The correct determination of
ice formation on aircraft surfaces could lead to a more intelligent system, which would
increase efﬁciency and safety during ﬂight.
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Wireless sensor networks could be used to monitor ice formation, as they can have many
advantages which include weight reduction, simple maintenance and great monitoring
capability (Yedavalli and Belapurkar, 2011; Schlegl et al., 2015). In Leitzke et al. (2017), initial
studies of such a system were made for a low-power pressure distribution measurement
system and a similar setup could also be used for ice detection.
Ice can be formed in different ways in nature, and it can also comprise a mixture of
water molecules in liquid and solid states. In this paper, we use the difference between
the complex permittivity of ice and water to perform electrical impedance tomography
spectroscopy (EITS), which takes the frequency dependence of these electrical
properties into consideration for the reconstruction. This system could have a small
size because of our proposed planar electrode geometry and be easily placed on a
surface for ice detection. Figure 1 illustrates the more common circular electrode
geometry with the electrodes in black placed around a pipe, and Figure 2 illustrates a
less common planar electrode geometry. For aircraft icing, planar topologies are
mandatory, as the system needs to be installed on the surface of the aircraft, e.g. the
aircraft wings.
The electrode design can signiﬁcantly affect the reconstruction results in any
tomography application. Therefore, a method should be used for optimizing the electrode
conﬁguration. In this paper, we optimize the electrode design based on the minimum mean
squared error (MSE) between the reconstructed images and the reference images.
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2. Background
Many concepts are brought together in this paper and some background on these topics is
presented below. First, the issue of icing in aviation is brieﬂy explained, such as currently
used and developed systems. The deﬁnition of complex permittivity of ice and water, such
as the model used for ice and water mixtures is also explained, followed by a literature
review on EITS and electrode optimization.
2.1 Icing in aviation
Three of the most common causes of icing during ﬂight are contamination of the aircraft’s
surface before taking off and encountering supercooled water droplets and ice crystals.

Figure 1.
Common circular
electrode geometry
for eight electrodes

Figure 2.
Symmetrical planar
electrode geometry
for four electrodes
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According to the environmental conditions encountered during ﬂight, different types of ice
can be formed, such as rime ice, glaze ice or mixed ice (Cao et al., 2018).
Ice formation on an aircraft surface can be dangerous, as it can signiﬁcantly affect
performance by, for example, increasing drag, decreasing lift, affecting stability or blocking
vital instruments. Icing remains one of the major external causes of accidents, recently (Cao
et al., 2018), and many systems have been developed to avoid it.
Icing conditions should be avoided, as they can be dangerous during ﬂight. However,
because of the increasing air trafﬁc, it is possible that aircraft cannot easily avoid such
conditions, as path deviation during ﬂight might become harder to be authorized by air trafﬁc
control due to constraints imposed by the required safety distance with respect to other aircraft.
In Caliskan et al. (2008), a control system based on Kalman ﬁltering and neural networks
is developed to evaluate icing according to sensor data and ﬂight dynamics, and the system
was veriﬁed in two different aircraft models in which it was demonstrated that fuel could be
saved because of the automatic control of existing anti-ice systems.
Incorrect pilot manipulation is one of the factors that contributes the most to fatal icing
accidents, including not paying enough attention to performance changes, using auto-pilot
in icing areas, no timely opening deicing equipment or opening ﬂaps with ice accretions for
approaching (Cao et al., 2018).
We propose a concept to improve the results obtained in Schlegl et al’s. (2015) study of a
low-cost sensor that could identify a layer of ice formed on the aircraft surface by using
impedance spectroscopy. The proposed sensor could help existing systems to act and raise
pilot awareness.
2.2 Complex permittivity of ice and water
The electrical characteristics of materials change over frequency and can be used to identify
different substances which behave in a different way. Water changes its characteristics as it
turns into ice, and that can be used to identify the presence of one or the other.
In Figures 3 and 4, the permittivity of ice and water is shown for different frequencies
ranging from 1 Hz to 1 PHz, according to a model presented in Petrenko and Whitworth
(1999). The different relaxation times between water and ice can be clearly seen on the
frequency spectrum.
The complex permittivity is deﬁned by:

« ¼ « 0 þ i« 00
where the real permittivity « 0 is:

Figure 3.
Real and imaginary
permittivity of ice

(1)

«s  «1
1 þ v 2 t 2D

(2)

v t D ð« s  « 1 Þ
1 þ v 2 t 2D

(3)

«0 ¼ «1 þ
The imaginary permittivity « 00 is:

« 00 ¼
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where « s is the static permittivity, « 1 is the high frequency permittivity, v is the angular
frequency and t D is the relaxation time.
2.3 Ice and water mixtures
Many theories have been developed to determine the permittivity of a complex
electromagnetic medium as a homogeneous effective medium.
According to the Maxwell–Garnett mixing formula, in a mixture where ice is the host
medium and has water inclusions of volume fraction f, the resultant permittivity is given by
equation (4), where « w is the permittivity of water and « i is the permittivity of ice.

« ¼ «i

« i þ 1 þ3 2f ð« w  « i Þ
« i þ 1 3 f ð« w  « i Þ

(4)

This theory is explained in detail in Markel (2016), as well as other different approaches.
2.4 Electrical impedance tomography spectroscopy
Electrical impedance tomography (EIT) is the inverse problem where the impedance in a
region of interest (ROI) is determined by measuring currents and voltages at the electrodes
located at the boundaries (Borcea, 2002). The impedance value varies according to the
material distribution in the ROI, as different materials will present different electrical
properties. The inverse problem of determining the material distribution given certain
boundary measurements is ill-posed as the requirements for well-posed problems, for which
a unique solution that is continuously dependent on the data must exist, are not fulﬁlled for
EIT (Holder, 2005). In particular, the low number of electrodes, the noise and the stability of
the inversion are relevant in the present application. Many image reconstruction algorithms
were developed to numerically reconstruct material distribution in ill-posed situations and a
review can be found in Yang and Peng (2003).

Figure 4.
Real and imaginary
permittivity of water
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EIT might not present the best resolution, but for many applications this drawback is
compensated by the possibility of being used as a small, self-powered portable system
because of its comparatively low complexity design, low cost and safety of such
system.
In electrical impedance spectroscopy, the frequency-dependent behavior of materials is
analyzed in the frequency domain (Macdonald and Barsoukov, 2005). Some studies compare
the electrical characteristics of water and ice, such as in Artemov and Volkov (2014), Longo
et al. (2016); and Flatscher et al. (2017).
EITS is created by combining both approaches into one system, which is capable of
reconstructing material distributions based on the frequency-dependent characteristics of
different substances.
This topic was initially developed for medical applications (Grifﬁths and Zhang, 1989;
Brown et al., 1994; Grifﬁths and Jossinet, 1994) and it continues to be improved recently as in
(Yerworth et al., 2003), where measurements are made to perform EITS using frequency
difference and time difference imaging methods for the reconstruction of the impedance. In
Nahvi and Hoyle (2008), an EITS system is developed using a linear chirp as excitation
frequency, and the image can be then obtained for each frequency of interest. An EITS
method called code-division multiplexing is suggested in McEwan et al. (2009), and in
Baidillah et al. (2017), a frequency-time imaging method is used together with adjacent and
quasi-adjacent sensing methods.
2.5 Electrode optimization
Sensor design is crucial in EIT. (Yang, 2010) provides a review on the topic mainly for
common circular geometries and single frequency measurement.
Electrode optimization has also been relevant in recent years, in Li and Holland
(2015), the effects of different electrode aspect ratios (length divided by the diameter of
the pipe) for 3D ECT reconstruction are studied for a system with 24 electrodes in a
circular setup.
Considered one of the most important parts of a tomography system, the electrode
optimization for ECT is also addressed in Li et al. (2017) for a classical circular electrode
conﬁguration, where the varied parameters were the length, width and number of electrodes.
According to their results, the primary parameter is the electrode number, followed by the
electrode length and then the width.
In Tholin-Chittenden and Soleimani (2017), a planar sensor topology is optimized by
choosing the best design among ﬁve candidate design options proposed by the authors,
where the performance of each setup was judged based on the reconstruction of a water
bottle buried in sand.
3. Methodology
In this paper, we perform EITS by using a non-iterative method described in Zangl and
Mühlbacher-Karrer (2015), called optimal ﬁrst order approximation (OFOA), which is
essentially an implementation of a Bayesian linear minimum mean square estimation
approach. In addition to that, a planar electrode geometry is used instead of the traditional
circular electrode geometry. Such a structure allows the system to identify the materials
placed on the region above the sensor, which do not need to be conﬁned in a pipe as in a
common geometry where the electrodes are located around the material. To also minimize
the complexity of the hardware, the number of electrodes is kept low.

3.1 Low power consumption
Our simulations aim at improving the ice detection results from a system initially proposed
in Schlegl et al. (2015). Low-power consumption for our application means that the system
needs to harvest energy from a very small solar cell of 10 cm2. Considering an efﬁciency of
10 per cent and an average irradiance of 20 W/m2 (which is a conservative assumption for
outdoor applications considering the value of about 1,000 W/m2 provided by direct
sunlight), 2 mW power would be supplied to the system and should be enough for its
operation.
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3.2 Simulation
A self-written ﬁnite element method (FEM) software based on the partial differential
equation toolbox on MATLAB 2017 and an open-source tool for image generation were used
for the simulations, and to get a better efﬁciency according to simulation time, the mesh was
adjusted to have a structured shape which decreases its element sizes as they get closer to
the electrodes. In addition to that, the mesh was altered to have more nodes of the FEM
discretization closer to the electrodes, allowing a better resolution for the sensor
optimization. Even though this may not be the optimal mesh geometry, it is simple and it
keeps the simulation time low for obtaining the large number of measurement samples for
all frequencies.
For the generation of the prior distribution, two circular objects of random size, random
center position, random ice fraction and random water fraction were created for each image.
The permittivity of these objects was deﬁned as in equation (4), and the fraction value could
vary from pure ice to pure water. The ROI is deﬁned as the region above the electrodes and
it has a total of 5 cm in the x-axis and 3.5 cm in the y-axis, which is a suitable size with
respect to the interesting layers for aircraft icing.
Measurements were made for discrete frequencies varying between 100 Hz and 1 MHz,
with one measurement per decade. The measurement matrices were formed considering the
measurements between all the electrodes at all frequencies, as each one of them transmits a
signal separately and the others receive this signal.
3.3 Reconstruction
In this paper, the OFOA method is used for the reconstruction because of its low
computational complexity, which makes it in particular attractive for ultra-low-power
wireless sensors. It is given by:

Figure 5.
MSE for different
electrode
conﬁgurations
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^f ¼ Wy þ B

(5)

1
W ¼ Cfy Cyy

(6)

B ¼ f  Wy

(7)

where Cyy is the auto-covariance matrix of the measurements, Cfy is the cross-covariance
matrix between the measurements and the permittivities, f is the expected value of the ice or
water fraction prior to the observation, ^f the estimate for the ice fraction, y the expected
value of the measurements and y the obtained measurements.
Considering a total of 25,000 FEM simulations of random samples drawn from the prior
distribution, 80 per cent of these data are used for estimating the covariance matrices and
consequently the OFOA reconstruction coefﬁcients, and 20 per cent is used for testing

Figure 6.
Average MSE and
boxplot for different
sizes of the ﬁrst gap

Figure 7.
Average MSE and
boxplot for different
sizes of the second
gap

Figure 8.
Average MSE and
boxplot for different
sizes of the third gap
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Figure 9.
Reference image for
(a) water and (d) ice
fractions, (b) water
fraction
reconstruction for
optimal electrode
conﬁguration, (c)
water fraction
reconstruction for
conﬁguration with
higher MSE, (e) ice
fraction
reconstruction for
optimal electrode
conﬁguration and (f)
ice fraction
reconstruction for
conﬁguration with
higher MSE
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Figure 10.
Reference image for
(a) water and (d) ice
fractions, (b) water
fraction
reconstruction for
optimal electrode
conﬁguration, (c)
water fraction
reconstruction for
conﬁguration with
higher MSE, (e) ice
fraction
reconstruction for
optimal electrode
conﬁguration and (f)
ice fraction
reconstruction for
conﬁguration with
higher MSE
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Figure 11.
Reference image for
(a) water and (d) ice
fractions, (b) water
fraction
reconstruction for
optimal electrode
conﬁguration, (c)
water fraction
reconstruction for
conﬁguration with
higher MSE, (e) ice
fraction
reconstruction for
optimal electrode
conﬁguration and (f)
ice fraction
reconstruction for
conﬁguration with
higher MSE
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all measurement data obtained from the simulations.
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3.4 Optimization
For the optimization, the MSE between the N reference images and the obtained
reconstructed images was calculated using equation (8), where XW is the matrix containing
the pixel values in the reference images for the water fraction, XI is the matrix containing the
pixel values in the reference images for the ice fraction, YW the matrix which contains the
pixel values obtained with the reconstructions for the water fraction and YI the matrix
obtained with the reconstructions for the ice fraction.
MSE ¼

N h



i
1X
YWj  XWj 2 þ YIj  XIj 2
N j¼1

(8)

Even though the performance of the system could be increased with a larger number of
electrodes (Yang, 2010), we used a conﬁguration with only four electrodes. The reason for
this is that we were aiming for wireless sensors, and we therefore wanted to minimize the
complexity of the electronic circuitry and the power consumption for the measurement. The
number of electrodes was selected based on a compromise between measurement time (and
energy) and available data. While two electrodes would only have one independent
measurement per frequency, for reconstructing the material distribution, therefore, more
than three electrodes should be used. While three electrodes generate three independent
measurements, four will generate six independent measurements. As with only one more
electrode it is possible to double the measurement matrix, this was chosen as a compromise
for the number of electrodes for this investigations.
The position of the four electrodes was varied along the center region of the ROI using
the FEM simulations results. For each new sensor geometry, the MSE was calculated and
the geometry which presented the minimum MSE was considered optimal.
4. Results
For all conﬁgurations, the MSE is calculated according to equation (8), and the results are
shown in Figure 5. Each index represents a possible electrode setup.
It was expected that the symmetrical conﬁguration would achieve the best MSE, as this
is what is widely used in the literature. However, as seen on Table I below, such
conﬁguration presented an MSE of 0.09406 in comparison to 0.08685 obtained for the
optimal geometry. When we consider the mirrored setup of the optimal geometry (the same
distances but in inverted order), we also get a similar result as expected with an MSE of
0.08896. Even though the reduction of the MSE may not appear dramatic, it should be noted
that it comes for free in terms of measurement complexity and computational complexity.

Geometry

Table I.
Electrode geometry
and MSE

Optimal (lowest MSE)
Optimal mirrored
Symmetrical
Highest MSE

MSE
0.08685
0.08896
0.09406
0.1147

In Figures 6, 7 and 8, the average MSE value for each of the three gaps between the four
electrodes is shown with respect to that gap’s size, as well as the box plot, which indicates a
size for each gap that would tend to reduce de total MSE.
The reconstruction results for the optimal electrode conﬁguration and for a conﬁguration
with higher MSE can be seen in Figure 9. Other examples are shown in Figures 10 and 11.
The ice and water fractions of a speciﬁc material distribution are reconstructed resulting in
two images, which are complementary and can vary between 0 and 1.
Even if the difference in MSE does not appear to be much, it is clear that this can make a
difference in the reconstruction results. This can be seen, for example, in Figure 11, where
the fraction of ice is not detected when the geometry with higher MSE is used and it can be
detected by the geometry with low MSE.
5. Conclusion
In this paper, we present an approach to obtain an estimate of the spatial distribution of
water and ice fraction (i.e. wet ice or snow), which is of interest in many industrial processes
and also in the control of anti-icing systems on aircraft.
We demonstrate that even with a low number of four electrodes and a low complexity
reconstruction algorithm, a reasonable reconstruction of water and ice fractions is possible.
Furthermore, it is shown that an optimal distribution of the sensor electrodes can help to
reduce the MSE without any costs in terms of computational complexity or power
consumption. Such an approach has the potential to be used with autarkic (i.e. self
sustained) wireless sensors, e.g. for the application on aircraft wings, turbines or sensors.
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Abstract
Purpose – The purpose of this paper is to implement the Anderson acceleration for different formulations of
eletromagnetic nonlinear problems and analyze the method efﬁciency and strategies to obtain a fast
convergence.
Design/methodology/approach – The paper is structured as follows: the general class of ﬁxed point
nonlinear problems is shown at ﬁrst, highlighting the requirements for convergence. The acceleration method
is then shown with the associated pseudo-code. Finally, the algorithm is tested on different formulations
(ﬁnite element, ﬁnite element/boundary element) and material properties (nonlinear iron, hysteresis models for
laminates). The results in terms of convergence and iterations required are compared to the non-accelerated
case.
Findings – The Anderson acceleration provides accelerations up to 75 per cent in the test cases that have
been analyzed. For the hysteresis test case, a restart technique is proven to be helpful in analogy to the
restarted GMRES technique.
Originality/value – The acceleration that has been suggested in this paper is rarely adopted for the
electromagnetic case (it is normally adopted in the electronic simulation case). The procedure is general and
works with different magneto-quasi static formulations as shown in the paper. The obtained accelerations
allow to reduce the number of iterations required up to 75 per cent in the benchmark cases. The method is also
a good candidate in the hysteresis case, where normally the ﬁxed point schemes are preferred to the Newton
ones.

Keyword Numerical analysis
Paper type Research paper

1. Introduction
Numerical simulations are mandatory for general non-linear mathematical models and the
common approach is to adopt algorithms of the Newton–Raphson (NR) family, which can
provide convergence with a low number of iterations (Deuﬂhard, 2011). Normally, relaxation
parameters are adopted to guarantee convergence, and their tuning can be either manual or
self-adapted. A different approach that can be adopted to solve non-linear problems is the
ﬁxed point (FP) iteration. The FP approach is adopted, when possible, especially for its
implementation simplicity and the lower requirements to achieve convergence in
comparison to the NR scheme. On the contrary, it typically requires a high number of
iterations to converge in comparison with the NR method, thus the choice is generally a
tradeoff dependent on the application. In electromagnetic problems, common non-linearities
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are due to ferromagnetic materials, which can exhibit hysteretic behavior. For this special
class of materials, NR methods cannot cope easily with the Preisach or Jiles–Atherton
models, thus the FP iteration is still widely adopted in electromagnetics. To improve the
convergence speed of FP methods, several acceleration techniques have been suggested in
the past (Saigal and Todd, 1978). One of them, i.e. Anderson acceleration (Anderson, 1965),
has been widely applied to FP problems in electronic structure computations, but it is still
not diffused in electromagnetic computations. In this paper, Anderson acceleration is tested
for the magneto-quasi-static case, and the performances of the resulting iterative scheme are
compared to the standard FP implementation.
2. Fixed point for the magnetostatic problem
In most electrical machines, design problems saturation plays an important role; thus, an
important aspect to consider is the capability of the chosen formulation to model the BH
curve non-linearity. In literature, a common approach is the NR technique because of its
super-linear convergence property. The well-known NR iterative scheme allows to ﬁnd the
solution of a system of non-linear equations F(x) = 0 with an iterative scheme of the type
xkþ1 ¼ xk  ½dF=dxk 1 F ðxk Þ, but for achieving convergence the terms ½dF=dxk 1 and
d2 F=dx2k have to be bounded and often in turn the BH curve and its ﬁst derivative have to be
strictly monotonic. Practically the NR implementation is always supplemented by underrelaxation schemes, and this combination provides the most efﬁcient tool for the solution of
nonlinear equations, when it is convergent (Hantila et al., 2000).
Another technique for the solution of systems of non-linear equations is the Picard–
Banach FP iteration scheme, in which xkþ1 = G(xk). This approach converges linearly for
magneto-quasi-static problems, but choosing an optimal permeability and implementing
suitable acceleration schemes the rate of convergence can be signiﬁcantly improved. To
guarantee convergence, the problem has to be formulated in such a way that G is a
contraction, which can be exactly proven when the material function is Lipschitzian and
uniformly monotone (Hantila et al., 2000). In particular, a function G is a contraction on a
domain G : X ! X if 8 u* 2 X there exist a coefﬁcient 0 # a < 1 for which (Dlala and
Arkkio, 2008):
jjGðuÞ  Gðu* Þjj # ajju  u* jj

(1)

where jj  jj is a suitable norm and a the contraction coefﬁcient. Because of the lower
requirements on the differential reluctivity, FP can be adopted for example with hysteretic
materials where NR cannot be.
In this paper, the FP scheme has been adopted for its simplicity and to avoid the
computation at each non-linear step of the Jacobian matrix. To understand if the iteration is
a contraction, the approach in Hantila et al. (2000) is followed, leading to the same result of
Dlala and Arkkio’s (2008) study. Maxwell’s equations in the magnetostatic case read:
8
>
rH¼J
>
<
(2)
rB¼0
>
>
: H ¼ f ðBÞ
where H is the magnetic ﬁeld, B is the magnetic ﬂux density and f stands for the non-linear
BH relation. The ferromagnetic material law can be written as:

B ¼ m 0 m FP H þ I ¼ m 0 ð m FP H þ MÞ

(3)

where m 0 is the vacuum permeability, m FP is a reluctivity-like quantity that can be adjusted
for convergence purposes and I is the ferromagnetic non-linear polarization (M is the dual
non-linear magnetization). Substituting (3) into (2):
r  B ¼ m 0 m FP J þ r  I

(4)

In (4), the polarization I is a function of the ﬂux density B through Ampere’s law, but the
material relation (3) still holds. Thus, a FP problem has to be solved and adopting the Bcorrection the iterative procedure is written as:
Ikþ1 ¼ Bk  m 0 m FP Hk ¼ GðBðIk ÞÞ ¼ FðIk Þ

(5)

where the function F is the FP function. The iterative procedure is set up as follows:
(a) zan initial guess I0 is ﬁxed;
(b) Maxwell’s equations in (2) are solved with Bk = m 0 m FP Hk þ Ik-1;
(c) Ik = G(Bk); and
(d) repeat steps (b) and (c) till convergence.
According to Hantila et al. (2000), the relative permeability m FP can be chosen to make the
function G a contraction. Adopting the B-correction approach (5), in the case of isotropic
media the choice m FP < 2 m rmin , where m r min is the minimum permeability along the BH
curve, ensures that the function G is a contraction. Since for a ferromagnetic material the
minimum relative permeability is m r min  1, the nonlinear medium can be replaced by a
linear one with higher permeability to improve the convergence speed while the G function
is still contractive. The optimal m FP that results in the lowest a in (1) is:


m opt
FP

¼

1
m 1
rmin þ m rmax
2

1
(6)

As the Picard–Banach iteration converges linearly, several techniques have been proposed
to accelerate the convergence. In Dlala and Arkkio’s (2008) study, a locally convergent FP
scheme is suggested for the 2 D case:
ðnÞ
m FP

k¼0
k¼0 !1
2
@Hx 
@Hy 
¼
þ
C m 0 @Bx 
@By 

(7)

where n is the time step and C > 1 is a coefﬁcient that should avoid convergence issues. (7) is
evaluated at each iteration. A similar approach based on the optimal choice of m FP has been
studied in Koczka et al. (2009) and Außerhofer et al. (2008), but in these approaches the
stiffness matrix has to be updated at each nonlinear iteration thus the complexity would be
the same of NR with a linear or super-linear convergence still lower than quadratic.
Hantila et al. (2000) and Ciric et al. (2011) suggest to adopt a relaxation scheme
Bnew
kþ1 ¼ Bk þ v DBkþ1 with D Bkþ1 = Bkþ1– Bk to adjust the subsequent iterations. Bkþ1 is
the next iteration ﬂux density computed through the FP iteration, Bnew
kþ1 is the ﬂux density
modiﬁed by the over-relaxation scheme and v is the relaxation parameter. The error at the
kth iteration referring to the FP solution B* is:

Anderson
acceleration

1495

COMPEL
38,5

1496

jjBkþ1  B* jj1= m #

1
jjIkþ1  Ik jj1= m
1a

(8)

Thus, the modiﬁed Bnew
kþ1 is sought such that e ðv Þ ¼ jjFðIk Þ  Ik jj m 1 is the lowest possible.
In Ciric et al.’s (2011) study, this dynamic over-relaxation scheme gives good results in terms
of convergence of the non-linear problems.
Although the previous description of the FP technique was given for the static case for
simplicity, similar results have been derived for the quasi-static case (Dlala and Arkkio, 2008).
3. Anderson acceleration
The relaxation-based correction attempts to produce a better estimation of the FP based on
the knowledge of the last two iterations. Following the same idea, one may expect that a
more efﬁcient FP scheme would be obtained considering all the previous iterations, i.e.
through a Krylov space method. Anderson (1965) found an acceleration method based on the
extrapolation from the previous k – 1 residual vectors rk = G(xk)- xk, where the FP iteration
is denoted by the expression xkþ1 = G(xk).
Set x0 ; m  1;
x1 ¼ Gðx0 Þ;
For k = 1,2. . . convergence
mk ¼ minðm; kÞ;
Rk ¼ ðrkmk ; rkmk þ1 . . . rk Þ;
with ri ¼ Gðxi Þ  xi ;
Find ak : mina¼ða0 ...am

T
kÞ

. . . such that

mk
X

jjRk ajj2 . . .

ai ¼ 1;

i¼0

xkþ1 ¼

mk
X



aki ð1  b k Þxkmk þi þ b k Gðxkmk þi Þ ;

(9)

i¼0

The parameter m is the maximum number of residuals used for the extrapolation and b k is
a relaxation parameter that is ﬁxed to b k = 1 in this paper. The residuals ri are calculated as
magnetic ﬂux density residuals ri = Biþ1 – Bi, thus the algorithm in (9) is adopted to
extrapolate the new step solution Bkþ1.
As shown in Walker and Peng’s (2011) study, this scheme tends to be the GMRES
algorithm if all the previous residual vectors are used for the computation (m ! 1). In
practice, to limit the computational effort and to avoid ill conditioned matrices, the number
of vectors taken for the projections is limited, and in this paper 4 # m # 30 is adopted.

The minimization problem in (9) is solved through QR updated factorizations which
result in a good compromise between accuracy and conditioning. The function being
minimized is rewritten as:
minc jj ½ rkmkþ1  rkmk ; . . . ; rk  rk1   c  rk jj2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

(10)

Tk

1497

where the matrix Tk is factorized through a QR-update procedure since consecutive iterations
have the effect to overwrite the ﬁrst column of the T matrix and to apply a circular shift.
The constrained least-squares problem in (9) can be recast in an unconstrained one
whose solution can be easily determined making use of QR-update factorizations.
Introducing the matrix Tk as in (10), the new solution becomes ck ¼ ð g k 0 ; . . . ; g k mk 1 ÞT
where a0 = g 0, ai = g i – g i-1 with 1 # i # mk–1 and amk ¼ 1  g mk 1 .
Set
x0 ; m  1;
x1 ¼ gðx0 Þ;
For k = 1,2. . . convergence
mk ¼ minðm; kÞ;
Find ck : minc¼ð g 0 ... g m 1 ÞT jjrk  Tk cjj2
k

xkþ1 ¼ Gðxk Þ 

m
k 1
X


cki Gðxkmk þi1 Þþ

i¼0

Gðxkmk þi ÞÞ;
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At each iteration, the new least-square problem can be solved by simply updating the
factors of the QR factorization Tk = Qk Rk. The solution is determined solving the triangular
T
linear system Rk c ¼ ðQk Þ rk .
As previously noted, a proper choice of mk is crucial to speed up the convergence of the
algorithm. If mk is chosen to be too small, too little information from the previous iterations
is considered and therefore the acceleration may be negligible. On the contrary, if mk is too
large the problem may become ill-conditioned and this can result in a degraded convergence
rate. The optimal choice of the m parameter depends on the problem to be solved and there
are not precise rules; in practice, m should never exceed 30 for conditioning reasons and
because there is little beneﬁt choosing larger values. A default value could be m = 10.
Several techniques have been proposed to address the conditioning issue: (Walker and
Peng, 2011) proposed to monitor the conditioning number e of the Rk matrix, deleting the
older column data if e is greater than a certain threshold. Fang and Saad (2008) suggested to
monitor the norm of the new solution, restarting the iterative procedure when the norm
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exceeds a threshold. Phanisri and Phanish (2005) similarly to the GMRES algorithm,
suggested to restart the iterations every m iterations. This approach has been followed in
this paper, and the beneﬁts of this restarting technique will be clear in the hysteresis test
case.
For an extensive analysis of the Anderson acceleration convergence, the reader is
referred to Toth and Kelley (2015), where the r-linear convergence on non-linear problems is
proven.
4. Test case
To evaluate the performances of the acceleration scheme, two different approaches are
adopted to solve a magneto-quasi static test case. The ﬁrst is a ﬁnite element/boundary
element (FEM/BEM) time-domain one, while the second is a FEM harmonic-balance one.
Both algorithms are equipped with Anderson acceleration and the solution is validated
through the comparison with pure FEM commercial software (COMSOL Multiphysics,
2017). The test case geometry is shown in Figure 1. In the ﬁrst example, the coil is fed by a
uniform sinusoidal current density. The frequency is chosen to be 50 Hz and the peak value
is set to 7  107 A m2 to strongly saturate the ferromagnetic core. Eddy currents are
induced in the conductive domain which is linear, its conductivity is equal to 3.774  107 S
m1. The ferromagnetic material is a nonconductive domain. The nonlinear magnetic
material is silicon steel with non-oriented grains, 35JN200. To help the FEM convergence,
the BH curve is ﬁtted through the Langevin equation:
Bð H Þ ¼ k1 cothðk2  H Þ 

1
þ m0  H
k2  H

(12)

where k1 and k2 are the coefﬁcients of the ﬁt. For the given material, k1 = 1.803 and k2 =
0.0027.
In the second example, the excitation is the same as the one of the previous test case. The
ferromagnetic material is nonconductive, and it is chosen to be linear with a constant
permeability m r = 1000 H m1. The conductive domain is a nonlinear material with a
conductivity of 0.7  106 S m1, its BH curve is again the one of the 35JN200 steel.
5. Finite element boundary element
The FEM/BEM approach (Thiagarajan and Hsieh, 2005) is standard: the shape functions are
linear, the iron nonlinearity is enclosed into the magnetization at the right-end side of the
equation as in (4) and the FP method adopted is the one of equation (5). While the use of
20

5

5

Reference node
(-9.55,10.26)
Ferromagnetic material

Figure 1.
Test case (dimension
in mm)

2.5
O
Coil

10
2.5
2.5

Conductive domain

5
60

BEM part is not mandatory for this particular test case it was adopted to demostrate the
effect of Anderson acceleration on a nonlinear differential algebraic problem with general
matrices (with sparse blocks and full blocks). The FEM/BEM problem discretization is
shown in Figure 2.
6. Harmonic balance ﬁnite element
The harmonic balance (HB) method permits to determine an approximate steady-state
solution of a nonlinear differential equation considering a truncated Fourier series
expansion (Bíro et al., 2014; Zhao et al., 2012). With this approach, the steady-state solution
of the problem is computed directly avoiding transient calculations, and therefore, this
technique turns out to be computationally convenient especially for those systems which
exhibit a slow dynamic. In this work, the HB method coupled with a FEM discretization is
used to solve the eddy current PDE via a FP scheme.
The starting point is the use of the Galerkin method applied to the eddy current equation:
@A
r  ðr  AÞ þ s
¼J
(13)
@t
This permits to obtain the following nonlinear system of ordinary differential algebraic
equations:
(14)
K½ ðxðtÞÞxðtÞ þ Mðs Þ x ðtÞ ¼ sðtÞ
where K½ ðxðtÞÞ is the stiffness matrix, M(s ) is the mass matrix, x(t) is the unknown
vector and s(t) is the source which is assumed to be periodic with period T. The HB method
is based on the ansatz that also the solution has to satisfy the condition x(t) = x(t þ T). The
unknown vector is expressed with a truncated Fourier series representation:
!
N
X
jn
v
t
Xn e 0
xðtÞ ¼ <
(15)
n¼1

where the terms Xn can be computed as:
Xn ¼ Fn ðxðtÞÞ ¼

1
T

ð

xðtÞejnv 0 t dt

(16)

T

where Fn stands for the Fourier operator. The solution of (14) is carried out adopting a FP
scheme. In this case, the FP reluctivity  =  FP þ (– FP) is introduced in (13) to linearize the
problem as:


@A
r  ðvFP r  AÞ þ s
¼ J þ r  ð FP   Þr  A
(17)
@t
The application of the Galerkin method to (17) gives rise to:
Kð FP ÞxðtÞ þ Mðs Þ x ðtÞ ¼ sðtÞ þ K½ FP   ðxðtÞÞxðtÞ

(18)

Which can be recast in the iterative scheme:

h

i
Kð FP Þxðkþ1Þ þ Mðs Þx ðkþ1Þ ¼ s þ K  FP   xðkÞ xðkÞ

(19)

where the time dependence is not explicitly stated to simplify the notation. In this work, the
value of  FP is kept constant although Koczka et al. (2009) show that adaptive approaches can
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FEM/BEM domains
subdivision and
discretization

be used to speed up the convergence of the iterative method. The only acceleration considered
here is the one due to the Anderson scheme and therefore adaptivity will not be analyzed.
Finally, the HB method is applied to (19) equating the Fourier coefﬁcients in the
frequency domain:




ð
Þ
(20)
Kð FP Þ þ jnv 0 Mðs Þ Xnkþ1 ¼ Fn s þ K  FP   ðxðkÞ Þ xðkÞ
By using the FP approach decoupling has been performed allowing to solve each harmonic
independently. For each iteration in (20), N complex linear systems have to be solved to
determine the space dependent frequency domain solution.
7. Results
The two codes have been validated comparing the obtained solutions with the one computed
through the FEM commercial software. Figure 3 shows the steady state solution in a

6
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reference mesh node of the ferromagnetic domain in Figure 1 for the two test cases analyzed.
The comparison is shown for the reference node but the same applies to the whole mesh,
demonstrating the correctness of the two implemented codes. A small mismatch is visible
for the case 1 between FEM-BEM results and the other methods; this is due to different
implementation of Equation (12) which is ﬁtted in the FEM-BEM code with a linear
interpolation of 12 query points while an analytic implementation has been adopted for the
FEM and harmonic balance ﬁnite element (HBFEM) cases. The mismatch vanishes for the
case 2 where the high ﬁelds saturates the iron core and the linear interpolation provides a
good ﬁt. The FEM/BEM simulation results of case 1 refers to times t  50 ms to guarantee
that the steady state solution is achieved, the time step is ﬁxed to D t = 0.1 ms and the
convergence criterion is set on the residual norm that has to be lower than e = 1e-6.
Figure 4 shows a comparison of the behavior of the residual r ¼ jAkþ1  Ak j with and
without acceleration for two different time instants. At the ﬁrst iteration, r collapses to the
norm of the potential r ¼ jA0 j which is initialized as the previous iteration converged value.
The FP residual decreases linearly while the accelerated residual is not monotonically
decreasing. The effect of the acceleration is especially visible at low ﬁelds [Figure 4 (a)],
when the FP permeability that guarantees the scheme contraction m FP = 2 m min is far from
the real one which is close to m = m max below the BH knee. The comparison of the iterations
number for the whole time domain simulation is reported in Figure 5. The total number of
iterations without acceleration is KFP = 23321, while with Anderson accelerations the
iterations are reduced to KFPþAA = 5113, thus a 75 per cent reduction in iterations which
corresponds to a 75 per cent reduction in time due to the negligible cost of the QR-updated
factorization. In almost all cases the iterations required for convergence are below 15
iterations, thus m = 15 would be sufﬁcient. Since for this test case the residual matrix is
never completely ﬁlled, the effect of the restart process is not analyzed. The HBFEM
simulations have been carried out with a constant permeability m FP = 2 m min to ensure the
convergence of the iterative scheme. The number of harmonics considered for the
approximation has been set to seven to guarantee an adequate accuracy for the solution. In
this case, a suitable criterion to stop the iterative scheme is the one proposed in Außerhofer
et al. (2008). The solution is considered to be achieved when the maximum and the mean
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variations of the permeability in two consecutive iterations are below a suitable threshold
equal to 1 and 0.1 per cent. The acceleration due to the Anderson scheme is visible in the
convergence diagram of the ﬁrst test case shown in Figure 6. The natural implementation of
the Anderson technique in the HBFEM code consists in the acceleration of the magnetic
vector potential. This can be done only on the nodes of the nonlinear domain to reduce the
size of the matrices that arise from the QR factorization. The optimal size of the basis used
for Anderson scheme results m = 25 and m = 20 for the ﬁrst and the second test case
respectively.
Table I summarizes the results obtained with the various techniques. A reference
number of iterations required to solve the problem with the NR method implemented for the
FEM case is provided; this can be compared to the FEM-BEM case, as the nonlinearity lies
in the FEM part which is the same for the two cases. As already mentioned in the
introduction, NR outperforms FP without and with acceleration; therefore, NR should be the
default choice when the Jacobian is available.
The use of the Anderson scheme allows a very signiﬁcant decrease of the iterations
required to determine the solution in all cases.
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8. Finite element/boundary element with hysteresis
The FEM/BEM approach introduced in Section 5 has been equipped with the simpliﬁed
hysteresis model adopted in Kruttgen et al. (2017). The magnetic ﬁeld H at each step is
calculated as:


_ k ¼ p0 þ p1 jBj2p2  B
H B; B;p
p4 B_
_ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
þ p3 Bþ
_ 2
p2 þ jBj

1504

(21)

5

where the dot indicates the time derivative. The parameters p0–p5 are the material constants
that have been found through an identiﬁcation procedure.
The benchmark geometry is the one of TEAM problem 32 (Bottauscio et al., 2002), which
is normally adopted to test vector hysteresis models. The geometry consists of three limbs
transformer with two windings and several pick-up coils where the ﬂux density is
measured. The hysteresis model accuracy depends on the ﬁt of the material coefﬁcients in
(21) and is beyond the scope of the paper. The relevant information concerns the
1.5
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Figure 7.
TEAM 32 case 2:
hysteresis loop in
point C6
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Notes: The test case is the TEAM 32, case 2, and the convergence criterion is tolerance t < 1e - 5

performance of Anderson acceleration given a certain hysteresis model that normally
requires the FP method to converge.
Figure 7 shows the hysteresis cycle in the point C6 for the case 2 deﬁned in Bottauscio
et al. (2002): this point is in the middle of the transformer central limb and the feeding current
has a signiﬁcant ﬁfth order harmonic that causes the minor loops. The model is therefore
capable to catch nontrivial examples with minor loops as described in Kruttgen et al. (2017).
The iterations required for the hysteresis problem are reported in Table II. If the number of
iterations it is greater than 1000, the time step is considered as not converged. The restart
approach is proven to be fundamental to avoid over-iterations steps, and the strategy that
results in the best performance is to restart the acceleration every m steps, in accordance
with Phanisri and Phanish (2005).
9. Conclusion
Nonlinear electromagnetic problems can be solved using the FP scheme which is easy to
implement but presents a lower speed of convergence with respect to the NR approach. In
this paper, the Anderson technique has been used to accelerate the FP iteration.
Two different codes based on the FEM/BEM and HBFEM have been equipped with the
Anderson scheme, and the speed up achieved in terms of iterations has been analyzed. It has
been shown how the minimization problem arising from the application of the Anderson
acceleration can be easily solved via QR factorization and its implementation has been
discussed. The impact of the method considering hysteresis has been analyzed as well. In
this case, it has been shown that the Anderson scheme can also prevent the non-convergence
of the FP technique.
The numerical results presented in this paper demonstrate that the Anderson
acceleration can be efﬁciently used to accelerate the convergence of the FP iteration for a
wide variety of problems independently from the method used to discretize the equations
involved. Computational time was reduced by around 75 per cent in all cases. The choice of
the m parameter and the restart technique have been discussed; a default value to start with
can be m = 10 with restart when the residual matrix is full.
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Abstract
Purpose – This paper aims to propose a parallel-in-space-time ﬁnite-element method (FEM) for transient
motor starting analyses. Although the domain decomposition method (DDM) is suitable for solving largescale problems and the parallel-in-time (PinT) integration method such as Parareal and time domain parallel
FEM (TDPFEM) is effective for problems with a large number of time steps, their parallel performances get
saturated as the number of processes increases. To overcome the difﬁculty, the hybrid approach in which
both the DDM and PinT integration methods are used is investigated in a highly parallel computing
environment.
Design/methodology/approach – First, the parallel performances of the DDM, Parareal and TDPFEM
were compared because the scalability of these methods in highly parallel computation has not been deeply
discussed. Then, the combination of the DDM and Parareal was investigated as a parallel-in-space-time FEM.
The effectiveness of the developed method was demonstrated in transient starting analyses of induction motors.
Findings – The combination of Parareal with the DDM can improve the parallel performance in the case
where the parallel performance of the DDM, TDPFEM or Parareal is saturated in highly parallel computation.
In the case where the number of unknowns is large and the number of available processes is limited, the use of
DDM is the most effective from the standpoint of computational cost.
Originality/value – This paper newly develops the parallel-in-space-time FEM and demonstrates its
effectiveness in nonlinear magnetoquasistatic ﬁeld analyses of electric machines. This ﬁnding is signiﬁcantly
important because a new direction of parallel computing techniques and great potential for its further
development are clariﬁed.
Keywords Electrical machine, Transient analysis, Finite element method,
Domain decomposition method, Parallel computing, Parareal
Paper type Research paper

1. Introduction
A parallel ﬁnite-element method (FEM) is frequently used in designing high-efﬁciency
electric machines. A domain decomposition method (DDM) (Nakano et al., 2010; Keränen
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et al., 2015; Takahashi et al., 2016) is one of the most widely used parallel computing
approaches. Although the DDM is effective for solving a large-scale problem, it is wellknown that the parallel performance deteriorates as the number of processes increases
because of the convergence deterioration of a linear iterative solver and inevitable
communication overheads in parallel computation.
On the other hand, parallel-in-time (PinT) integration methods such as a time domain
parallel FEM (TDPFEM) (Takahashi et al., 2012; Takahashi et al., 2013; He et al., 2018),
Parareal (Schöps et al., 2018), and the parallel time-periodic explicit-error-correction
(TP-EEC) method (Takahashi et al., 2015; Takahashi et al., 2017) have been also reported in
magnetic ﬁeld analyses of electric machines. The PinT integration methods are effective for
problems with a large number of time steps such as a motor fed by inverters. However, the
parallel performance gets saturated as the number of processes increases as well as a
parallel FEM based on a DDM. In a real-world problem, a huge number of unknowns and
sufﬁciently small time step size should be considered simultaneously. Therefore, the hybrid
approach in which both DDM and PinT integration methods are used can be effective in a
highly parallel computing environment.
A typical quasi-static magnetic ﬁeld analysis has a triple-loop structure, which is
composed of the innermost loop for a linear iterative solver, the intermediate loop for a
nonlinear iteration method such as the Newton–Raphson (NR) method, and the outermost
loop for time integration. The DDM is a parallel computing technique for the innermost loop
and the PinT integration method is regarded as a parallelization for the outermost loop.
Thus, the combination of the DDM and the PinT integration method can improve the parallel
performance in solving a real-world problem without interrupting each other.
In Takahashi et al., 2019, the authors investigate the parallel FEM based on space-time
DDM specialized for time-periodic nonlinear magnetic ﬁeld problems. This paper focuses on
the transient analysis of practical electric machines. We use pure message passing interface
(MPI) programming model for parallelization. First, the parallel performances of the DDM,
Parareal and TDPFEM are compared in the context of transient analyses because the
scalability of these parallel computing methods in highly parallel computation, in which
over 100 processes are utilized, has not been deeply discussed. Then, we investigate the
combination of the DDM and Parareal by considering their compatibility as a parallel-inspace-time FEM. The effectiveness of the developed method is demonstrated in a transient
starting analysis of a cage induction motor.
2. Method of analysis
2.1 Finite-element formulation in quasi-static magnetic ﬁeld considering equation of motion
In this paper, the A- w formulation is used for ﬁnite element analyses in a quasi-static
magnetic ﬁeld, where A is the magnetic vector potential and w is the modiﬁed electric scalar
potential (time integral of the ordinary electric scalar potential). The residuals in this
formulation coupled with external electric circuits are given by:

ð 
ð
ð 
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where Ni is the ﬁrst-order edge-based vector shape function associated with edge i, Nj is the
ﬁrst-order nodal scalar shape function associated with node j, H and B are the magnetic ﬁeld
strength and ﬂux density,  and s are the magnetic reluctivity and conductivity, Nck and Sk
are the number of turns and cross-sectional area of coil k, Rk and Lk is the resistance and the
external inductance, Ik and lk is the current ﬂowing in coil k and its direction, and y ext
denotes the external voltage.
Adopting the NR method, we get:
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where dA, d u and d I are the increments of each unknown vector. To take account of the
rotation of a rotor, we use the regular meshed subgrid ﬁxed on the stator region as a sliding
interface to connect the ﬁxed and moving parts (Kometani et al., 2000).
In analyzing a transient motor starting, we have to couple equations (1)-(3) with an
equation of motion to consider the rotation of the rotor. The equation of motion is given by:
J

dv
du m
¼ Te  Tm; v ¼
;
dt
dt

(5)

where J is the moment of inertia, u m is the mechanical angle, v is the angular speed, Te is
the electromagnetic torque, and Tm is the mechanical torque. T m is assumed to be a function
of a square of v in this paper.
In the weakly coupled approach, we solve a magnetic ﬁeld problem and an equation of
motion sequentially. In this case, we have to use sufﬁciently small time step size because this
approach is based on the forward Euler method, which results in the large computational cost
due to the large number of time steps. On the other hand, in a strongly coupled approach, we
solve a magnetic ﬁeld problem and an equation of motion simultaneously. This approach is
stable with respect to the time step size, although it generally needs larger computational cost
than the weakly coupled approach. To reduce the computational cost of the strongly coupled
approach, we combine the NR iterations for the nonlinear magnetic ﬁeld analysis with solving
the motion equation (Kameari, 2000) as shown in Figure 1, where nmax indicates the total
number of time steps, « u and « B are convergence criteria for the equation of motion and the
nonlinear magnetic ﬁeld analysis, and the superscript and subscript indicate the NR iteration
step and the time step, respectively.
2.2 Domain decomposition method
Figure 2 shows an example of domain decomposition. In a parallel ﬁnite-element analysis
based on a DDM, we ﬁrst divide whole analyzed domain into some subdomains and assign a
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partition number, which is equivalent to a rank in MPI programming, to each domain. We
use METIS (Karypis and Kumar, 1999) for mesh partitioning. To reduce the communication
costs between the ﬁxed and moving parts, we perform mesh partitioning separately in the
stator and rotor regions (Takahashi et al., 2016).
For solving a system of linear equations (4), we adopt the conjugate gradient (CG)
method with the localized incomplete Cholesky (IC) preconditioning (Iwashita and
Shimasaki, 2000). The dominant part of a localized ICCG method is a matrix-vector product
and a preconditioning. In the localized IC preconditioning, a preconditioner matrix is
generated from the block diagonal parts of the coefﬁcient matrix. In general, the
convergence rate of the localized ICCG method gets worse as the number of processes
increases because of the ignored off-diagonal submatrices.
2.3 Time domain parallel ﬁnite-element method
Nonlinear equations (1)-(3) derived from the A- w formulation in a quasi-static ﬁeld are
rewritten as:
d
(6)
S ðx Þ þ C x ¼ f ;
dt
where x is the unknown vector, and f is the right-hand-side vector. S(x) is generally
nonlinear with respect to x because of nonlinear magnetic properties and C is constant.

When the backward Euler method is adopted, the nonlinear equations for n time steps are
written as:
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where d t is the time step size, and x0 is the initial values. Normally, equation (7) is solved
step-by-step.
Here, we solve all nonlinear equations for n time steps simultaneously. When applying
the NR method, the linearized equations of equation (7) can be obtained as:
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where Dxi is the increment of xi, and Gi is the residual.
Suppose that the analyzed problem has a time periodicity expressed by xi = 6xiþn and
fi = 6fiþn. In this case, the ﬁrst equation in equation (7) can be rewritten as:
Sðx 1 Þ þ

1
C ðx 1 6 x n Þ ¼ f 1 :
dt

In this case, the linearized equations of equation (7) are given by:
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where the signs  and þ in equation (11) correspond to the ordinary and half-cycle timeperiodic conditions, respectively. The difference between equations (8) and (11), which
correspond to the transient and steady-state analysis, respectively, is the (1, n)-th
submatrix of their coefﬁcient matrices. These approaches are called the TDPFEM
(Takahashi et al., 2013) because the formulations in equations (8) and (11) are almost the
same.
The coefﬁcient matrix in equations (8) and (11) is nearly block diagonal. To make the
best use of the distinctive structure, we assign the unknowns to each process based on
time steps. For solving the nonsymmetric linear system, we adopt the BiCGstab2 method
and the localized ILU preconditioning. In the TDPFEM, it is expected that the
preconditioning effect does not deteriorate seriously due to the nearly block diagonal
structure of the coefﬁcient matrix as the number of the processes increases. Therefore,
the TDPFEM can achieve good scalability in highly parallel computation (Takahashi
et al., 2012; Takahashi et al., 2013).
To consider the equation of motion, the similar algorithm shown in Figure 1 is applied to
the TDPFEM. Figure 3 shows the procedure. In the TDPFEM, the coupled problem is solved
simultaneously for every n time step and n can be arbitrarily selected. When n is set to the
number of processes nP, the good parallel performance is expected.
2.4 Parareal
The transient calculation to obtain xn at tn from the initial value xm at tm (tn > tm) with the
time step size d t is deﬁned as:
x n ¼ F ðtn ; tm ; x m Þ:

(12)

The time interval [t0, tn] is divided into N smaller intervals [T0, T1], [T1, T2],. . ., [TN1, TN],
where T0 = t0 and TN = tn and N is equal to the number of processes. In addition, Xi denotes
the unknown variable at Ti. The transient calculation in equation (7) can be rewritten as:

Figure 3.
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X 1 ¼ F ðT1 ; T0 ; X 0 Þ;
:
:

(13)
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X N ¼ F ðTN ; TN1 ; X N1 Þ;

including the initial value x0 by using F. This formulation is similar to the parallel shooting
method (Chattier and Philippe, 1993).
By applying the NR method, we get:
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 @F Ti ; Ti1 ; X i1
F D i1 Ti ; Ti1 ; X i1 ¼
; H i ¼ X i  F ðTi ; Ti1 ; X i1 Þ:
@X i1
The tentative solutions can be updated by using:


@F
Ti ; Ti1 ; X ki1  kþ1
kþ1
k
X i ¼ F Ti ; Ti1 ; X i1 þ
X i1  X ki1 ;
@X ki1

(15)

(16)

where the superscript denotes the NR iteration step.
Here, we deﬁne the transient calculation to obtain Xiþ1 at Tiþ1 from the initial value Xi
at Ti with the large time step size Dt (Dt > d t) as:
X iþ1 ¼ GðTiþ1 ; Ti ; X i Þ:

(17)

G can be regarded as a good approximation of F. Finally, the update formula for Parareal
can be derived as:



kþ1
X kþ1
¼ F Ti ; Ti1 ; X ki1 þ G Ti ; Ti1 ; X i1
 G Ti ; Ti1 ; X ki1 :
(18)
i
Figure 4(a) shows the procedure of Parareal. First, we sequentially perform transient
calculation based on G. Then, we perform transient calculation based on F in parallel.
Although this procedure includes the latency due to sequential calculation based on G, it can
be avoided by using the pipelined Parareal (Ruprechta, 2016) shown in Figure 4(b).
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Figure 4.
Procedure of Parareal

(b)

2nd iteration step

Notes: (a) Ordinary Parareal; (b) pipelined Parareal

2.5 Combination of domain decomposition method and Parareal
We attempt to improve the parallel performance of the DDM and PinT integration method
by combining them. Speciﬁcally, we apply the parallel FEM based on the DDM to coarse
and ﬁne problems in Parareal as shown in Figure 5. Here, the numbers of space domains,
time domains, and processes are nD, nT and nP (nP = nD  nT), respectively. First, we divide
the number of available processes nP into nD times nT. When rk denotes a rank assigned to a
process, a time domain number rT and space domain number rD assigned to the process rk
are given by brk=nD c and rk mod nD, respectively.
The basic procedure of the proposed parallel-in-space-time FEM is almost the same as
Parareal. However, the transient calculation is performed by the ordinary DDM with
processes having the same rT (belonging to the same communicator). By combining the
DDM with Parareal, we can expect further parallel speedup compared with either the use of
the DDM or Parareal.
3. Numerical results
3.1 Veriﬁcation of Parareal
Figure 6(a) shows the 2D mesh of a cage induction motor model. The numbers of elements
and unknowns is 13,198 and 12,705, respectively. The starting transient state under
sinusoidal excitation for 0.08 s is analyzed. The amplitude and frequency of the applied
rD = 0
rD = 1

rD = 3
rD = 2

rough approximation
(sequential, however low cost)
coarse
problem

't
T0

Figure 5.
Parallel-in-space-time
FEM based on
Parareal and DDM
(nP = 12, nD = 4,
nT = 3)

T1

δt
process 0䡚3
(rT = 0)

rD = 0
rD = 1

T2

process 4䡚7
(rT = 1)

T3

process 8䡚11
(rT = 2)

more accurate approximation

rD = 3 (can be parallelized)
rD = 2

t

fine t
problem

voltage waveform is 100 V and 50 Hz, respectively. The number of time steps per period is
set to 360, which means a small time step size d t = 5.55  105 and the total number of time
steps for 0.08 s is 1,440. All the computations were performed on a supercomputer Cray
CS400 2820XT, in which a node consists of two Intel Xeon Broadwell processors. 12 nodes
(432 cores) are used at a maximum to investigate parallel speedup. We judge the steady state
is obtained when all the relative errors of the eddy-current loss in the secondary conductor at
every time step for 0.08 s are less than 5 per cent compared to the reference solutions
obtained from the ordinary sequential transient analysis.
First, we investigate the appropriate Dt for G in Parareal. The starting transient state is
analyzed by using 36 processes when changing Dt from 5 d t to 40 d t. Figure 7 shows the
torque waveforms obtained from each condition. The torque waveforms gradually converge
to the reference solutions by repeating iterations of Parareal. When Dt = 5 d t and Dt = 10 d t,
transient torque waveforms nearly the same as the converged solutions are obtained after
one or two iterations. However, the convergence property gets worse as Dt increases. This is
because a lot of rotor and stator slot harmonics are included in the torque waveform and
large Dt cannot represent the ripple. Table I shows the number of Parareal iterations and
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Figure 6.
Mesh of cage
induction motor
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computational time required for attaining convergence. As Dt increases, the iteration counts
increase and the computational cost of G decreases. The best performance is obtained when
Dt = 10 d t because of this tradeoff relationship. In this paper, we set Dt = 10 d t in the
following numerical examples.
3.2 Comparison in parallel performance between domain decomposition method, time
domain parallel ﬁnite-element method and Parareal
The parallel performances of the DDM, Parareal and TDPFEM are compared in the
transient analyses of the cage induction motor. Figure 8 shows the time variation of torque
and rotational speed when using 72 processes in each parallel computing method. The
numerical results obtained from the DDM, Parareal and TDPFEM are in good agreement
with the reference solutions obtained from the sequential transient analysis, which indicates
the validity of the parallel computing methods.
Tables II, III and IV show the computational time and parallel speedup compared with
the sequential analysis. Although Parareal enables us to achieve the speedup of the transient
analysis, the parallel speedup ratio is at most 3.5. On the other hand, the parallel FEM based
on the DDM achieves 10-fold speedup when using 72 processes. However, the parallel
performance is saturated when using over 100 processes because this is a small-scale
problem. As the TDPFEM has an advantage of good scalability in highly parallel
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Figure 8.
Comparison of
numerical results
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computation,
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and DDM when using
72 processes
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Notes: (a) Time variation of torque; (b) time
variation of rotational speed

80

computation, the parallel performance is not saturated when using over 100 processes.
Nevertheless, the parallel speedup ratio is at most 8.5 when using 360 processes.
From the above-mentioned results, either the use of Parareal, DDM or TDPFEM is of
limited effectiveness in this problem, although the DDM and TDPFEM have better parallel
performance than Parareal. Therefore, to achieve further parallel speedup, the underlying
shift of the parallel computing approaches is necessary.
3.3 Combination of domain decomposition method and Parareal
One of the hopeful approaches to achieve further parallel speedup is to combine the different
parallel computing methods. In this paper, the DDM is combined with Parareal as a parallelin-space-time FEM by considering their compatibility.
Figure 9 shows the torque waveforms when changing the numbers of space domains nD,
the number of time domains nT, and the number of processes nP = nD  nT. The values in
parenthesis indicates (nD, nT). Almost the same results are obtained without depending on
nD and nT. Table V shows the computational time and parallel speedup of the developed
parallel-in-space-time FEM with respect to the sequential analysis. By combining the DDM
and Parareal, we can achieve 17-fold speedup, which indicates the effectiveness of the
developed approach.
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3.4 Application of combination of domain decomposition method and Parareal to 3D
problems
The proposed parallel-in-space-time FEM is applied to the 3D problem shown in Figure 6(b).
The numbers of elements and unknowns are 355,124 and 1,066,676, respectively. Figure 10

nP (= nT)
1
18
36
72
144

nP (= nD)
18
36
72
144

Computational time [s]

Parallel speedup

3672.5
1741.0
1291.3
1090.8
1042.0

1.0
2.11
2.84
3.37
3.52

Computational time [s]

Parallel speedup

499.4
394.5
365.2
430.3

7.35
9.31
10.1
8.54

nP

Computational time [s]

Parallel speedup

36
72
180
360

992.8
675.0
480.2
430.8

3.70
5.44
7.65
8.52

Table II.
Computational time
of Parareal

Table III.
Computational time
of DDM

Table IV.
Computational time
of TDPFEM
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shows the comparison in torque waveforms when using 432 processes. The numerical
results obtained from the ordinary DDM (nD = 432, nT = 1) are in good agreement with those
obtained from the proposed method (nD = 72, nT = 6). Table VI shows the computational
time and parallel speedup. The parallel speedup ratio is evaluated based on the
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computational time of the ordinary DDM when using 36 processes. The DDM is effective
even when using over 100 processes because the number of unknowns is relatively large in
this problem. Therefore, the combination of Parareal with the DDM is not effective
compared with the DDM. However, the parallel performance of the DDM is saturated when
using over 288 processes. This implies the combination of the DDM and Parareal could be
effective if the number of available processes is much larger than 432.
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4. Conclusion
In this paper, we have discussed the performances of the DDM, Parareal and TDPFEM in
transient analyses of electric machines. Furthermore, we have investigated the combination
of the DDM with Parareal as a parallel-in-space-time FEM through the transient motor
starting analysis of 2D and 3D induction motor models. As a consequence, in the case where
the parallel performance of the DDM, TDPFEM or Parareal is saturated, the combination of
Parareal with the DDM can improve the parallel performance. On the other hand, in the case
where the number of unknowns is large and the number of available processes is limited, the
use of DDM is the most effective from the standpoint of computational cost.
In future work, we will investigate the combination of the DDM with other PinT
integration method for further improvement of the parallel performance.
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Purpose – The application of statistical inversion theory provides a powerful approach for solving
estimation problems including the ability for uncertainty quantiﬁcation (UQ) by means of Markov chain
Monte Carlo (MCMC) methods and Monte Carlo integration. This paper aims to analyze the application of a
state reduction technique within different MCMC techniques to improve the computational efﬁciency and the
tuning process of these algorithms.
Design/methodology/approach – A reduced state representation is constructed from a general prior
distribution. For sampling the Metropolis Hastings (MH) Algorithm and the Gibbs sampler are used. Efﬁcient
proposal generation techniques and techniques for conditional sampling are proposed and evaluated for an
exemplary inverse problem.
Findings – For the MH-algorithm, high acceptance rates can be obtained with a simple proposal kernel. For
the Gibbs sampler, an efﬁcient technique for conditional sampling was found. The state reduction scheme
stabilizes the ill-posed inverse problem, allowing a solution without a dedicated prior distribution. The state
reduction is suitable to represent general material distributions.
Practical implications – The state reduction scheme and the MCMC techniques can be applied in
different imaging problems. The stabilizing nature of the state reduction improves the solution of ill-posed
problems. The tuning of the MCMC methods is simpliﬁed.
Originality/value – The paper presents a method to improve the solution process of inverse problems
within the Bayesian framework. The stabilization of the inverse problem due to the state reduction improves
the solution. The approach simpliﬁes the tuning of MCMC methods.
Keywords Inverse problems, Bayesian statistics, State reduction, Statistical solution
Paper type Research paper

1. Introduction
Inverse problems are referred to as highly dimensional and ill-posed estimation problems
(Tarantola, 2004), where information about a state f should be inferred from noisy
measurements d~ 2 RM . In electrical engineering the inverse problems of electrical impedance
tomography (EIT) (Holder, 2005), electrical resistivity tomography (ERT) (Scott and McCann,
2005) and electrical capacitance tomography (ECT) (Jaworski and Dyakowski, 2001) form
prominent inverse problems. In ECT the spatial dielectric material distribution has
to be estimated from electrical measurements. A common approach is to use the discretization
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D : f ´ x, yielding to the state vector x [ RN, which has to be estimated. The ill-posed nature
makes the solution of inverse problems a hard problem. A root cause for the ill-posed nature can
be found by the fact, that for many ill-posed problems the number of unknowns N exceeds the
number of measurements M by far. The stable solution of ill-posed inverse problems requires the
incorporation of prior knowledge (Kaipio and Somersalo, 2005) or the application of regularization
techniques (Vogel, 2002). The distinction between prior knowledge and regularization is made
between the ﬁelds of statistical inversion theory and deterministic inversion theory.
Statistical inversion theory is based on a probabilistic modeling approach of the
underlying measurement process (Watzenig and Fox, 2009). All variables are considered to
be multivariate random variables, which are modeled by means of probability density
functions

 (pdfs). Speciﬁcally, the prior distribution p (x) and the likelihood function
p d~ jx have to be formed. The likelihood function p d~ jx is formed from a noise model
and a model about the measurementprocess
d~ , which we refer to as forward map
 P :f 7!
~
~
F(x). The posterior distribution p xjd / p d jx p ðx Þ is formed using Bayes law.
Given this formulation different estimation algorithms can be designed like the maximum a
posteriori (MAP) estimator. The MAP estimate is given at the maximum of the posterior
distribution. It can be computed by means of numerical optimization schemes. A review for
different reconstruction methods is given in (Cui et al., 2016).
Figure 1 sketches the Bayesian scheme. The photographes included in Figure 1 depict an
actual ECT reconstruction experiment. Given the true material distribution x in the image
space, the measurement process provides the data d [ RM in the data space, which is
corrupted by measurement noise leading to the data d~ . The gray ellipse around d~ in Figure 1
illustrates the uncertainty of the measurement process in the data space. Subsequently also
the reconstruction result exhibits a certain degree of uncertainty. This uncertainty is
illustrated by the gray ellipse in the image space. For the characterization of the solution
space and uncertainty quantiﬁcation (UQ), estimators like the conditional mean xCM = E(X)
or the variance RX = E ((X – lCM)(X – xCM)T) can
 beused, where E(·) denotes the expectation
operator. Hereby the posteriori distribution p xjd~ has to be estimated (Fox and Nicholls,
1997). The evaluation of the expectation can be done by means of Monte Carlo integration:
ð
N


1X
(1)
E f ðX Þ ¼
f ðx Þp ðx Þdx 
f ðx i Þ;
N i¼1
RN
where xi are samples from a Markov chain generated by a Markov chain Monte Carlo
(MCMC) technique (Watzenig and Fox, 2009; Kaipio et al., 2000). The Metropolis Hastings

Figure 1.
Illustration of the
data ﬂow in inverse
problems

algorithm (MH) (Hastings, 1970) and the Gibbs sampler (Geman and Geman, 1984) are two
MCMC methods, which
 will
 also be used in this work. MCMC methods provide a numerical
~
representation of p xjd by simulating a Markov chain. The application of MCMC
methods for large-scale inverse problems is considered computational expensive, in
particular for computational intensive measurement problems (Brooks et al., 2011).
Model reduction techniques are an approach to reduce the computational load (Kaipio
and Somersalo, 2007). Hereby the computational expensive forward map is replaced by an
approximated forward map (Lipponen et al., 2013). A different strategy is the reduction of
the problem dimension by means of a state reduction scheme (Neumayer et al., 2017). The
full state vector x is constructed by a projection P NR : x R 7! x, where the reduced state
vector x R 2 RNR is of signiﬁcant lower dimension than the full state vector x. In Neumayer
et al. (2017), the construction of a linear state reduction scheme, i.e. x ¼ P NR x R , using prior
knowledge is presented.
In this paper, we present the use of a state reduction within MCMC methods. We show
the versatile applicability of the state reduction scheme for general distributions and present
the construction of an MH-algorithm and a Gibbs sampler. We further demonstrate the
stabilizing effect of the state reduction, i.e. we will demonstrate the capability of image
reconstruction without a dedicated prior distribution.
This paper is structured as follows. In Section 2, we brieﬂy introduce the inverse problem
of ECT and discuss the applied state reduction scheme. We show the general applicability of
the technique and address the stabilizing properties of the state reduction. In Section 3, we
show two MCMC algorithms and discuss the adoptions for the inverse problem of ECT. In
Section 4, we present results of a numerical study.
2. Inverse problem of electrical capacitance tomography and state reduction
2.1 Electrical capacitance tomography
In this section, we brieﬂy discuss the ECT measurement process, leading to the ECT forward
map F, which simulates the measurement process. Figure 1 includes a sketch of an ECT
sensor. The sensor consists of a nonconductive pipe, with Nelec electrodes mounted at the outer
circumference. The sensor is shielded by a screen. The capacitances between the electrodes
depend on the dielectric material distribution f inside the pipe, which is referred to as region
of interest X ROI. The capacitances between the electrodes can be determined by applying an
AC signal to an electrode and measuring the displacement currents at the remaining
electrodes. This process is repeated for all electrodes, leading to M ¼ Nelec ðN2elec 1Þ independent
measurements. We denote the measurement process by P : f 7! d~ , where d~ 2 RM are the
noisy measurements in the data space. The simulation of the measurement process is based on
solving the potential equation r · (« 0« rrV) = 0 for the corresponding boundary conditions
and computing the capacitances. V is the scalar potential and « 0« r is the permittivity. In this
work we will use the ﬁnite element method for the simulation. It is common to use the ﬁnite
elements inside XROI for the discretization D: f ´ x. Calibration strategies are used to
compensate model errors between the forward map F and the measurement process P.
2.2 Prior-based state reduction
This subsection brieﬂy discusses the construction of the prior based state reduction of form
x = PxR, where xR is the reduced state vector. Detailed information can be found in
Neumayer et al. (2017). The construction of the state reduction is based on the concept of a
sample based prior distribution, where samples for possible material distributions are
generated by means of a random number generator. Figure 2 depicts exemplary samples.
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Hereby Gaussian bumps have been placed arbitrarily inside X ROI. Computing a sufﬁciently
large number of these samples and storing them by means of the matrix Xpattern gives a
sample based
representation of the prior

 distribution. Then the matrix P can be constructed
by P ¼ 1 u1 u2 . . . uNR 1 , where the vectors ui are the column vectors of the
matrix U from the singular value decomposition (SVD) U RVT = XPattern of the matrix
XPattern. NR denotes the dimension of the state reduction. Using this scheme, the state
reduction is typically capable to reduce the dimension of the estimation problem to about 10
per cent of the original size (Neumayer et al., 2017). This has been found by an analysis of
error due to the approximation and by the trend of the singular values of the SVD. However,
in a visual comparison often a smaller state reduction can be found to be sufﬁcient.
2.3 State reduction for diﬀerent distributions
A concern with respect to the application of the state reduction is the capability to represent
material distributions, which differ from the prior distribution used for the creation of the
state reduction. Figure 3 presents an exemplary study. Figure 3(a) shows four material
distributions, which deviate from the prior distribution of Gaussian bumps. This holds
particularly for the third and the fourth distribution, but all samples also have sharp
boundaries, which is a signiﬁcant deviation from the Gaussian bumps. Figure 3(b) depicts a
constraint least squares approximation of the distribution using the state reduction
constructed from Gaussian bumps. The state reduction is capable to represent the material
distributions with sufﬁcient accuracy. We hereby refer to the typical image quality of soft
ﬁeld tomography systems, e.g. see Figure 1. The dimensions of the full state vectors for this
example is N = 606. The dimension of the reduced state vector is 6 per cent of the dimension
of the full state vector. Hence, even a better reduction ratio is possible.
2.4 Stabilization of inverse problem
A remarkable feature of the state reduction is depicted in Figure 4(a). We computed the
reduced representation for the samples of the matrix XPattern and formed a Gaussian
summary statistics by means of the mean vector lX R and the covariance matrix
RX R ¼ C RX R C TRX . C RX R is the Cholesky decomposition of RX R . Then we created random
R


samples for the full state vector x by x ¼ P lxR þ C RX R v , where v is a random vector of
corresponding dimension, which is drawn for a standard multivariate Gaussian distribution,
i.e. v !N(0, I). Figure 4(a) depicts four samples produced by this scheme. We added a
positive constant to ﬁx the lower bound to 1 for each sample. For comparison Figure 4(a)
depicts samples, which have been created by the same procedure, but for the full state
vector. The samples depicted in Figure 4(a) show feasible material distributions, whereas
the samples depicted in Figure 4(b) show no structure within the material distribution.

Figure 2.
Samples created
using the Gaussian
summary statistic
over a reduced state
representation
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Notes: (a) True material distributions; (b) approximation of
true distribution by means of the state reduction

The state reduction scheme carries the intrinsic information about the material distribution.
Hence, the application of the state reduction incorporates prior information, but by means of
the matrix P instead of a dedicated prior p (PxR). Hence, the state reduction stabilizes the
inverse problem. We will use this in our numerical study, where we do not maintain a
dedicated prior distribution for the solution of the inverse problem.
3. Markov chain Monte Carlo methods for Bayesian inference
In this section, we brieﬂy address two MCMC algorithms and discuss the adoptions for the
inverse problem of ECT, which are the Metropolis Hastings (MH) algorithm (Hastings, 1970)
and the Gibbs-sampler (Geman and Geman,
The purpose of MCMC methods is to
 1984).

create samples of a target distribution p xjd~ by constructing a Markov chain X. Then
the samples can be used to evaluate expectations by means of Monte Carlo integration given
by equation (1).
3.1 Metropolis Hastings algorithm
The MH-algorithm is given by:
(1) Pick the current state x = Xn of the Markov chain.
(2) With proposal density q(x, x 0 ) generate a new state x 0 .

p ðx 0 jd~ Þqðx 0 ;x Þ
:
(3) Compute the acceptance probability a ¼ min 1;
p ðxjd~ Þqðx;x 0 Þ
0
0
(4) With probability a accept x and Xnþ1 = x , otherwise reject x 0 and set Xnþ1 = x.

Figure 3.
Study for the
approximation
behavior of the state
reduction scheme for
material
distributions, which
do not belong to the
prior distribution
used for the
construction of the
state reduction
scheme
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Figure 4.
Samples created by
means of a Gaussian
summary statistic

Notes: (a) Samples created using the Gaussian summary
statistic over a reduced state representation; (b) samples
created using the Gaussian summary statistic over the full
state representation

The MH-algorithm is simple to implement, yet it is known to have drawbacks for large-scale
inverse problems. For every proposal x 0 , the forward map has to be evaluated, which causes
high computational costs, in particular when a large number of proposals are rejected.
Researchers have stated acceptance rates of 20 to 30 per cent as typical values for large-scale
inverse problems (Kaipio et al., 2000). For the proposal generation using the state reduction
scheme, we maintain the column vectors of the matrix P, which leads to:
x 0 ¼ x þ api

(2)

where a is a scaling variable. We decided to draw a from an uniform distribution of the
feasible support of a in this work, which can be considered the most simple form of a
proposal generator. The use of the state reduction within the MH-algorithm has no
countable beneﬁt on the computational effort with respect to an MH-algorithm, which uses
the full state vector. Yet the results will show, that the proposal generation scheme already
leads to a signiﬁcant high acceptance rate, which leads to an improvement of the
MH-algorithm by means of its statistical efﬁciency.
3.2 Gibbs sampler
The Gibbs sampler is given by:
(1) Pick the current state x = Xn from the Markov chain.
(2) For every element i of the vector x:

(3)
(4)
(5)

Set xi of x as 
independent variable, while all other
 elements are ﬁxed; and
~
Draw xi / p xi jd ; x1 ; x2 ; . . . ; xi1 ; xiþ1 ; . . . ; xN from the conditional distribution.
Set Xnþ1 = x.

While in the MH-algorithm proposal candidates can be rejected, the Gibbs sampler draws a
sample from the conditional distribution in every iteration. Executing the Gibbs sampler
over all elements of the state vector is referred to as a scan, which then produces a new
sample
for the

 Markov chain. Using the relation (2), the conditional distribution
~
p x þ ap jd has to be evaluated for support points within the feasible range of a. This
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i

requires a simulation of the forward map for each support point, which results in the high
computational costs of the algorithm. The application of the state reduction scheme enables
a reduction of the computational costs by the same ration as the state reduction.
3.2.1 Sampling from the conditional distribution. Given the non-parametric
representation of the conditional distribution a sample has to be generated for the scaling
variable a. Figure 5 depicts some ensembles of the logarithm of the conditional distribution
for our later problem. Note, that the individual distributions have been scaled to be depicted
within a single plot. For each trend Ncond. s. = 10 support points have been evaluated.
Drawing a sample from the non-parametric representation can be done by different
schemes like inverse transform sampling, the MH-algorithm, or dedicated sampling
techniques like rejection sampling (Richardson et al., 1996). The later schemes require
additional computational effort. In inverse transform sampling the scaling parameter a is
computed by solving:
ða 

p x þ tpi jd~ dt ¼ u
(3)
amin

For a, where u is drawn from the distribution u(0,1). The application of inverse transform
sampling requires the evaluation of the integral of the conditional distribution. Considering
the non-parametric description of the conditional distributions, the accurate evaluation of
inverse transform sampling is critical. Considering the trends of the logarithm of the
conditional distribution as depicted by the ensembles in Figure 5, we propose to use a
–220
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Figure 5.
Ensemble of different
conditional
distributions
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quadratic approximation for the logarithm of the conditional distribution. The parameters
for the quadratic approximation can be estimated by means of a least squares ﬁt using the
pseudo-inverse. Given the approximation, the relation:
pﬃﬃﬃﬃ
ð
pﬃﬃﬃ
p b2
b
2
eax þbxþc dx ¼ pﬃﬃﬃ e4aþc erf
ax  pﬃﬃﬃ
(4)
2 a
2 a
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can be used. This approach allows an analytic evaluation of inverse transform sampling.
Figure 6 illustrates the feasibility of the approach for a single conditional distribution. The
upper plot in Figure 6 depicts the logarithm of the conditional distribution, which is
approximated by the quadratic function. The lower plot in Figure 6 depicts the actual
conditional distribution and a histogram of samples generated by the scheme. The proposed
algorithm generates samples for the conditional distribution. The advantage of this
approach is the reduced numerical effort. Studies of the behavior of the conditional
distribution in the later numerical studies showed, that the quadratic approximation is
possible for more than 99 per cent of the conditional distributions. This can be tested by
means of the signs of the coefﬁcients of the quadratic approximation. In cases where the
approach fails we applied a one-dimensional MH scheme to compute a sample.

log (xi|d)

4. Numerical study
In this section, we present reconstruction experiments for material distributions depicted in
Figure 3(a). We simulate an ECT-sensor with Nelec = 16 electrodes, which leads to M = 120
independent measurements. For the reconstruction, we use a mesh with about N = 606 ﬁnite
elements within the ROI. The state reduction is again of dimension NR = 36. The simulation
data d~ have been generated on a mesh with about N = 2000 ﬁnite elements within the ROI to
avoid inverse crime data. The simulated data have been corrupted by additive i.i.d. white
Gaussian noise. The signal to noise ratio (SNR) had a lower value of approximately 50 dB.
The likelihood function is given by:




T
1
1
~
~
p d~ jx R / e 2ðF ðP x R Þd Þ RV ðF ðP x R Þd Þ ;
(5)
0
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Note: Upper plot: logarithm of a conditional distribution.
Lower plot: pdf, cumulated density function (cdf) and
histogram for samples generated by the proposed scheme

where RV is the covariance matrix of the additive measurement noise. Due to the state
reduction we use no further prior distribution other than an indicator function p (xR) = I
(PxR), where we set the lower bound of the material distribution to 1 and the upper bound to
3. The indicator function is used to determine the support for the scaling variable a in the
update scheme given by equation (2). To speed up the convergence we used a linearized
MAP estimator to initialize the Markov chain.
4.1 Reconstruction results
Figure 7 depicts the estimated mean and the standard deviation for the reconstruction
experiments, which have been computed by means of Monte Carlo integration from the
Markov chains. Data from a burn in phase have been neglected for the evaluation. The
results depicted in Figure 7 are the results obtained for the Gibbs sampler. The results for
the MH-algorithm show no difference. Figure 7(a) shows the estimated conditional mean;
Figure 7(b) shows the uncertainty of the results by means of the standard deviation. All
material distributions can be reconstructed using the proposed approach. The standard
deviation gives information about the uncertainty of the estimated results. It can be seen
that the uncertainty increases at the center of the pipe and the boundaries of the objects.
This behavior corresponds to the soft ﬁeld nature of the electric ﬁeld used for sensing in
ECT. The good reconstruction behavior proofs the stabilizing properties of the state
reduction, as the inverse problem is solved without a dedicated prior.
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4.2 Analysis of the Markov chains
In this subsection, we analyze the behavior of the Markov chains. Figure 8 depicts the
logarithm of the posteriori distribution for the MH-algorithm and the Gibbs sampler. From
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standard deviation
for the reconstruction
experiments
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the trends, it can be seen, that both algorithms reach convergence after a short burn in
phase. This can be seen by the noise-like behavior of the signals. For the MH-algorithm, we
obtained a typical acceptance rate in the range of 75 per cent. This is remarkable considering
the simple proposal generator used for this reconstruction experiment.
For a more detailed analysis, we studied the correlation behavior of the Markov chains
using the method presented in (Wolff, 2004). Figure 9 depicts an exemplary analysis result
for the second reconstruction experiment, using the Gibbs sampler. We evaluated the
integrated auto correlation time (IACT) t IACT, which is a measure for the number of
iterations to obtain an independent sample. As depicted in Figure 9, the IACT for the Gibbs
sampler is t IACT,Gibbs = 25. For the MH-algorithm, we obtained an IACT of t IACT,MH = 832.
For the MH-algorithm the IACT corresponds to the number of forward map evaluations NF
to obtain an independent sample. For the Gibbs-sampler the number of forward map
evaluations NF is given by FF = NR · t IACT,Gibbs · Ncond.s, where Ncond.s. is the number of
log (x)
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support points for the conditional sampling. The numbers reveal the computational costs of
employing MCMC methods. Table I lists the IACTs for the different reconstruction
experiments. Yet the good convergence of the chains indicates the beneﬁt of the state
reduction. Assuming the same IACT the computational costs for a Gibbs sampler, which
operates on the full state space is increased by the ratio of N/NR. The computational
overhead of both algorithms is minimal due to the simple sampling schemes, which holds in
particular for the Gibbs sampler, where the inverse transform sampling is applied.
5. Conclusion
In this work, we demonstrated the application of a state reduction scheme within MCMC
algorithms for the statistical solution of inverse problems. The state reduction is constructed
by means of a sampling based prior. We demonstrated the versatility of the state reduction
for different material distributions. We presented the implementation of a MH-algorithm
and a Gibbs sampler using the state reduction and showed the successful reconstruction of
different material distribution, including an uncertainty quantiﬁcation. For the
MH-algorithm, the state reduction allows the implementation of a simple proposal generator
leading to high acceptance rates. For the Gibbs sampler, we presented an inverse transform
sampling scheme to sample from the conditional distribution. A remarkable property of the
state reduction is its stabilizing capability for the solution of ill-posed inverse problems,
which we demonstrated by neglecting a dedicated prior in our reconstruction experiments.
The results were presented for the inverse problem of ECT, yet the procedure can be applied
for other inverse problems.
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Abstract
Purpose – This paper aims to solve the parameter identiﬁcation problem to estimate the parameters in
electrochemical models of the lithium-ion battery.

Design/methodology/approach – The parameter estimation framework is applied to the Doyle-FullerNewman (DFN) model containing a total of 44 parameters. The DFN model is ﬁt to experimental data obtained
through the cycling of Li-ion cells. The parameter estimation is performed by minimizing the least-squares
difference between the experimentally measured and numerically computed voltage curves. The minimization is
performed using a state-of-the-art hybrid minimization algorithm.
Findings – The DFN model parameter estimation is performed within 14 h, which is a signiﬁcant
improvement over previous works. The mean absolute error for the converged parameters is less than 7 mV.
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Originality/value – To the best of the authors’ knowledge, application of a hybrid optimization framework is
new in the ﬁeld of electrical modelling of lithium-ion cells. This approach saves much time in parameterization of
models with a high number of parameters while achieving a high-quality ﬁt.
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1. Introduction
The applications of lithium-ion batteries have drastically increased over the past decade. With
the continuous implementation of the Li-ion (Liþ) cells in household appliances, automotive,
aerospace and defense industries, accurate modeling and simulation of them is paramount.
Accurate analysis of the battery can sometimes require the internal state of the cell to be
known. This internal state can include abstract quantities (e.g. state of charge [SoC] and state
of health, i.e. the usable capacity, power capabilities among others) and physical quantities
(e.g. potentials and concentrations). Some of these quantities can be measured through
experimentation. In several cases, the material properties of the cell can also be of interest.
These material properties sometimes cannot be measured directly and must be estimated,
often non-intrusively. This gives rise to the traditional parameter estimation problem.
Parameter estimation techniques attempt to identify certain parameters in a model using only
the model response. Parameter estimation techniques can be non-intrusive and non-destructive
depending on whether the model response can be obtained non-intrusively and non-destructively.
The parameter estimation problem in this work can be stated as follows: Given only the voltage,
how can the material properties and model parameters of the lithium-ion cell model be estimated?
A signiﬁcant effort has been dedicated to solving the parameter estimation problem in Liþ
batteries. This literature review predominantly focuses on studies that perform the parameter
estimation ofﬂine. Schmidt et al. (2010) successfully identiﬁed 33 parameters in their
electrochemical model using a pattern search algorithm. They also used the Fisher information
to determine the identiﬁable parameters. Speltino et al. (2009) performed parameter identiﬁcation
in a single-particle-model (SPM) to identify nine parameters. Santhanagopalan et al. (2007) used
the Levenberg–Marquardt algorithm to identify ﬁve parameters in the Doyle–Fuller–Newman
(DFN) and the single-particle-model under constant charge and discharge conditions. Scharrer
et al. (2013) made use of a space-mapping parameter surrogate model to the DFN model to
successfully identify three parameters. Their work made use of a Morris-One-At-A-Time
sensitivity analysis to identify the three most sensitive parameters in the model.
Forman et al. (2012) performed parameter identiﬁcation of 88 parameters using a genetic
algorithm. To date, this is the latest attempt in estimating a signiﬁcant number of parameters
in the DFN model. Recently, Jin et al. (2018) also performed sensitivity analysis to identify the
ﬁve most sensitive parameters. They then used Levenberg–Marquardt algorithm to estimate
the values of these ﬁve parameters. A parallel genetic algorithm was used by Zhang et al.
(2013) to identify 29 parameters in the pseudo-two-dimensional DFN model. They reported a
computing time of 22.3 h to identify the 29 parameters. Uddin et al. (2016) estimated a total of
three parameters in the DFN model using the differential evolution algorithm.
Previous works have reported solution times ranging from 22 h up to three weeks. This
work drastically accelerates the parameter estimation of several parameters in the single
particle and Newman models. In the work of Forman et al. (2012) it was stated that the
parameter estimation took approximately three weeks.
In this work, the estimation of parameters in the DFN model took approximately 14 h.
This great speed-up is due to the sophisticated minimization algorithm used to perform the

parameter estimation. This work makes use of several minimization algorithms and
continuously switches between them to accelerate convergence and avoid local minima.
2. Electrochemical model
The dynamics of lithium-ion batteries is of a highly multi-physics nature. The physics of the
processes in Liþ cells are governed by strongly coupled, highly non-linear system of partial
differential equations.
This section presents the model used in parameter identiﬁcation.
Although simpliﬁcations can be made to the mathematical model of electrochemistry in the
Liþ battery, the simulation of such simpliﬁed processes is still computationally expensive. For
this reason, an efﬁcient implementation of the mathematical model is needed. Owing to the
nature of materials inside a cell several simplifying assumptions have been made, often applied
in the ﬁeld of battery modelling, to enable computational simulation of the electrical and
chemical processes inside a cell. One crucial assumption is made: all electrode particles are
spheres of radius Rs,i, where i [ {a, c} denotes the anode and cathode domain. This results in a
simpliﬁed one-dimensional diffusion equation, which implies uniform superﬁcial current and
constant isotropic diffusion inside. Thus, the entire equation system may be quickly solved in
contrast to full 3D-simulations, while accurately describing the insertion process.
Figure 1 shows the model domain schematically, including the layered structure of a cell,
as well as the sub-domains annotations.
The DFN model: Each electrode is represented by homogenously distributed
spherical particles as the limiting factor, connected via electrolyte. The model equation
system results in:
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where cs denotes the concentration of lithium inside the solid electrode, r is the spheres’
radial dimension and Ds is the solid diffusion coefﬁcient in electrode i, with Xs,i = (0, Rs,i).

Figure 1.
Schematic view of the
battery cell subdomains
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Owing to the homogenous distribution of the particles and the assumption of a small
dimension orthogonal to the layered structure, a single one-dimensional cut through the
electrolyte domain models the electrolyte geometry, i.e. X‘ = (0, L), Xa = (0, La) and Xc =
(L – Lc, L) (Figure 1).
The constant inner surface Ai = 3« s/Rs,i arises as the constant particle surface to particle
volume ratio, « ‘ and « s denote the active volume fraction in the liquid and solid phase,
respectively, tþ is the charge transfer constant and k (c‘) is the conductivity in the liquid
phase.
Taking into account all electrolyte and electrode quantities allows setting the particle
boundary condition to:


@cs;i
Ds;i ! ¼ jBV;i f ‘ ; f s ; UOCP ðcs Þ
on Cs;i
@n



c‘
aF 
jBV;i ¼ i0 ðcs Þ
exp
f s  f ‘  UOCP ðcs Þ
c‘;0
RT

!

ð1  aÞF 
f s  f ‘  UOCP ðcs Þ
;
 exp
RT

(2)

where f s denotes the electrode potential and UOCP(cs) is the open circuit potential of the
electrode at a given lithium concentration cs. The model of UOCP(cs) used in this work is
based on the Redlich–Kister expansion as introduced by Karthikeyan et al. (2008):
!


n
RT
1j
RT X
2 j kð1  j Þ
kþ1
^
;
ln
UOCP ð j Þ ¼ E 0 þ
Ak ð2 j  1Þ 
þ
(3)
F
j
F k¼0
ð2 j  1Þ1k
where j ¼ cs =ctotal is a measure for the lithiation state of an intercalation electrode. Using the
deﬁnition of UOCP( j ), Pichler (2018) derived the exchange current density on the basis of
activity functions derived from transition theory:
0
0
11
jðs
BF B
CC
i0 ð j s Þ :¼ kBV exp@
(4)
@ð j s  aÞUOCP ð j s Þ  UOCP ðxÞdxAA
RT
0

We assume constant behavior of the electronic quantities in the solid domain. This permits
us to state the conservation of electric charge and current as:

ð
FAe jBV;i dx ¼ Iapp

(5)

Xi

where Iapp is the applied current to the cell and Ae denotes the electrode cross section area.
In addition, we capture the effect of electrolyte losses by an ohmic resistance RI, such that
we may state the cell voltage ucell as the algebraic condition:
ucell ¼ Iapp RI þ h c þ h a ;

(6)

where the cell electrodes’ overpotentials h i = f s,i – f ‘ – UOCP(cs,i) are used to simplify the
notation.
Although most of this equation system is standard in literature, the ﬁnal form differs in
the liquid activity represented by cc‘;0‘ , that is only multiplied with one of the two exponential
branches, whereas in the literature it is most often multiplied with both. The presented
version arises from the distinction of the equilibrium activity a‘,0 and the non-equilibrium
activity a‘ that is probably neglected or missed in other works.
3. Experimental setup
The measured voltage data obtained through cycling a Panasonic NCR18650B commercial
cell is used in this work.
For long term behavior, the cell is ﬁrst charged at C/3 rate (C-rate = 3.35 A) until the
voltage reaches 4.113 V followed by a constant voltage charge at 4.113 V until the current
tapered down to 160 mA (C/20 rate), then discharged at C/3 rate until 3.498 V again
followed by a constant voltage discharge at 3.498 V for 40 min or until the current dropped
to 160 mA, respectively. This is repeated three times, afterwards two full capacity
estimation cycles according to the data sheet are executed: the cell is charged at C/2 rate
until 4.2 V, constant voltage charged at 4.2 V until the current dropped to C/50 rate and
discharged at 1 C rate until 2.5 V. The cell is then charged to 3.498 V again and discharged to
a speciﬁc SoC level for a total of seven cycles (85 per cent, 75 per cent, 65 per cent, 55
per cent, 45 per cent, 35 per cent and 25 per cent). At each level a set of current pulses are
applied such that the short term dynamic behavior of the cell is reﬂected as much as possible
in the voltage. The pulse sequence subsequently applies C/5, 1.25 C and 1.35 C pulses in charge
(þ) and discharge () direction for 10 s, followed by 15 min rest after each pulse. The pulse
sequence ends with a combined 5 s-pulse sequence of þC/5, þC/5, C/5, C/5, 1.35 C, þ1 C
with 5 s rest in-between and a discrete discharge/charge stair proﬁle of 0.2 C, 0.35 C, 0.5 C,
0.75 C, 1.25 C for 10 s per level.
Figure 2 shows the voltage and current measured throughout this time of roughly
2.5 days. All tests were carried out using an Arbin BT-2000 battery testing system and
Memmert incubator with Peltier cooling (model IPP600) for maintaining the temperature at
25°C by forced air cooling.
4. Parameter identiﬁcation
4.1 Framework
The traditional approach to solve the parameter identiﬁcation problem involves minimizing
the difference between the measured response and predicted response. If the cell voltage
curve obtained through experimental measurement is VE(t), where the time t varies between
the start of the curve at t = 0 and its end at t = T, and the cell voltage curve obtained by
solving the mathematical model for a given parameter set p is V(p ,t), then the correct
parameter set p can be estimated by solving the optimization problem given by:
Tð



p est ¼ arg min

p 2P

2
VE ðtÞ  V ðp ; tÞ dt:

(7)

0

The minimization algorithm subsequently updates the parameter set p to minimize the
error norm. It should be mentioned that each computation of that error norm requires the
solution of the mathematical model using the given parameter set p . In the case of an
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Figure 2.
The measured
voltage (top) and the
applied current
(bottom) used in
experimental study
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infeasible parameter set p inf, that will lead to an inadmissible system state (e.g. c‘(tcrash) # 0)
at some time tcrash, the simulation result V(p inf, t) will be set equal to zero for t  tcrash for
practical application of the integration in the range of (0, T ).
An algorithm that can efﬁciently minimize the error with a few model evaluations is very
appealing. This minimization algorithm must be robust and should be able to avoid local
minima. For this reason, a newly developed hybrid optimizer is used to solve the above
optimization problem.
4.2 Hybrid optimizer
Owing to the large computational time required to solve the mathematical model and
because of the non-linearity of the cost-function space, an efﬁcient and robust
minimization technique is needed. The minimization technique in this work is a single
objective hybrid optimizer (SOHO). The SOHO algorithm features three individual
algorithms. The three algorithms are the single objective variants of the NSGA-III (Deb
and Jain, 2014), NSDE-R (Reddy and Dulikravich, 2019) and MOEA-DD (Li et al., 2015).
It is well known from the no free lunch theorem that no single algorithm is superior over
another for an entire problem set. This means that the superiority of one algorithm over
another for a problem set is paid for by the loss of its superiority over another problem
set. This drives the need to couple several optimization algorithms to increase their
robustness over a larger set of problems.
The SOHO is initialized with one of the three previously stated algorithms. Each
algorithm operates till convergence. If stagnation is detected, an alternative algorithm is
selected randomly from the remaining two. This random selection of algorithm adds a
stochastic nature to search process and avoids user bias. All runs in this work were

initialized with the NSDE-R algorithm. Figure 3 shows the three algorithms and the
switching scheme. This hybridization allows SOHO to avoid local minima and increases the
convergence rate to the global minimum.
The NSGA-III uses simulated binary crossover (Deb and Agrawal, 1995) and polynomial
mutation (Deb, 2001) to perform the recombination. The parents to be mated are selected
randomly from the entire population set. The NSDE-R uses the “rand/1/bin” (Robic and
Filipic, 2005) mutation to perform the recombination where the parents to be mated are
randomly selected from population set of unique members. The MOEA-DD also uses the
same recombination operators as the NSGA-III algorithm but selects its parents randomly
from the N best members. More details on these algorithms may be found in Deb (2001).
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4.3 Parameter set
The DFN-model used in this work is deﬁned using 44 parameters. Table AI in the Appendix
shows the parameters to be identiﬁed for the model. The parameters to be estimated are: the
separator resistance, along with the particle radii, diffusion coefﬁcients, reaction rates and
active mass of both the cathode and the anode, electrode area, separator porosity and the
tortuosity of the cathode, anode and separator. A total of 15 terms (n = 15) in the Redlich–
Kister expansion are used to deﬁne the OCP curve for each the anode and the cathode. The
ﬁrst RK coefﬁcient for the anode is always set to zero because of linear dependency to a0, C.
Thus, the total number of RK coefﬁcients is 29 for both the anode and the cathode.
4.4 Problem setup
As previously mentioned, the parameter estimation problem is solved by minimizing the L2norm of the difference between the calculated and measured voltage curves. The calculated
curve is obtained by solving the mathematical model while the measured voltage curve is
obtained experimentally. It should be mentioned that the so-called “inverse crime” (Wirgin,
2004) is avoided in this work because the two voltage curves are obtained using different
methods and because of the inherent measurement errors present in the experimentally
obtained voltage curve.
The minimization is performed using the SOHO algorithm. The SOHO algorithm will
search for the parameters, within a user-speciﬁc bound, that best minimizes this L2-norm.
The lower and upper bounds for each of the parameters to be estimated in the model is given
in Table AI. It should be mentioned that the bounds on each variable are conservative and
larger than usual. This is to mimic the lack of prior knowledge about the parameters. The
initial values of each parameter were randomly selected using the SOBOL’s algorithm
(Sobol, 1967).
Owing to the large allowable range for most parameters, the optimization algorithm
should ﬁrst efﬁciently search a large parameter space but then must focus its search on a
smaller region where there is a greater chance of ﬁnding the global minimum.
In this respect, Forman et al. (2012) divided the optimization problem into a global
optimization run followed by local optimization run. Solving two separate optimization

NSDE-R

NSGA-III

MOEA-DD

Figure 3.
Algorithms and
switching between
the algorithms in the
SOHO suite
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problems greatly increases the computational cost and time. This work makes efﬁcient use
of the recombination operators to solve both optimization problems in a single run. The
crossover (Deb and Agrawal, 1995) and mutation distribution indices (Deb, 2001), h c and
h m, control the proximity of the new candidate solution to its parents. A higher value of
each index leads to a solution that is closer to its parents. The trade-off between global and
local search is controlled by adapting the distribution indices as a function of generations.
Each distribution index linearly increased from a value of 1 to 50 as function of generations.
This leads to a more global search at the beginning which then gradually becomes a local
search. The SOHO algorithm was run for a total of 1,000 generations, although in all cases,
the minimum was found in less than 500 generations.
The SOHO algorithm is parallelized in a master-slave arrangement. The master node
performs all optimization computation (recombination, selection, etc.) while each slave node
solves the mathematical model. A total of 100 parallel runs (i.e. 100 slave nodes) are used
throughout this work.
It should be mentioned that the solution of the DFN model was terminated if either the
time step became less than 106 or if the maximum allowable working time was exceeded.
The maximum allowable time was set as twice the average computing time. This greatly
reduces computing time as infeasible parameter combinations runs are not evaluated. These
termination criteria add additional degree of non-linearity and discontinuity to the cost
function space. It also adds several “ﬂat” regions where the gradient is zero. For this reason,
a gradient based method will ﬁnd it very difﬁcult to converge to the correct values of the
model parameters. The SOHO algorithm is not affected by any of these function space
modiﬁcations.
5. Results
Previous results show that a single particle model is able to accurately model the battery
response. For certain cases, e.g. very high currents, the single particle model may not be able
to accurately represent the Liþ cell dynamics and a more complete model, such as the DFNmodel, may be required.
The DFN model was deﬁned using a total of 44 parameters. Figure 4 shows the estimated
voltage and measured voltage using the 44 converged parameters.
It can be seen that the results of the DFN model are similar to those measured. The
charging and discharge peaks coincide well for the entire time range.
Figure 5a shows the convergence history for the DFN model estimation problem.
Here, the residual is seen to sharply decrease within the ﬁrst 10,000 evaluations. Figures 5b,
5c and 5d show error distributions at three different locations along the convergence history. It
4.4

Figure 4.
Measured and
estimated voltage
response obtained
using the converged
Newman model

Voltage (V)

3.9

3.4

2.9

Measured
Estimated
2.4
0

50,000

100,000

Time (s)

150,000

200,000

Lithium-ion
batteries

1541
Figure 5.
Parameter estimation
of the DFN model
showing (a) the
convergence history
of the SOHO
algorithm; (b) error
probability
distribution of Case 1;
(c) error probability
distribution of Case 2;
and (d) error
probability
distribution of Case 3

can be seen that even parameter sets in the early regions of the convergence history (Case 1)
have majority of the errors within 1 per cent, with a signiﬁcant number of them centered close
to zero. In the Case 3, a large fraction of the errors is within 0.25 per cent.
Detailed Results may be found in the Appendix. The error statistic and the convergence
information of the three selected cases of the DFN model are shown in Table AII. Even
though the computing time of the DFN-model is of considerable magnitude, the SOHO
algorithm is able to estimate the parameters shown in Table AIII in the DFN model in less
than one day.This is a signiﬁcant improvement in convergence time over the previous
studies, which took approximately three weeks to obtain converged results. It should be
mentioned that the computing time for the Newman model used in Forman et al. (2012), i.e.
63 s, is similar to the DFN model used in this work (30 s on average).
6. Conclusion
This work efﬁciently solves the parameter identiﬁcation problem to match the voltage obtained
using the Doyle–Fuller–Newman model and from experimental measurements. A total of 44
parameters are used to deﬁne the DFN model. The minimization of the error between computed
and measured voltage was performed using an efﬁcient single objective hybrid optimizer. The
parameters of the DFN model were identiﬁed within one day. After identiﬁcation, the model
had a mean absolute error and root mean squared difference below 10 mV.
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Variable descriptor

Symbol

Electrode area
Cathode tortuosity
Anode tortuosity
Separator tortuosity
Separator porosity
Separator resistance
Anode initial SoC
Cathode particle radius
Anode particle radius
Cathode diffusion coefﬁcient
Anode diffusion coefﬁcient
Cathode reaction rate
Anode reaction rate
Cathode active mass
Anode active mass
Cathode kth RK coefﬁcients
Anode kth RK coefﬁcients

AE
tC
tA
tS
«s
RI
j a,0
rC
rA
DC
DA
kC
kA
mC
mA
Ak, C
Ak, A

Evaluations to convergence
Approximate time to convergence (s)
Mean absolute error (mV))
Relative to measurement (%
Root mean squared difference (mV)
Normalized to measurement mean (%)

Min

Max

0
0
0
0
0
0
0
1.0E-8
1.0E-8
0
0
20
20
0
0
8
8

2
1
1
1
1
1
1
1.0E-5
1.0E-5
1
1
100
100
0.051
0.033
8
8

Case 1

Case 2

8,700
5,455
18.91
0.492
24.49
0.58

21,100
13,330
15.82
0.326
10.95
0.399
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Table AI.
Parameters and
admissible ranges in
the DFN model

Case 3
83,500
52,354
6.47
Table AII.
0.276
7.16 Error statistics of the
three selected cases
0.331
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Variable descriptor

Symbol

Electrode area
Cathode tortuosity
Anode tortuosity
Separator tortuosity
Separator porosity
Separator resistance
Anode initial SoC
Cathode particle radius
Anode particle radius
Cathode diffusion coefﬁcient
Anode diffusion coefﬁcient
Cathode reaction rate
Anode reaction rate
Cathode active mass
Anode active mass
Cathode Redlich–Kister coefﬁcients

AE
tC
tA
tS
«s
RI
j a,0
rC
rA
DC
DA
kC
kA
mC
mA
A1, C
A2, C
A3, C
A4, C
A5, C
A6, C
A7, C
A8, C
A9, C
A10, C
A11, C
A12, C
A13, C
A14, C
A15, C
A1, A
A2, A
A3, A
A4, A
A5, A
A6, A
A7, A
A8, A
A9, A
A10, A
A11, A
A12, A
A13, A
A14, A

Anode Redlich–Kister coefﬁcients

Table AIII.
Converged values of
the parameters in the
Newman model
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Value
1.87
8.29E-3
5.86E-1
3.20E-1
9.69E-1
4.68E-2
7.17E-1
2.36E-6
4.30E-6
9.98E-4
5.00E-5
2.10
9.25
5.09E-2
3.26E-2
3.77
2.9E-1
3.50
4.35E-1
4.24
3.64
3.41
2.46
4.59
1.33
1.43
4.59
1.9E-2
2.54
4.94
4.85
2.76
4.24
7.35E-1
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4.30
3.89
6.45E-1
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2.50E-1
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5.86E-1
8.20E-1
4.98
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Abstract
Purpose – The paper presents a new variant of the H-U ﬁeld formulation for solving 3-D magnetostatic and
frequency domain eddy current problems. The suggested formulation uses the vector and scalar tetrahedral
elements within conducting and non-conducting domains, respectively. The presented numerical method is
capable of solving multiply connected regions and eliminates the need for computing the source current
density and the source magnetic ﬁeld before the actual magnetostatic and eddy current simulations. The
obtained magnetostatic results are veriﬁed by comparison against the corresponding results of the standard
stationary current distribution analysis combined with the Biot-Savart integration. The accuracy of the eddy
current results is demonstrated by comparison against the classical A-A-f approach in frequency domain.
Design/methodology/approach – The theory and implementation of the new H-U magnetostatic and
eddy current solver is presented in detail. The method delivers reliable results without the need to compute
the source current density and source magnetic ﬁeld before the actual simulation.
Findings – The proposed H-U produce radically smaller and considerably better conditioned equation
systems than the alternative A-A approach, which usually requires the unphysical regularization in terms of a
low electric conductivity value within the nonconductive domain.
Originality/value – The presented numerical method is capable of solving multiply connected regions and
eliminates the need for computing the source current density and the source magnetic ﬁeld before the actual
magnetostatic and eddy current simulations.
Keywords Magnetostatic analysis, Eddy current analysis, H-U ﬁeld formulation,
Multiply connected regions
Paper type Research paper

1. Introduction
Already in the 70s, two major approaches for magnetostatics and eddy currents were
identiﬁed, namely, the A-A and T-X method (Carpenter, 1977). The A-A approach makes
use of the magnetic vector potential (A) in both electrically non-conducting (Xn) and
conducting domains (Xc). The T-X method uses the electric vector potential (T) in
conductive domains and the scalar magnetic potential (X) everywhere (Biro et al., 1990).
The vector A-A approach directly solves multiply connected domains, generates
considerably more unknowns than T-X in non-conductive domains and produces an extremely
ill-conditioned system matrix arising from the curl-curl operator. On the other hand, the T-X
approach is not suited for multiply connected non-conductive domains, as the magnetic scalar
potential cannot describe a rotational magnetic ﬁeld (Carpenter, 1977; Biro et al., 1990). The A-A
approach requires a distribution of the source current (Js) for the right-hand side (RHS) of the
equation system. Similarly, for the RHS of the T-X approach, the source magnetic ﬁeld (Hs)
distribution everywhere in the model is required (Carpenter, 1977; Biro et al., 1990).
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As an alternative to the T-X method, the H-U formulation was suggested (Mayergoyz,
1983). Working with the H-ﬁeld in conductors and the magnetic scalar potential (U) in nonconductors, this method requires also the Hs-ﬁeld and has difﬁculties with multiply
connected domains.
The work (Webb and Forghani, 1989) extends the T-X method by introducing a simple
construction of the Hs ﬁeld in such a way that it satisﬁes Ampere’s Law around every closed
contour within the computational domain. Furthermore, the same authors compare the T-X
and H-U methods in (Webb and Forghani, 1993) stating that the T-X approach preserves
better conditioning of the linear equation system at lower frequencies down to direct current.
This paper presents a new variant of the H-U that does not require a computation of the
Js- and Hs-ﬁeld prior to the actual simulation. The suggested approach provides wellconditioned systems in the low-frequency limit.
The rest of the paper is organized as follows. Section 2 presents the theoretical basis and
ﬁnite element method (FEM) discretization of the suggested magnetostatic H-U method.
Section 3 contains the theory and FEM treatment of the proposed eddy current H-U
approach. Section 4 demonstrates the obtained results and their veriﬁcation by comparison
against the corresponding results of the other existing well-established numerical methods.
Section 5 concludes the paper.

2. Magnetostatic H-U solver
To present in detail the theory of the suggested method a 3-D example with a 90° conductor
bend presented in Figure 1 is deﬁned. This example is a simple 3-D problem that contains all
problematic features of a multiply connected magnetostatic problem. A hole carefully placed
at the corner of the conductor (Figure 1a) makes both the conductor and the surrounding airbox multiply connected.
The hole at the corner of the conductor has an additional important role, namely, the
division of the source current I1 = I2 into two unequal components I36¼I4 (I1=I3þI4). The
source current I1 is known, and the currents I3 and I4 are unknown and can be only obtained
as a result of a 3-D simulation.
One of the goals of the suggested H-U method is to obtain the currents I3 and I4 from the
computed magnetic ﬁeld without performing the 3-D current distribution analysis.
The suggested H-U solver operates with the magnetic ﬁeld vector (Hc) within the
electrically conductive domain Xc and utilizes the magnetic scalar potential (U) in the nonconductive domain Xn. As a consequence of this selection of the unknown functions, the
following set of equations can be written:
!
!
r  H c ¼ J s ; in Xc
(1)
!
r  J s ¼ 0; in Xc

(2)



!
!
n  r  H c ¼ 0; over @N Xc

(3)

!
!
n  H c ¼ 0; over @D Xc

(4)

!
H n ¼ rU; in Xn

(5)
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Figure 1.
A simple 90°
conductor bend with
a hole Xc (a) is
considered
(I1 = 200A, DC). The
non-conductive
domain Xn (b) is
multiply connected.
Important modeling
and simulation
details are presented
(c). More details can
be found in the text
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@U
¼ 0; over @N Xn
@n

(6)

U ¼ I=2; over @D1 Xn

(7)

U ¼ 0; over @D2 Xn

(8)

U ¼ Uf ; over @D3 Xn

(9)

Equations (1) to (9) follow the notation of the domains and boundaries presented in Figure 1.
The vector Js represents the source current density that is an unknown function before the
simulation. Equation (1) is the well-known Ampére’s law, and Equation (2) indicates the
potential character of the source current density.
The inlet and the outlet surface have no tangential component of the current Js,
which is stated by the Neumann boundary condition (BC) in the form of Equation (3).
The magnetic ﬁeld of the conductor has no tangential component over the conductor’s
horizontal symmetry plane as given by the Dirichlet BC in the form of Equation (4).
The outer surfaces of the surrounding air-box that do not belong to the symmetry plane
have no normal component of the magnetic ﬁeld (the so-called Flux Parallel BC), which is
expressed by the Neumann BC (6).
Over the symmetry plane of the domain Xn, three different boundaries are deﬁned and
three different Dirichlet BCs, (7) to (9), are associated with them. The reason for it is clariﬁed
in Figure 1a with the depicted integration curves C1, C2, C3 and C4. According to the
Ampére’s law in its integral form and according to Equation (5), the following can be written:
I1
¼
2

Pð2

!
!
Hn d l ¼ 

P1
ðC1 Þ

I4
¼
2

Pð8

P7
ðC4 Þ

Pð2

!
rU  d l ¼ U1  U2

(10)

!
rU  d l ¼ Uf  U2

(11)

P1
ðC1 Þ

!
!
Hn d l ¼ 

Pð8

P7
ðC4 Þ

where U1 is the potential value at the position P1, U2 is the potential value at the position P2
and Uf is the potential value at the position P7. The integrals (10) and (11) do not change their
values if we move the point P1 over the boundary @ D1Xn, or if we move the point P2 over the
boundary @ D2Xn, or ﬁnally, if we move the point P7 over the boundary @ D3Xn. This explains
the Dirichlet BCs given by Equations (7) to (9).
It is important to notice that the value Uf is considered to be the unknown ﬂoating potential
over the surface that will be obtained within the suggested H-U solver. The method to obtain
this value is one of the original scientiﬁc contributions of this paper.
It is worth mentioning that the generality of this paper is not reduced by deﬁning the
symmetry. For a complete model without symmetry plane, everything would work in the
same way, but the boundaries @ D1Xn and @ D2Xn would overlap, and the potential U would
become multivalued over this plane, as described in (Vérité, 1987).

Equations (1) to (9) are a basis for obtaining the following boundary value problem (BVP)
of the proposed H-U solver


!
r  r  H c ¼ 0; in Xc
(12)


!
!
n  r  H c ¼ 0; over @N Xc

(13)

!
!
n  H c ¼ 0; over @D Xc

(14)

!
!
n  rU; over @cn Xc
n  H c ¼ !

(15)

rð m n rUÞ ¼ 0; in Xn

(16)

@U
¼ 0; over @N Xn
@n

(17)

U ¼ I=2; over @D1 Xn

(18)

U ¼ 0; over @D2 Xn

(19)

U ¼ Uf ; over @D3 Xn

(20)

mn

!
@U
¼ m c!
n  H c ; over @cn Xn
@n

(21)

Equation (12) is obtained by applying the curl-operator to Equation (1). Equation (16) is
obtained by performing the divergence operator over Equation (5) and by using the source
free character of the B-ﬁeld.
Equation (15) represents the continuity of the tangential magnetic ﬁeld over the
boundary @ cnXc between the conductor and non-conductor, and Equation (21) enforces the
continuity of the normal magnetic ﬂux density over the boundary @ cnXn.
Considering the ﬂoating potential Uf to be unknown, the BVP (12)-(21) is not uniquely
deﬁned due to Equation (20). To make sure that the BVP has a unique solution, an additional
equation is required. The following additional equation can be written for the contour Cc
depicted in Figure 1c (left)
þ 

!
!
1
r  H c  dl ¼ 0
(22)
s
ðCc Þ

Where, s is the speciﬁc electric conductivity of the material.
Equation (22) is an integral form of Equation (2), describing the potential character of the
source current. Together with Equation (22) the BVP (12)-(22) is then uniquely deﬁned.

H-U ﬁeld
formulation

1549

COMPEL
38,5

1550

For solving the BVP (12)-(22), the standard vector and scalar FEM approaches (Smajic,
2016; Jin, 2014) are applied in Xc and Xn, respectively. The Equation (22) can be
implemented into the standard FEM scheme by using the well-known technique of
Lagrange Multipliers (Babuska, 1973).
The weak form of the BVP (12)-(22) is obtained by using the variational approach (Jin,
2014), Equation (22) is implemented by using the method of Lagrange Multipliers, and the
Dirichlet BCs are explicitly enforced. This process results in the following:
Nc

edges
X

j¼1

8
2 ððð
 
 39
>
> X
!
!
=
r

N
Hcj <

r

N
i
j dV 5
4
>
>
;
: i; j 2e Xe ðXec Þ
Nc

þ

edges
X

j¼1

þl

8
>
Hcj <
>
:

e
i; j 2 Decn ^ Dfcn 2 Xe

ð

X

h

i 9
>
! !
!
N i  n c  r  N j dS=
>
;
ðDfcn Þ

ðð

X


!
!
r  N i  dl ¼ 0

(23)

e
L
i 2 Xe ^ Li 2 Cc i

n
Nnodes

X
j¼1

9
8
X ððð
>
>
e
<
Uj
m nr rNi  rNj dV =
e
e
>
>
e ðX Þ
;
:
i; j 2 Xn

n

8
>

Hcj <
j¼1
>
:
c
Nedges

X

X
j

Hcj

e

e
i; j 2 Dfcn ^ Dfcn 2 Xe

X

9
! >
!
Ni m cr n c  N j dS= ¼ 0
>
;
ðDfcn Þ

ðð

X

ð


!
!
r  N j  dl ¼ 0

(24)

(25)

e
Le
j 2 Xe ^ Lei 2 Cc i

c
n
where Nedges
is the number of edges of the domain Xc, Nnodes
is the number
of nodes of the
!
domain Xn, Ni is the scalar shape function associated to the node i, N i is the vector shape
function associated with the edge i, Xe is a tetrahedral element, Dfcn is the fth (f = 1,2,3,4)
triangular face of the tetrahedron Xe belonging to the interface @ cnX, and l is the Lagrange
multiplier.
Equations (23)-(25) can be written in the following compact matrix form:
9 8 9
2
38
> bc >
Hecc >
Að1Þ þ Að2Þ B Lð1Þ >
>
>
= >
=
<
< >
6
7
n
n
6
7
¼
(26)
U
b
C
D
0
4
5>
>
>
>
>
>
>
>
;
;
:
:
ð1ÞT
l
0
L
0
0

Equation (26) represents a large sparse system of equations with the number of unknowns
equal to the sum of the number of edges of the conductor and number of nodes of the
nonconductor. The individual matrix entries of the submatrices of the equation system (26)
have the following form:
 

X ððð
!
!
r  N i  r  N j dV

ð Þ

Aij1 ¼

e
i; j 2 Xec

ð Þ
Aij2

¼

Bij ¼

ðXec Þ

ðð

X
e
i; j 2 Decn ^ Dfcn 2 Xe

8
< 1=l

i

j ¼ n1

: þ1=l

i

j ¼ n2

(27)

h

i
! !
!
N i  n c  r  N j dS

(28)

ð Þ
Dfcn

ðedge iÞ
ðedge iÞ

;

Kii ¼ 1; Kij ¼ 0; j ¼ 1; 2; . . . ; Nequations

bci ¼ 0
X ððð

Dij ¼

e
i; j 2 Xen

i; j 2

Decn

(30)

m nr rNi  rNj dV

ðð

e
^ Dfcn 2 Xe

!
Ni m cr !
n c  N j dS

ð Þ

X

(32)

ð Þ
Dfcn

bni ¼ 0
Li;11 ¼

(31)

ðXen Þ

X

Cij ¼ 

(29)

ð

(33)

!
!
r Nj d l

(34)

e
Le
j 2 Xe ^ Lei 2 Cc i

The submatrix B, given by Equation (29) and visible in Equation (26), is not directly visible in
Equation (23). This is so due to the fact that in Equation (23) the tangential continuity condition
(15) is not taken into account. This is subsequently done by using the following equation:
e

e

!
@U U1j  U2j
!
e j  Hc ¼ 
¼
@ej
lj

(35)

This is a very simple enforcement of Equation (15) and thus explains the form of
Equation (29).
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The proposed H-U magnetostatic solver is implemented according to Equations (26)-(34).
For the magnetostatic problem shown in Figure 1, the solver has yielded the linear equation
system with the matrix structure presented in Figure 2.
The matrix structure of the proposed H-U magnetostatic solver reveals several important
features of the method. The coupling terms B and C visible in Equation (26) contain nonzero
entries that are positioned in the complete matrix from Figure 2 very far from the diagonal.
Thus, the renumbering schemes working with the mesh topology cannot reduce the matrix
bandwidth. Consequently, an application of a direct matrix solver would not be possible as
the ﬁll-in effect would be enormous. The direct solver cannot also be used, as the last
equation belonging to the Lagrange multiplier has the zero diagonal entry. The system of
equations presented in Figure 2 can be, however, efﬁciently solved by using the well-known
generalized minimum residual (GMRES) iterative solver combined with the diagonal
preconditioner (Golub and Van Loan, 1996). This is presented in Section 4.
The Dirichlet conditions (14) and (18) to (20) are explicitly enforced in the equation
system presented in Figure 2 by setting the off-diagonal matrix entries of those equations to
zero, the diagonal entry to one and the right-hand-side entry to the given potential value.
The matrix entries belonging to the enforcement of the ﬂoating potential condition (20) are
marked with the green ellipse in Figure 2. The red ellipses in Figure 2 show the matrix
entries produced by the Lagrange multiplier technique.
3. Eddy currents H-U solver
The proposed eddy current H-U solver is very similar to the magnetostatic solver presented
in detail in the previous section. In this section, the eddy current solver (EC-solver) will be
presented mainly by highlighting its differences to the magnetostatic solver (MS-solver).
The boundary conditions (3), (4), and (6)to (9) and the interface conditions (15) and (21) of
the MS-solver are used in the same form within the EC-solver. The partial differential
equation (PDE) of the nonconductor domain (16) remains also the same. The ﬁrst important
differences are visible in Equations (1) and (2) of the conductive domain due to the induced
eddy currents:

Figure 2.
The obtained FEM
matrix of the
implemented H-U
magnetostatic solver
is shown. The
structure of the
matrix from Equation
(26) can be recognized

!
!
J c ¼ s E c ; in Xc
!
!
1
r  H c ¼ E c ; in Xc
s
!
!
r  E c ¼ jv m H c ; in Xc

(36)
(1)
(2)

where Jc is the total current density in the conductor, s is the electric conductivity of the
material, Ec is the electric ﬁeld in the conductor, v is the angular frequency of the source,
and j is the imaginary unit.
Equation (36) represents the Ohmic law, Equation (1’) is the Ampére law written over the
electric ﬁeld, and Equation (2’) is the Faraday low of electric induction written in frequency
domain.
By applying the curl-operator over Equation (1’) and by replacing the curl of the Ec-ﬁeld
according to Equation (2’) with the Hc-ﬁeld, the PDE of the conductor domain is obtained
including eddy current effects:


!
!
1
1
r
r  H c þ m r H c ¼ 0; in Xc
(12)
s
jv m 0
where m 0 = 4p 10-7TM/A is the magnetic permeability of air, and m r is the relative magnetic
permeability of the material.
In addition to the PDE (12’), the induced eddy currents change also the condition (22) for
making the BVP uniquely deﬁned:
þ 
ðð

!
!
!
!
1
1
r  H c  dl ¼ 
m nr H n  d S
(22)
jv m 0
s
ðCc Þ

ð@D3 Xn Þ

Thus, the uniquely deﬁned BVP of the eddy current problem given by equations (12’),
(13)-(21), and (22’). To implement the additional condition (22’) the method of Lagrange
multiplier is used again.
The FEM discretization described in Section 2 yielded in this eddy current case the
following equation system:
9 8 9
2
38
c >
> bc >
H
Að1Þ þ Að2Þ þ Að3Þ
B
Lð1Þ >
>
>
ec
<
= >
< >
=
6
7
n
ð2Þ 7
6
¼
U
bn
(26)
C
D
L 5
4
>
>
>
>
>
>
>
>
:
;
:
;
ð1ÞT
ð2ÞT
l
0
L
L
0
The matrix entries not previously appearing in (26) have the following form:
X ððð ! !
ð Þ
Aij3 ¼
m rc N i  N j dV
e
i; j 2 Xe
ð Þ
Li;12

¼

X

(37)

ðXec Þ

ðð

e
De
i 2 Xe ^ Dek 2 Xe ^ Dek 2 @D3 Xn k

m rn rNi  !
n dS
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It is important to notice that the submatrices A(1) and A(2) given by Equations (27) and (28)
must be in the EC-solver divided by the factor jv m 0.
The eddy current solver implemented according to (26’) has yielded for the example
shown in Figure 1 the matrix presented in Figure 3.
The new eddy current speciﬁc matrix entries produced by the additional term in
Equation (22’) are marked by two brown ellipses. The new matrix entries due to the
submatrix (37) are not additionally visible in Figure 3 compared to Figure 2, as they merge
with the submatrices given by Equations (27) and (28).
Due to the similar matrix structure of the EC-solver, the GMRES iterative equation solver
with the diagonal preconditioner is used also here.
4. Numerical results
4.1. Magnetostatic case
To have a reference for evaluating the accuracy of the obtained results the static case
presented in Figure 1 was solved by using a self-developed 3-D stationary current
distribution solver based on the well-known electric scalar potential approach (Smajic, 2016).
Only the conductor volume shown in Figure 1a was considered. After an extensive
convergence study the following highly accurate results are obtained
I3 ¼ 129:80A; I4 ¼ 69:80A

(39)

Pc ¼ 1:008 W

(40)

The results are obtained for the given current I1 = I2 = 200A and the material of the
conductor s = 3.5·107 S/m. After the current density has been accurately computed, the

Figure 3.
The obtained FEM
matrix of the
implemented H-U
eddy current solver is
shown. The structure
of the matrix from
Equation (26’) can be
recognized

well-known Biot-Savart integration was performed to compute the magnetic ﬁeld. The
obtained results are presented in Figure 4.
To verify the validity of the proposed H-U magnetostatic ﬁeld formulation and to conﬁrm
the accuracy of the obtained results a convergence study with different element sizes of the
mesh was performed. The results of the convergence study are presented in Figure 5.
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Figure 4.
The highly accurate
reference results of
the stationary current
distribution (a) and
Biot-Savart
integration (b) are
presented. These
results are used for
evaluating the
accuracy of the
proposed H-U
magnetostatic solver
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Figure 5.
The results of the
convergence study of
the proposed H-U
magnetostatic solver
are presented. The
currents I3, I4, and
their sum (a), the
convergence of the
GMRES solver with
Diagonal
Preconditioning (b),
the U-ﬁeld (c), and the
J-ﬁeld (d) are depicted
(for the smallest
element size of 1 mm).
More details are in
the text

As visible in Figure 5a, the accuracy of the obtained results is steadily improving as the
element size of the mesh decreases. This trend clearly show both curves the sum of currents
I3 þ I4 (Figure 5a, top) and the Ohmic losses (Figure 5a, bottom) converging smoothly to the
reference solution of the previously mentioned current distribution analysis (depicted as
horizontal dot-dash lines). It is interesting to notice that the current components I3 and I4
have a non-smooth convergence to the reference results.
Figure 5b shows a behavior of the GMRES iterative equation solver with the
diagonal preconditioner. For the ﬁnest mesh (1 mm element size) the number of degrees
of freedom (DOFs) reaches half a million, which is a considerable size of a liner equation
system. The GMRES solver ﬁnds a solution within 636 iteration with the relative

residual below 107. This shows that the suggested generates well-conditioned linear
systems.
The proposed H-U magnetostatic solver with the linear tetrahedron size of 1 mm in the
conductor has yielded the following results (Figure 5c and 5d):
I3 ¼ 132:90A; I4 ¼ 66:65A

(41)

Pc ¼ 1:011 W

(42)

The comparison of (39) and (40) against (41) and (42) reveals the error of the current
computation of less than 4.5 per cent and the error of the loss computation of 3 per cent.
Considering that these results are highly localized values mainly conﬁned in the conductor
bend around the hole, the obtained accuracy is very good.
The current density presented in Figure 5d is obtained as a post-processing result after
!
computing the magnetic ﬁeld, namely, as r  H . A comparison of Figure 4a and Fig 5d
reveals an excellent accuracy of the proposed H-U magnetostatic solver.
The magnetic ﬁeld computed by the proposed H-U magnetostatic solver shown in
Figure 6 is very similar to the result of the Biot-Savart integration presented in
Figure 4b. Only at the interface between the conductor and the nonconductor in the
middle of the bend are visible slight differences of the magnetic ﬁelds, which are
attributed to completely different computational schemes (the Biot-Savart integration
computes the nodal values directly and the FEM averages the elemental vector ﬁeld
values to its nodes for visualization purposes).
4.2 Eddy current case
Similar to the MS-solver a convergence study of the proposed EC-solver was performed. The
convergence results are presented in Figure 7.
The frequency of the source was set to 200 Hz to have more pronounced skin and
proximity effect. The solver remains stable, however, if the frequency is reduced to 50 Hz. A
detailed convergence study of the solver with respect to the source frequency will be
published in the next paper.
Figure 7a shows a smooth convergence of the current absolute values and the conductor
losses. The dot-dash lines represent the results of the classical A-A eddy current solver with
the element size of 1 mm. The agreement of the obtained results is very good.
The convergence of the GMRES solver with Diagonal Preconditioner presented in
Figure 7b has been obtained by setting the relative residual limit to 107. The convergence
of the GMRES solver proves that our matrices are well-conditioned.
The number of unknowns of the obtained equation system as a comparison between the
proposed H-U solver and the classical A-A solver reveals the second beneﬁt, i.e. a
considerably smaller size of the equation system.
The obtained most accurate numerical results of the proposed EC-solver [the element size
1 mm, 490’000 degrees of freedom (DOFs)] look as follows.
jI3 j ¼ 140:7A; jI4 j ¼ 58:85A; PL ¼ 1:175W

(43)

The corresponding solution of the A-A eddy current solver with the same mesh (1’051’000
DOFs) is:
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Figure 6.
The results of the HU magnetostatic
solver are presented.
The magnetic ﬁeld in
the conductor Hc (a)
and in the air
surrounding the
conductor Hn (b) are
depicted
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Figure 7.
The convergence
study results of the HU eddy current solver
are presented. The
absolute value of
the currents and the
conductor losses (a),
the convergence of
the GMRES solver (b)
and the number of
unknowns of the
linear system are
depicted. More details
can be found in the
text

jI3 j ¼ 137:70A; jI4 j ¼ 62:46A; PL ¼ 1:149W

(44)

The differences between (43) and (44) reach 5.8 per cent and 2.3 per cent for the current and
conductor losses, respectively. This small disagreement is attributed to the regularization of
the A-A solver, namely, the need to add a small electric conductivity to the air (10 S/m is
used).
Considering the presented results of the proposed EC-solver in Figure 7 and
Equation (43), (44), it is possible to conclude that the EC solver delivers reliable results.
It is worth mentioning that the values (43) are considerably different from the values of
the static simulation (41), which is attributed to the eddy current ﬂowing around the hole in
the conductor. The eddy currents effects are also visible in the current density plot presented
in Figure 8.
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Figure 8.
The obtained current
density of the
proposed H-U eddy
current solver is
presented. The
inﬂuence of eddy
currents (skin and
proximity effect) is
evident in
comparison to the
static solution shown
in Figure 5 (b)

The most accurate solution of the EC-solver (the element size 1 mm) was computed by using
the iterative GMRES solver with the diagonal preconditioner. The equation system has had
490’000 degrees of freedom and GMRES has converged after 790 iteration. The predeﬁned
accuracy of the GMRES solver was set to the value of 107 (the norm of the relative error).
5. Conclusions
The theory and implementation of the new H-U magnetostatic and eddy current solver is
presented in detail. The method delivers reliable results without the need to compute the
source current density and source magnetic ﬁeld before the actual simulation.
The ﬁeld in the multiply connected nonconductive domain was accurately computed by
introducing the multivalued magnetic scalar potential and by applying the method of Lagrange
multipliers for enforcing the regularization integrals around the hole within the conductor.
The obtained system of linear equations are well-conditioned, as the GMRES solver with
a simple diagonal preconditioning converges within 800 iterations even in case if the size of
the equation system reaches a half million unknowns.
The proposed H-U produce radically smaller and considerably better conditioned equation
systems than the alternative A-A approach that usually requires the unphysical regularization
in terms of a low electric conductivity value within the nonconductive domain.
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Abstract
Purpose – The purpose of this paper is to examine a solution strategy for coupled nonlinear magneticthermal problems and apply it to the heating process of a thin moving steel sheet. Performing efﬁcient
numerical simulations of induction heating processes becomes ever more important because of faster
production development cycles, where the quasi steady-state solution of the problem plays a pivotal
role.
Design/methodology/approach – To avoid time-consuming transient simulations, the eddy
current problem is transformed into frequency domain and a harmonic balancing scheme is used to
take into account the nonlinear BH-curve. The thermal problem is solved in steady-state domain,
which is carried out by including a convective term to model the stationary heat transport due to the
sheet velocity.
Findings – The presented solution strategy is compared to a classical nonlinear transient reference
solution of the eddy current problem and shows good convergence, even for a small number of
considered harmonics.
Originality/value – Numerical simulations of induction heating processes are necessary to fully
understand certain phenomena, e.g. local overheating of areas in thin structures. With the presented approach
it is possible to perform large 3D simulations without excessive computational resources by exploiting certain
properties of the multiharmonic solution of the eddy current problem. Together with the use of
nonconforming interfaces, the overall computational complexity of the problem can be decreased
signiﬁcantly.

Keywords Induction heating, Multiphysics, Finite element method, Coupled systems,
Computational electromagnetics, Magnetic nonlinearity
Paper type Research paper

1. Introduction
Depending on the actual heating application and the thickness of the sheet, excitation
frequencies of up to 100 kHz are necessary. This results in large timescale differences between
the magnetic O(Dtmagnetic) ! 106 s and the thermal ﬁeld O(Dtheat) ! 1 s, which makes a
transient analysis not feasible. There are attempts to circumvent this issue, e.g. in Kaufmann
et al. (2014), where the thermal heat conduction problem is only solved every N-th time step or
by using an effective material in a harmonic simulation, e.g. in Paoli et al. (1998). Another
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interesting approach, using the fact, that the solution is time periodic, is presented in Biro and
Preis (2006). In our approach, we use a multiharmonic ansatz to transform the nonlinear
problem into frequency domain and a harmonic balancing scheme to incorporate the nonlinear
commutation curve. The resulting system is solved with a nested iteration strategy [see
Bachinger et al. (2002)], including an adapted algebraic multigrid (AMG) preconditioner, based
on the auxiliary mesh ansatz, proposed in Reitzinger (2002).
To incorporate a moving sheet, we use the convection diffusion equation, which is the
classical heat conduction partial differential equation (PDE), augmented by a convective term and
solved in steady state, which further improves the computational performance of the method.
2. Deﬁnition of the coupled problem
For the electromagnetic part, we solve the eddy current problem:
r   ðjjr  AjjÞ r  A ¼ J i  g ðT Þ

@A
;
@t

(1)

for the magnetic vector potential A, where v (jjr  Ajj) represents the solution dependent
reluctivity, based on the commutation curve, Ji the impressed current density and g (T) the
electric conductivity, which is assumed isotropic and constant, to focus on the
multiharmonic approach. To obtain the temperature distribution in the moving sheet, we
have to solve the nonlinear convective heat PDE:




@ r cðT ÞT
_
þ r  r cðT ÞTu ¼ r  ðl ðT ÞrT Þ þ Q;
(2)
@t
where r is the density, c(T) the temperature dependent speciﬁc heat capacity, l (T) the
thermal conduction coefﬁcient, u the velocity of the sheet and Q_ the heat source density,
based on Joule losses resulting from eddy currents (no hysteretic losses are considered).
These losses are deﬁned as:
Q_ ¼ J  E;
(3)
with E as the electric ﬁeld intensity. This (total) electric ﬁeld intensity can then be given as
the sum of any irrational part Ei, included in the impressed current density later on and a
solenoidal part Es. Now the constitutive relation J = g (E þ u  B) can be rewritten as:
J ¼ J i þ g ðE s þ u  B Þ;

(4)

with Ji as the impressed current density because of a given electric potential difference
(current- or voltage-loaded coil). With this relation, (3) simpliﬁes to:
Q_  ðJ i þ g E s Þ  E s :
(5)
This is valid because Es  u  B for slowly moving sheets. From the deﬁnition of the
magnetic vector potential (B = r  A) and Faraday’s law, we can state for the solenoidal
part of the electric ﬁeld intensity:
Es ¼ 

@A
:
@t

(6)

Using this in (5), results in the ﬁnal form:
@A @A
@A
Q_ ¼ g

 Ji 
:
@t @t
@t

(7)
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3. Multiharmonic ansatz
Because we are not interested in transient effects of the magnetic ﬁeld, we transform the
nonlinear eddy current problem (1) into frequency domain, using a multiharmonic Ansatz
for A, v (jjr  Ajj) and Ji of the form:
0
1
N
N
X
X
jk
v
t
(8)
f ðx; tÞ ¼ <@
f^k ðx Þ  e A ¼
f^k ðx Þ  ejkv t ;
k¼0

k¼N

where a generic quantity f is used as a template for the above mentioned quantities.
Inserting this ansatz into (1), results in:
r

M
X
m¼M

^ m ðx Þejmv t r 

N
X
k¼N

^ k ðx Þejkv t ¼
A

N
X
k¼N

J^ i ðx Þejkv t  jv g

N
X

^ k ðx Þejkv t ;
kA

k¼N

(9)
where M # N. With this additional expansion number, we obtain the possibility to expand the
^ k and the reluctivity ^ m into different Fourier series with different truncations. This
solution A
could be beneﬁcial when considering a large number of harmonics N for the solution quantity
but reducing the size of the global system by choosing a small M, which results in less offdiagonal matrices and saves memory. In this work, we set M = N, because N is not chosen
as large as to gain signiﬁcant beneﬁts from a smaller M. We then multiply (9) by e–iv nt for
n [ [–N, . . . ,N] and integrate over one period t = 2p /v , to obtain the frequency domain
problem. An important aspect is the existence and uniqueness of the solution for the eddy
current problem, which is proven, e.g. in Bachinger et al. (2005), together with an estimate of the
truncation error, because we only incorporate a ﬁnite number of harmonics into the ansatz.
Rewriting the summation as matrix-vector multiplication, results in the following system
of equations:
2
3
2
3
^ 0 ^ 1 . . . ^ M
^ N
rA
6
7
..
6
76
7
6 ^ 1 ^ 0 ^ 1
76
7
.
...
6
76
7
6 .
76
7
6 ..
6
7
^
^ 0
^ M 76 r  A 0 7
6
7
r6
6
7
.. 7
..
^1 7
6
76 r  A
6 ^ M
7
. 76
.
6
76
7
.
6
6
7
7
.
..
.
6
4
7
5
^
^
.
 0  1 5
4
^N
r

A
. . . ^ 1
^ M
^ 0
3 2
3
2
32
^ N
J^ N
A
N
6
7
6
76
..
.. 7
7 6 .. 7
6
76
.
6
6
7
7
.
.
6
76
6 ^ 7
6
76 A
^0 7
0
6
7
7
J
0
76
56
(10)
þ jv g 6
7:
6
76 A
^1 7
1
7 6 J^ 1 7
6
7
6
6
7
7
..
6
76 . 7 6 . 7
4
54 .. 5 4 .. 5
.
^N
N
J^ N
A

Now we can use a Galerkin ansatz together with edge ﬁnite elements in H(curl) to construct
the ﬁnal linear system:
3
02
K ð^ 0 Þ K ð^ 1 Þ
...
K ð^ M Þ
7
B6
7
B6
..
7
B6 K ð^ Þ K ð^ Þ K ð^ Þ
.
7
B6
1
0
1
7
B6
7
B6
.
7
B6
.
.
K ð^ 0 Þ
K ð^ M Þ 7
B6
7
B6
7
B6
..
..
7
B6
.
.
7
B6 K ð^ M Þ
7
B6
7
B6 .
7
B6
..
B6
K ð^ 0 Þ
K ð^ 1 Þ 7
5
@4
K ð^ M Þ
...
K ð^ 1 Þ
K ð^ 0 Þ
3
2
3 2
2
31 ^
^J
A
N
7
NM
6 N 7 6
6
7C 6
7 6 . 7
7
6
7C6 .. 7 6
..
.. 7
6
7C 6 . 7 6
.
6
7
6
7C 6
7 6
6
7C 6
7 6 ^ 7
^ 7
6
7C 6 A
J0 7
0
7
6
7C 6 0 7 6
6
7;
¼
(11)
þ jv 6
7C 6
7 6
7
6
7
6
C
7
^
^
M
7
J
6
7C 6 A 1 7 6
6
7C 6
7 6 1 7
7
..
6
7C 6 . 7 6
.. 7
6
7C 6 . 7 6
.
7
4
5A 6 . 7 6
.
7
4
5 6
4
5
NM
^
^
A
JN
N
where K ð^ k Þ is the stiffness matrix associated to the k-th harmonic of the reluctivity and M
^ contain the values of
the mass matrix, which is the same for all harmonics. The vectors A
k
^
the unknown vector potential for harmonic k and J k the excitation current.
4. Numerical solution procedure
This global system (11) is solved via the proposed solution strategy in (Bachinger et al.,
2002) with the adaption, that the Richardson solver for the inner iteration is replaced by a
generalized minimal residual method (GMRES) or conjugate gradient (CG), owing to the
better convergence for the application example in Section 8.
For the proposed block Jacobi preconditioner, we need a strategy to efﬁciently evaluate
the inverse diagonal elements, which are matrices itself. Therefore an adapted AMG
preconditioner is used, as presented in (Reitzinger, 2002).
An important aspect is the correct evaluation of the reluctivity Fourier coefﬁcients
^ k in (11), depending on the commutation curve. In this section, the subscript represents
the harmonic number k [ [–N, N] and the superscript i, the iteration counter. Our
approach consists of using an alternating time frequency scheme, as depicted in
Figure 1, where we ﬁrst solve the initial (linear harmonic) system with the linear
reluctivity  0   0 ðtÞ  ^ 00 for the harmonics (Fourier coefﬁcients) of the magnetic
^ 0.
vector potential A
k
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Figure 1.
Alternating time
frequency scheme

Source: Based on Lang and Zhang (2016)

Because we solely inserted ^ 00 into the diagonal blocks in (11) without any off-diagonal entries:
^ 0k ¼ 0; for k 6¼ 0;

(12)

^0
A
k

for k [ [–N, N] represents the linear harmonic solution for every excitation
the solution
with harmonic k.
^ 0 into time domain (F1) and computing the
After transforming the initial solution A
k
magnetic ﬂux density:
B i ðtÞ ¼ r  Ai ðtÞ;

(13)

we evaluate the commutation curve and obtain  i(t). This time signal  i(t) can then be
transformed into frequency domain (F) to obtain the new reluctivity Fourier coefﬁcients
^ iþ1
k , used to reassemble the global system (11).
The resulting system fully incorporates the information of the commutation curve,
represented by the coupling matrices (off-diagonal entries), causing a dependency between
all harmonics. Solving the adapted multiharmonic system, results in an updated solution for
^ iþ1 for k [ [–N, N]. The procedure,
the Fourier coefﬁcients of the magnetic vector potential A
k

depicted in Figure 1 is then continued until the absolute residual reaches a certain threshold.
5. Reduction to odd harmonics
The global system (11) has to be solved and reassembled several times, depending on the
number of iterations, needed for convergence. This is computationally expensive, especially
when increasing the number of harmonics. Therefore we are striving to increase the
performance of the presented approach by considering the following aspect.

The basis for this derivation is the proof of existence and uniqueness of a solution for
(10), carried out in Bachinger et al. (2005). Owing to better readability, the Fourier series in
the following are considered in the real valued notation, which is equivalent to the complex
valued pendant, used in (8). Now we temporarily suppose an excitation only in the base
harmonic:
J ðtÞ ¼ J c cosðv tÞ;

(14)

where J c is the cos-Fourier coefﬁcient. For a generic harmonic function f (t) it is obvious,
that when phase shifting the function half a period, we obtain:


p
¼ f ðtÞ:
(15)
f tþ
v
Representing f(t) in a Fourier series of the form:
f ðt Þ ¼

N
X

f ck cosðkv tÞ þ f sk sinðkv tÞ;

(16)

k¼0

it also follows from (15) that the coefﬁcients for even harmonics (2k) are zero. This can easily
be seen by comparing the following three cases:
f1 ðtÞ ¼ cosðv tÞ þ sinðv tÞ;

(17)

f2 ðtÞ ¼ cosð2v tÞ þ sinð2v tÞ and

(18)

f3 ðtÞ ¼ cosð3v tÞ þ sinð3v tÞ:

(19)

When phase shifting f1 half a period, we obtain –f1. Doing the same with f2, results in f2,
which violates (15). On the other hand, f3 fulﬁlls (15), which shows that only odd harmonics
remain, which also holds for the excitation J(t), as it fulﬁlls (15).
This procedure only shows the property of the right hand side (excitation). In fact, also
the solution has this property, which follows directly from the existence of a unique solution
(Bachinger et al., 2005).
Another, more intuitive way to see this property is to consider the commutation curve
(B), based on the actual BH-curve, where (B) is an even function (symmetric around B = 0).
Varying B with e.g. B(t) = B c cos(v t), results in a signal with period length p /v , which is
half the period length of B(t). Therefore, no odd harmonics are present in the Fourier
transform of (t), except the contributions from frequency zero. Inserting this relation into
(11), one can observe that the rows and columns for harmonics k [ Neven are zero. Therefore
^ k is zero for k [ Neven.
also the solution A
With this property, we can decrease the size of the global system (11) from (2 N þ 1)
harmonics to only (N þ 1), which poses a signiﬁcant performance improvement, especially
when considering a large number of harmonics.
6. Joule losses in multiharmonic analysis
For the convective heat PDE, we need consistent heat sources for the steady state
formulation, given in Section 7. Therefore we average the Joule loss density (7) over one
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^ k for k [
period in frequency domain. Because the solution is given in terms of harmonics A
N, special care has to be taken to correctly compute the average. For better readability, both
terms in (7) are handled separately:
@A @A
@A
Q_ ¼ g

Ji 
:
@t @t
@t
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄ{zﬄﬄﬄ}

1568

Term1

(20)

Term2

Term-1. We transform the term from time to frequency domain by applying the multiharmonic ansatz:
0
1
N
N
X
X
@A @A
^ k ejkv t 
^ l ejlv t A:
(21)

! g@
g
jkv A
jl v A
@t @t
k¼N
l¼N
The aim is to integrate all periodic “AC components” (alternating) parts over one period, which
then vanish and only the total offset “DC component” remains. Let us now integrate (21) over
one period of the base harmonic t iþ1  t i = 2 p /v and concatenate the double sum:
0
1
ð t iþ1
ð t iþ1 X
N
N
X
1
@A @A
1
^k  A
^ l ejðkþl Þv t Adt:
@

dt ¼ g v 2
g
klA
t iþ1  t i t i @t @t
t iþ1  t i t i
k¼N l¼N
(22)
At this point we can use:

ð t iþ1

ejhv t ¼ 0; 8h 2 N;

(23)

ti

^ l ejðkþl Þv t vanish iff (k þ l ) = 0. Based on this
^k  A
which means that all combinations A
property, we can evaluate the remaining parts (for k = –l) as:

ð t iþ1
N
X
1
@A @A
1
^k  A
^ k ¼

dt ¼ g v 2
k2 A
t iþ1  t i t i @t @t
2
k¼N
N
N
X
X
*
1
1
2
2^
2
2
^ ¼ gv
^ k jj2 ;
gv
k Ak  A
k jjA
k
2
2
k¼N
k¼N

g

(24)

where * denotes the conjugate complex and j·j the Euclidian norm in Rd. The additional
factor of 1/2 is valid, because in comparison to (22), where the combination k = –l occurs
exactly N-times, it occurs 2 N-times in (24).
Based on the above derivation, we obtain the following expression for the ﬁrst term,
where the tilde represents the period averaged quantity:
N
N
X
X
~_ Term1 ¼ 1 g v 2
^k  A
^ * ¼ 1 gv2
^ k jj2
Q
k2 A
k2 jjA
k
2
2
k¼N
k¼N

(25)

Term-2. With the assumption of an excitation only in the base harmonic, this term follows
analogously to Term-1. It is not further considered in this paper, as we are not solving for the
temperature distribution inside the coil.
7. Heat partial diﬀerential equation and coupling
To increase efﬁciency and because of the fact that we are not considering transient effects,
we can reformulate (2) for the steady state case t ! 1 as:


~_
r  r cðT ÞTu ¼ r  ðl ðT ÞrT Þ þ Q;

(26)

Regarding the computational domain X, its boundary @X is split into Neumann (natural Cn)
and Dirichlet (essential Ce) boundaries @X ¼ Cn [ Ce . Then, the weak form can be
formulated as:
Find T [ V: = {u [ H1| u = 0, on Ce} such that:
ð
ð
 r cðT ÞrT 0  ðuT Þdx þ l ðT ÞrT 0  rTdx5
X

ð


Cn

X

l ðT Þ
r cðT ÞT uT
þ l ðT ÞT 0 rT
r cð T Þ
0

!

ð
 n ds þ

X

~_ T 0 dx;
Q

8T 0 2 V;

(27)

where the Dirichlet boundary Ce is not visible in the weak form because the test
functions T 0 are (per deﬁnition of V) zero at essential boundaries. Special attention has
to be paid to the convective term (ﬁrst integral in the equation above) because it
produces asymmetric entries in the system matrix. This can increase the condition
number of the system, which is of importance, especially when using preconditioners
for iterative solvers.
The global coupling of the nonlinear eddy current problem with the nonlinear
thermal- (convective diffusive-) PDE is performed, according to Figure 2, where
iteration counter i represents the harmonic balancing scheme from Figure 1 and
iteration counter j a nonlinear Newton iteration, adapting the thermal conductivity l (T)
and speciﬁc heat capacity c(T).
8. Application example
We consider the heating of a 1 mm thick and 200 mm wide endless steel sheet with a
horseshoe-shaped inductor, depicted in Figure 3, assumed to have no conductivity, to
prevent eddy currents. The sheet has a constant electric conductivity of g = 5.08 · 106
S/m and the linear permeability is chosen, based on the commutation curve, as m 0 =
8 · 106 Vs/Am. The temperature dependency of the electric conductivity is ignored in
this example because it has negligible inﬂuence on the resulting temperature
distribution in the moving sheet. The considered material nonlinearity is taken into
account by its commutation curve, depicted in Figure 4, which is a smooth-spline
approximated curve from measurement data. It is important to notice the need for a
correct approximation, to obtain a strictly monotone magnetization curve, as
described in Reitzinger et al. (2002). This is essential because otherwise the unique
existence of a solution for the eddy current problem cannot be ensured.
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Figure 2.
Nonlinear magnetic
thermal iteration
scheme

Figure 3.
Transversal inductor
above a 1-mm thin
steel sheet

For the excitation, an impressed current in the coil, with a frequency of 2.8 kHz and a current
of 9 kA is chosen. The material parameters of steel, together with the excitation frequency
result in an approximate skin penetration depth of:
1
d ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ 0:52mm:
pf g m0

(28)

The problem with this approximate skin depth is that it heavily depends on the actual
working point on the commutation curve (Figure 4) and even more so on the number of
considered harmonics. The above approximation is only valid for N = 1, if however we
increase the number of harmonics, the mesh must be signiﬁcantly ﬁner because we
have to fully resolve the eddy currents up to the highest possible frequency, which is
N s² f. To accomplish this, the sheet is meshed with structured hexahedral elements,
including a reﬁnement to resolve the eddy currents correctly. The discretization of the
air volume is performed with large, unstructured tetrahedrons, which is possible, as we
are using nonconforming Nitsche interfaces. Otherwise, transition elements (pyramids)
would be necessary, leading to more degrees of freedom, respectively lower
computational efﬁciency.
With this approach, the number of elements is about 226,000 and the discretization
of the continuous function space is carried out, using lowest order Nedelec edge
elements.
To obtain a reference solution, we compare the multiharmonic results to a nonlinear
transient analysis with a timestep size of Dt = 1 · 105s. For induction heating
processes, the most important output quantity of the magnetic analysis are the Joule(eddy current) losses. In total, seven periods were simulated to ensure a quasi-steady
state solution. To compare these losses to the steady state ones, obtained from the
multiharmonic simulation, as derived in (25), a numerical integration and averaging
over three periods of the time signal of the transient analysis is carried out using the
trapezoidal rule. The results for the relative errors between multiharmonic and
transient analysis are given in Table I. One can observe monotone convergence for
increasing numbers of considered harmonics. Additionally, the ratio of wall clock times
between multiharmonic- and nonlinear transient-solution are given and a signiﬁcant
performance improvement can be noticed, especially for smaller numbers of considered
harmonics.
In Figure 5, a quasi-steady state period of the B ﬁeld from the nonlinear transient
analysis is compared to multiharmonic simulations for different numbers of considered
harmonics from 1 to 7. For a more quantitative comparison of nonlinear transient and
multiharmonic analysis, the FFT of the transient solution is compared to the
multiharmonic one for N = 7 in Figure 6. In this plot, the real and imaginary parts of
both, nonlinear transient and multiharmonic simulation are depicted separately and
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Figure 4.
Commutation curve,
based on
measurements and
smooth spline
approximation
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one can observe excellent matching of Fourier coefﬁcients up to the seventh harmonic
at 17.5 kHz.
For the nonlinear eddy current problem it is difﬁcult to a priori estimate the skin depth,
as it not only depends on temperature dependent electric conductivity g (T) (which is
assumed to be constant in this work) but also on the actual solution, which deﬁnes, together
with the commutation curve, the reluctivity (jjr  Ajj).
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Table I.
Comparison of
multiharmonic
simulations with
nonlinear transient
ones

Figure 5.
Comparison of
magnetic ﬂux density
for transient and
multiharmonic
analysis in a point on
the centerline of the
sheet under the
inductor

Figure 6.
Comparison of
Fourier coefﬁcients of
transient and
multiharmonic Bﬁeld for N = 7

Considered harmonics
N = 1 (1)
N = 3 (1,3)
N = 5 (1,3,5)
N = 7 (1,3,5,7)

~_ MH
Multiharmonic Q
4.0121 · 107
4.3495 · 107
4.4414 · 107
4.4008 · 107

% Rel. error

~_ MH  Q
~_ trans j
jQ

8.882
1.220
0.262
0.057

~_ trans
Q

wall wall
tMH
=ttrans

0.07
0.19
0.28
0.37

Applying the Joule- (eddy current) losses from Table I to the moving steel sheet with a
velocity u ¼ 5 mm
s , results in a temperature distribution, depicted in Figure 7. Plotting
the temperature along the centerline of the sheet, Figure 8 is obtained, where one can
observe a similar behavior, correlating to the error investigation in Table I. Looking at
the highest temperatures in Figure 8, a large gap between the simulations with N = 1
and N = 3 is visible. When increasing the number of considered harmonics, this gap
becomes smaller.
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9. Conclusion
In this paper we presented a method to circumvent the time consuming nonlinear
transient analysis of the coupled magnetic thermal problem, when simulating
induction heating processes by means of a multiharmonic ansatz. For the correct
handling of the solution dependent reluctivity, an alternating time frequency scheme
was proposed.
This strategy was used to simulate a heating process of a thin steel sheet and the
multiharmonic results (Joule losses, as well as B ﬁeld) converge towards a nonlinear
transient reference solution.

Figure 7.
Steady-state
temperature ﬁeld for
moving steel sheet

Figure 8.
Temperature along
the centerline of the
sheet
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Abstract
Purpose – The purpose of this paper is to investigate magneto-mechanical coupling occurring in magnetic

resonance imaging (MRI) systems. The authors study inﬂuence of the strength of the background ﬁeld on the
coupling of mechanically isolated, conductive cylindrical structures and the so-called shields. This coupling
has a strong impact on frequency-dependent thermal losses occurring in the shield structures which are of
high importance in MRI systems.
Design/methodology/approach – In the investigations, numerical methods are applied. First, ﬁnite
element methods taking into account the full magneto-mechanical coupling are used to investigate the
coupled physical phenomena. As these calculations may be time-consuming, several approximate predictive
methods are derived. Modal expansion factors and participation factors are based on combinations of
structural eigenmode calculations and eddy current calculations using Biot–Savart representations of the
dynamic gradient ﬁeld. In addition, a parallelism factor expressed in terms of the shield vibrations is deﬁned
to measure the coupling between the distinct cylinders.
Findings – It is found that the strength of the background ﬁeld strongly inﬂuences the coupling of the
distinct shields, which strongly increases the parallelism of the shield vibrations. Furthermore, modal
expansion and participation factors are signiﬁcantly inﬂuenced, caused by frequency shifts due to magnetic
stiffening and increased magnetic coupling.
Research limitations/implications – The current work is limited to the modal expansions of a single
shield. This needs to be extended in the future as comparison of modal expansion factors and ﬁnite element
simulation indicate.
Originality/value – The deﬁned factors estimating parallelism and modal participation in magnetomechanical coupling are original work and studied for the ﬁrst time.

Keywords Numerical analysis, Eddy currents, Finite element analysis
Paper type Research paper

1. Introduction
The majority of MRI scanners use superconducting main coils generating a strong static
magnetic background ﬁeld. For imaging purposes, this ﬁeld is superimposed with
dynamic gradient ﬁelds produced by the so-called gradient coils (GC). To maintain the
superconducting state, the superconductors are typically cooled via a liquid-helium bath,
which is encapsulated by several isolating metallic vessels. Within this so-called cryostat
with highly conductive parts, (primary) eddy currents and Lorentz forces are induced by
the dynamic gradient ﬁelds. Due to the resulting vibrations of the vessels in the spatially
inhomogeneous background ﬁeld, additional (secondary) eddy currents and alternating
magnetic ﬁelds are generated. These ﬁelds cause further eddy currents, which again
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interact with the gradient and background ﬁeld. This coupled interaction mechanism
leads to a complex system behavior which can be perceived in the frequency-dependent
eddy current losses (ECL) within the cryostat. These losses emerge as ohmic heat loads
that need to be compensated by active cooling to ensure the functionality of the MRI
system.
Finite element (FE) models of MRI scanners enable the investigation of such ECL with
various boundary conditions disregarding physical limits imposed by real setups. This
allows, for instance, a modiﬁcation of the driving current in the superconducting coils,
neglecting the critical current limits while maintaining the same conductor cross-section.
Therewith, the inﬂuence of the static background ﬁeld amplitude on the magnetomechanical
coupling mechanisms can be systematically analyzed. Comparisons of measurements and
simulations have already been conducted and showed the applicability of the method
(Ströhlein et al., 2018a, 2018b, 2016; Rausch et al., 2005; Landes et al., 2010). For the
evaluation of this investigation, the excitation of the cryostat components is analyzed via
participation factors (Ströhlein et al., 2017). In addition, the displacements of the vessels are
expanded in their mechanical eigenmodes and correlated with the occurring ECL resonances
(Ströhlein et al., 2018a, 2018b).
2. Methods
This work investigates the movement patterns of multiple conductive components within
magnetic background ﬁelds of different strengths (corresponding to 0.5 T, 1.5 T and 12 T
MRI systems) via FE simulations. To reduce the complexity of the models and allow an
easier interpretation of the results, the simulation setup is simpliﬁed compared to the MRI
case. We only consider the behavior of three parallel conductive layers (S1, S2, S3),
resembling the MR cryostat shields (Figure 1). The relevant material parameters,
conductivity, density and Young’s modulus, were deﬁned as 1.4 MS/m, 7900 kg/m3, 200 GPa
for S1, 145 MS/m, 2700 kg/m3, 81 GPa for S2 and 2 MS/m, 7900 kg/m, 210 GPa for S3,
respectively. For further simpliﬁcation, the model was limited to two dimensions assuming
an axially symmetric problem. The main magnetic ﬁeld of the MR magnet B0(r) is static in
time and is mainly oriented parallel to the shields. When the GC is driven with a sinusoidal
current, it emits a magnetic ﬁeld. We evaluate how much power of this radiation is

Figure 1.
Simpliﬁed illustration
of the axial
symmetric simulation
model, showing the
three cryostat shields
embedded in the
static main magnet
ﬁeld B0(r), which is
mainly oriented
parallel to the shields,
and the gradient ﬁeld
B\(r, t), which
spreads from the
bottom towards the
top

transmitted onto S3 and generates ECL. The GC ﬁeld component B\ (r, t) orthogonal to the
shields is responsible for the induction of the initial eddy currents that initiate the
magnetomechanical coupling processes.
The magnetomechanical calculation scheme couples the “magnetic” differential equation:


1
(1)
r
r  A ¼ Ji  s A_
m
with the “mechanical” equation:


E
1
ðr  rÞu þ
€
rðr  uÞ þ f ¼ r u
1  2
2ð1 þ  Þ

(2)

Herein A is the magnetic vector potential, m the permeability, s the electric conductivity
and Ji the current density of the induced currents. E denotes the Young’s modulus, v the
Poisson ratio, r the density, u the displacement, and f the driving force density. In total, the
induced eddy currents are given by:
Ji ¼ s A_ þ s u_  B ¼ s A_ þ s u_  ðr  AÞ

(3)

where the electromotive force is considered, describing eddy currents invoked by
movements of conductive components in general magnetic ﬁelds. The according Lorentz
forces acting on conductive components result from the interaction of the eddy currents with
the magnetic ﬁeld and are given by fL = Ji  B. The applied FE simulations include the
magnetomechanical coupling terms by the differential equations (Kaltenbacher, 2015):
€ ¼ F ð AÞ
Ku u þ Cu u_ þ Mu u

(4)

KA ðuÞA þ CA ðuÞA_ ¼ J ðu; AÞ

(5)

The permeability and the conductivity matrices, KA and CA, thereby explicitly incorporate
the dependency on the displacement. For strong stationary B0 ﬁelds, as found in MRI
scanners, the equation system can be linearized by separating the vector potential into a
stationary part and dynamic ﬂuctuations A(t) = A0 þ A(t). The same separation is applied
to the currents. The ﬂuctuations possess considerably smaller amplitudes than the static
quantities allowing a negligence of higher-order dynamic terms, thus linearizing the system.
For further simpliﬁcation, we limit the analysis to steady-state oscillations (frequency range
1.5 kHz to 3.0 kHz with 10 Hz spacing). Thus a transfer of the equations into frequency space
is performed, yielding the system:
!
!
!
!!
!
Cu CuA
Mu 0
u
fL
Ku 0
2
þ jv
v
(6)
¼
CAu CA
Ji
0 KA
0 0
A
For the analysis of the simulation results, we investigate participation factors (PFs) of
mechanical modes on S2 regarding the GC ﬁeld. S2 plays a signiﬁcant role in the coupling
behavior of the shields due to the combination of the highest conductivity, allowing strong
eddy currents, and the lowest density, leading to high accelerations by Lorenz forces. The
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PF analysis is accordingly limited to S2. Due to the comparably poor conductivity of S1 and
the low frequencies considered, only relatively small additional ﬁelds result from the
magnetomechanical interactions on S1. Thus, the radiation coming from the GC is hardly
modiﬁed before it is absorbed on S2. An estimate of the Lorenz forces distribution produced
by the induced eddy currents on S2 can be calculated as:
FPF ðxÞ  J ðxÞ  B0 ðxÞ  ðr  B? ðxÞÞ  B0 ðxÞ
It only considers eddy currents that are generated by the orthogonal GC ﬁeld B\(r). The
approximation of the force distribution on S2 produced by the GC also assumes that the
eddy currents dominantly interact with the main magnetic ﬁeld B0(r). The force distribution
FPF(x) together with the modal displacements um(q, x) for the mode q enables the calculation
of the PF for this mode by:



X


 e vðxÞ F ðxÞ  um ðq; xÞ
X
(7)
PF ðqÞ ¼
vðxÞ jum ðq; xÞj
e
Herein e is used to identify the different FEs of S2 along the x direction, and v represents the
volume of the FEs. The weighting with the element volume is important for meshes using
elements of different sizes. Otherwise, small elements would be considered equivalent to
large elements although their contribution to the movement is less important. To eliminate
the weighting of the modal displacements by the mass matrix, a separate normalization
through the overall displacement is used.
We also calculate the “parallelism” of the three shields relative to each other for the
investigated frequencies. As the discretization of the shields has been chosen to be
identical, we can calculate the scalar product of the corresponding elements on the
different shields and evaluate the sum of these contributions. To obtain a well-deﬁned
value for the parallelism between 1 and –1, deﬁning the parallel and antiparallel state, the
sum needs to be normalized. For the shields S1 and S2 the formula yielding the
“parallelism” reads as:
X
vðxÞ uv ;S1 ðv ; xÞ  uv ;S2 ðv ; xÞ
e
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(8)
PARS1;S2 ðv Þ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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A further tool for the analysis of the simulation results is the expansion of the displacement
result uv in the mechanical eigenmodes of the shield. The modal expansion factors are
calculated with the following equation on S2:


X



 e vðxÞ uv ðv ; xÞ  um ðq; xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qX
(9)
MEF ðv ; qÞ ¼ qX
2 v; x
2 q; x
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u
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Þ
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Þ
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e
e
While the PFs are an indicator for the similarity of the driving force F and the mechanical
eigenmodes um of the system, the MEF accounts for the solution uv of the coupled system
(which are expanded in the eigenmodes um). Hence, the MEFs can be seen as an application

of the MAC formalism (Allemang, 2003), with the difference that the values computed here
are used to analyze simulation results instead of measurements.
3. Results
Figure 2 shows the PF results together with the three ECL spectra for the investigated B0
ﬁelds. The PF values are normalized to their maximum value, the ECL results are normalized
to the maximum value obtained in the 12 T simulation. In the 0.5 T case, a good agreement
between peaks in the ECL spectrum and the PFs can be observed. For all peaks, a PF close-by
can be found, and the qualitative relations between ECL peaks and PFs are similar, except for
the two resonances towards 3 kHz. Comparing the ECL spectra between the different
background ﬁelds, a general increase of the losses can be found. The maximum values rise
by a factor 100 between 0.5 T and 12 T. In addition, the spectra appear to be broadened with a
stronger background contribution superimposed on the peaks, thus the integral ECL over the
frequency range is even more increasing than the highest ECL value. A consequence of these
changes is that the agreement of the ECL spectrum and the PFs is gradually lost for
increasing ﬁeld strengths as the spatial distribution of B0 does not change when the ﬁeld
amplitude is increased. The PFs simply scale linearly with changes in B0 not regarding the
stronger secondary effects. Analyzing the “parallelism” for the three ﬁeld strengths plotted in
Figure 3, a very clear effect of the increased B0 is observed. Whereas the shields only show
high parallelism at 0.5 T and 1.5 T below 1.7 kHz, for higher frequencies no clear pattern
in the behavior can be recognized. Overall S1 and S2, however, appear to move more
similarly than S2 and S3 for the two lower ﬁeld setups. In contrast, a strongly uniﬁed
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Figure 2.
ECL spectra for 0.5 T,
1.5 T and 12 T
background ﬁeld
plotted with the PF
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Figure 3.
Plots of the deﬁned
“parallelism”
criterion over the
excitation frequency
of B\ for the
investigated ﬁeld
strengths

behavior of all the shields can be observed for the 12 T setup over the entire investigated
frequency range. There, local dips indicate changes in the movement between the shields.
The modal expansion factors can be visualized in a color-coded matrix representation, as
illustrated in Figure 4. The matrices only consider the 15 structural eigenmodes of S2 with
the highest PF values in the investigated frequency range. A high MEF value indicates a
strong participation of the according mode shape to the actual movement of S2 at the ECL
simulation. For illustration purposes the matrices were normalized to the highest occurring
MEF value, which is found in the 0.5 T results for the 2000 Hz mode. The modal
eigenfrequency of the mode was obtained by a purely mechanical modal analysis without
any magnetomechanical interactions. The circles in each row indicate the position of the
corresponding eigenfrequency related to the ECL frequency axis. Comparing the 0.5 T MEF
matrix with the according ECL in Figure 2, one can clearly identify the four eigenmodes at
1849 Hz, 1906 Hz, 2000 Hz and 2144 Hz with the major peaks between 1.8 kHz and 2.2 kHz in
the ECL spectrum. This is consistent with the observation of the PF results, predicting a
clear correlation between mechanical modes on S2 and ECL on S3. In the 1.5 T MEF matrix,
one ﬁnds the contribution of the stated modes at higher ECL frequencies, pointing at the
existence of an upward frequency shift, caused by an increase of the background ﬁeld.
Besides that difference, the matrices of 0.5 T and 1.5 T appear rather similar. For the highest
considered ﬁeld strength, the matrix shows a different characteristic. The high values very
close to 1 have disappeared, and the modes now appear to contribute to the movement with
increased bandwidth, which is visible as smoother color gradients within each row with less
step changes.
4. Discussion
The simulations show that an increase in the main magnetic ﬁeld amplitude has a drastic
inﬂuence on the overall system behavior. The clear correspondence seen in the PF analysis
and in the MEF matrix between the mechanical modes on the S2 shield and the ECL for 0.5 T
can be interpreted as the behavior of an uncoupled system. As assumed for the calculation of
the PFs, S2 is basically absorbing all the radiation which it is exposed to. The
magnetomechanical interactions translate the ﬁeld excitation into mechanical vibrations,
which react according to their resonances. For strong resonances, an increase of secondary
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Figure 4.
Matrix
representations of
the MEF values for
each background
ﬁeld on S2

ﬁelds, emitted by motional induced eddy currents, is transported towards S3 causing eddy
currents on S3. A feedback of these currents on the S2 behavior cannot be observed. In
addition, no inﬂuence of S1 is noticeable. Thus, the conductivities of S1 and S3 appear to be
too small to generate secondary effects of considerable amount to compete with the GC ﬁeld
excitation. The plots in Figure 3 underline this argument. The PAR value for S1 and S2
appears a bit higher as both shields are excited by a very similar ﬁeld distribution. The
resulting force predeﬁnes a similar distortion shape of a certain amount for both shields,
resulting in a positive bias for the PAR values.
Comparing the MEF results obtained by the computations with 0.5 T and 1.5 T
background ﬁeld reveals a frequency shift of the resonances. From resonance theory, it is
known that the eigenfrequencies of a structure are dominantly dependent on the stiffness
and the mass of the structure. An increase in the stiffness (or a reduction of mass) results in a
higher eigenfrequency. As we can exclude a reduction of the mass in our case, we conclude a
stiffening effect on the conductive shields, introduced by the magnetic background ﬁeld.
According to Lenz’s law, the eddy currents induced by the movement of the conductive
layers counteract on the exciting forces. This leads to an effectively stiffer material. To
which extent this “magnetic stiffening” affects the modes, is dependent on the individual
mode shape. As the B0(r) is in general not homogeneous and especially not perfectly parallel
to the shields, it is important where the extrema of the modes are located. If these extrema
are positioned within regions of comparatively inhomogeneous B0(r), higher eddy currents
are induced by the movement of that mode than by others, causing stronger stiffening.
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Considering the shifted eigenfrequencies in the PF allows ascribing single modes of S2 to
ECL peaks. Consequently, the secondary effects start to play a role in the system behavior,
but are still rather small. The increase of secondary ﬁelds mainly is visible in the ECL
spectrum, showing threefold peak amplitude going from 0.5 T to 1.5 T.
In the 12 T case, the secondary effects are clearly relevant for the correct description of
the overall system behavior. First, it should be considered, that the same magnetic
excitation, represented by magnetic ﬁelds of the GC, leads to stronger initial forces.
Consequently, S1 and S2 experience a higher acceleration. However, in the same way the
decelerating effect of the secondary eddy currents is increased. The ratio of energy
converted from the excitation into “mechanical” energy (kinetic and potential) is thereby
decreasing compared to the part transferred in “magnetic” energy (eddy currents and
radiation). For low ﬁeld strengths, the mechanical stiffness dominantly limits the elastic
deformation of the shields. For higher background ﬁelds, however, this limiting “task” is
more and more taken over by the Lorentz forces of secondary eddy currents, trying to reduce
the change of magnetic ﬂux. Thus, the amplitude of the secondary eddy currents is
increasing to compensate the uninﬂuenced purely mechanical stiffness (not increasing with
B0). Stronger secondary eddy currents eventually lead to more radiation that is “re-emitted”
by each shield. This explains why the ECL on S3 is clearly higher. A larger ratio of the ﬁeld
energy absorbed on S2 is transported further towards S3 by the secondary effects.
A further consequence of these stronger secondary effects is an increased damping of the
resonances contained in the off-diagonal elements in (6). The ohmic losses generated by the
eddy currents depend quadratically on the current amplitude, leading to faster power
dissipation into heat. Hence, we also ﬁnd a “magnetic damping” that is introduced into the
system. This can be observed comparing the ECL spectra, showing broader resonances for
higher ﬁeld strengths. Normally an increased damping broadens but also reduces the peak
amplitudes of the resonances. This cannot be seen in the ECL spectra as the stronger B0
simultaneously increases the exciting forces, over-compensating the damping effect on the
amplitude. The MEF matrices, however, illustrate the effect, as the results are normalized by
the displacement uv (v , x), eliminating the inﬂuence of the excitation. The increased
damping resembles the smoother color gradients within each row as well as the decrease of
the peak amplitudes, visible in the 12 T matrix.
The broadened resonances also explain the behavior of the PAR factor. In principal, all
the shields show very similar modal shapes, as their geometry is similar. Only the
eigenfrequencies vary due to the different material parameters and radii. For the low ﬁeld
strengths, each shield is resonating in rather narrow frequency bandwidths, and frequencies
exciting one shield do not necessarily also excite the other ones. When the resonance
bandwidth is increased, resonance “curves” of similar mode shapes possess a larger
overlapping frequency range. Hence, it is more likely that a resonance excited on one shield
ﬁnds a mode on the neighboring shield(s) with equivalent shape, being excitable by the
secondary ﬁelds produced on the former shield. As every movement of a single shield is
forwarded to the other shields, the shields more and more react as one single component
instead of three individual ones. The strength of this connection is deﬁned by the magnetic
background ﬁeld and the conductivity of the components. Considering this, the dips in the
12 T PAR plot can be explained. When exciting at a frequency where one shield is in equal
measure reacting to two or multiple modes, the movement amplitudes and consequently the
emitted secondary ﬁelds are comparably small. The coupling with the other shields is
consequently reduced, and the movement is less synchronous.
That these dips are only small variations in the PAR value ﬁnds its explanation in another
aspect (despite the frequency resolution). This behavior is due to the frequency-independent

spatial distribution of B0. As B0 is inhomogeneous in space, there are regions where strong and
less strong “magnetic stiffening” occurs. The more dominant the magnetic stiffness becomes
compared to the mechanical one, the more it predeﬁnes where the shields can move, as there are
locally different stiffnesses. In MR systems, the spatial variation of B0(r) at the shield positions
is proﬁled by the x coordinate, while in y direction mainly a monotonous behavior (increasing
towards the main coils) is present. Consequently, all shields have their magnetically stiff
regions at similar positions, where shield movement is comparably easily possible.
5. Conclusion and outlook
In case of low-ﬁeld MRI scanners, the cryostat shields are more or less moving independently,
whereas higher ﬁeld amplitudes lead to a uniﬁed movement of mechanically separated
components. This can be explained by the increasing importance of magnetomechanical
interactions that introduce different system behavior. In addition to the coupling of movement
between the conductive components, this work demonstrates the occurrence of “magnetic
damping” and “magnetic stiffening” on mechanical resonances by strong magnetic ﬁelds.
Further research is required to account for this increased coupling in the calculation of the
participation and modal expansion factors in case of higher ﬁeld strengths. In addition,
investigations on the inﬂuence of the material parameter combinations of the three shields will
be performed.
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Abstract
Purpose – The use of gradient-based methods in ﬁnite element schemes can be prevented by undeﬁned
derivatives, which are encountered when modeling hysteresis in constitutive material laws. This paper aims
to present a method to deal with this problem.
Design/methodology/approach – Non-smooth Newton methods provide a generalized framework for
the treatment of minimization problems with undeﬁned derivatives. Within this paper, a magnetostatic ﬁnite
element formulation that includes hysteresis is presented. The non-linear equations are solved using a nonsmooth Newton method.
Findings – The non-smooth Newton method shows promising convergence behavior when applied to a
model problem. The numbers of iterations for magnetization curves with and without hysteresis are within
the same range.
Originality/value – Mathematical tools like Clarke’s generalized Jacobian are applied to magnetostatic
ﬁeld problems with hysteresis. The relation between the non-smooth Newton method and other methods for
solving non-linear systems with hysteresis like the M(B)-iteration is established.
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1. Introduction
While ferromagnetic hysteresis can mostly be neglected, e.g. in the design process of electrical
machines, there are several applications where one is interested in modeling the behavior of
ferromagnetic materials in greater detail. This is, for example, the case when modeling material
degradation or assessing measurement errors in a single sheet tester. While there exists a variety
of possibilities to include hysteresis in electromagnetic ﬁeld computations, this paper is limited to
the ﬁnite element method based on the magnetic vector potential A in conjunction with a vector
Preisach model of hysteresis (also known as the DPC-model). The paper is divided in four main
parts. In Section 2, the employed hysteresis model will be introduced. Although it relates closely
to the later developed iteration scheme, emphasis is laid on presenting the general assumptions
related to the material modeling, independently of any particular material model. In Section 3, a
magnetostatic ﬁnite element formulation is presented, which allows for ﬂexibility concerning the
later used iteration scheme. The following part is a synthesis of the two preceding parts,
introducing (among others) the later used non-smooth Newton method. The ﬁnal section of the
main parts presents results of an exemplary calculation.
2. Hysteresis model
As a basis for further sections, the following relation between the magnetic ﬁeld H, the
magnetization M and the magnetic ﬂux density B is introduced:

B ¼ m 0 ðH þ M Þ

(1)

Given that M can be expressed as a smooth function of B, the inversion of (1), i.e. H(B), can
be linearized around a point B0:
H ðB Þ  m d  ðB  B 0 Þ þ H ðB 0 Þ

Non-smooth
Newton
method

(2)

The reluctivity tensor m d is then equivalent to the Jacobian of H with respect to B. It is one of
the main problems when hysteresis is considered, that before-mentioned assumption about
smoothness does not hold true. However, it will be seen that in the context of the non-smooth
Newton method, the notation of equation (2) can be maintained.
All material-speciﬁc behavior in equation (1) is included in the magnetization. Thus,
calculating the magnetization M is the basic task of magnetic material models, including
hysteresis models. A large number of hysteresis models have been introduced over time
(Cardelli, 2015 for a summary of recent developments), and although this paper focuses on
one particular model, the presented concepts can be applied in conjunction with other
hysteresis models, as they exhibit similar properties concerning their derivative and
continuity. One of the big challenges that every hysteresis model has to face when it comes
to calculations in more than one dimension is reproducing the magnetization behavior
accurately for scalar and vector valued inputs.
An interesting candidate for achieving this goal is the so called DPC-model, which was
originally introduced by Della Torre et al. (2006a, 2006b) and named after the respective
authors. A generalization of the original concepts and its properties were extensively
discussed by Cardelli (2011). The hysteresis model is often described as a vector extension of
the widely used Preisach model, but it is more ﬁtting to state that it can be reduced to a
Preisach model for scalar or alternating inputs. This highlights, that – in contrast to e.g. the
Mayergoyz model (Mayergoyz, 1986) – it does not comprise scalar Preisach operators but is
vectorial in its original form. The close relation of the DPC-model to the scalar Preisach
model results from its similar construction as a composition of arbitrarily many vectorial
Preisach relays, so called hysterons.
Each hysteron possesses a critical surface C (for illustration, see Figure 1). In the case
presented here, the critical surface will form a circle; however, any convex shape is
admissible (Della Torre et al., 2010). If the current value of H is located outside the critical
surface (t1 in Figure 1), the magnetization associated with the hysteron points from its center
HI to H. If H is located inside the critical surface (t3 in Figure 1), the magnetization of the
hysteron retains the value and direction it possessed when H entered the critical surface (t2
in Figure 1), until H leaves it again (t4 in Figure 1).
The moment in time when H enters the critical surface of a hysteron with the index i will
furthermore be denoted t i. It can, analogously to Löschner et al. (2008), be characterized
formally as t i:= max Ti, where the set Ti is given by Ti := {t|H (t) 62 Ci }. The magnetization
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Figure 1.
Magnetization Mi of a
hysteron at time-step
ti for a given
evolution of H(t)
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contributed by a single hysteron is calculated by multiplying its state vector (which is a unit
vector) with the saturation magnetization Ms and its weight p. Additionally, an initial state
ni has to be given for each hysteron that is in frozen state at t = 0. Thus, the magnetization
can be calculated according to:
8
>
H  HI
>
>
if H 62 C
> p i Ms 
>
jjH
 H I jj
>
>
<
H ðt i Þ  H I
(3)
Mi ¼
p i Ms 
if H 2 C; Ti 6¼ 1
>
>
>

H
jjH
t
jj
ð iÞ
I
>
>
>
>
:p M  n
else
i

s

i

While in general the DPC-model admits an inﬁnite number of hysterons, only a discrete version
featuring N hysterons can be implemented in practice. The total magnetization of the discrete
model Mdis is then calculated by summing up the individual magnetizations of each hysteron:
M dis ¼

N
X

Mi

(4)

i¼1

As a consequence, the necessity to interpolate the model arises. Otherwise, the model cannot
be inverted and would be of very limited use in ﬁeld calculations. The interpolation is done
following the ideas presented by Löschner et al. (2008). It will only be discussed for a twodimensional model. However, the concept can be extended to three dimensions if the input
space is discretized by tetrahedra instead of triangles. It should be noted that the
interpolation can be carried out independently of the underlying hysteresis model.
To interpolate the discrete DPC-model in two dimensions, a triangulation that covers all
critical surfaces is placed inside the H-plane. The triangulation is split into two disjoint
parts, an inner part T and an outer part T~ consisting e.g. of one layer of triangles. On each
corner point of T and T~ , the interpolated magnetization value Mint is equal to the value of
the discrete model. Within a triangle, the value is linearly interpolated according to the
values corresponding to the corners of the triangle.
The current value of H (linked with the current value of M) has to be inserted into the
grid before executing the next calculation step, since otherwise H = const 6) B = const (see
right part of Figure 2).
Outside the triangulation, in the so-called saturation zone, M is continuously
differentiable and can be calculated using equation (4). The transition between linear
interpolation and saturation is handled in the transition zone, which corresponds to the outer
part T~ of the triangulation. It is realized in equation (5) by gradually switching from the
interpolated to the non-interpolated value using the parameter z [ [0, 1]. The geometrical
setup of the interpolation is depicted in Figure 2. Summing up, the relation between H and
M in the interpolated model can be written as:
8
if H 2 T
M
>
>
< int
M ¼ M int z þ M dis ð1  z Þ if H 2 T~
(5)
>
>
:
if H 62 T [ T~
M dis

The interpolated model can be inverted iteratively using the linearization equation (2). The
tensor m d then corresponds to the local tangent matrices within each triangle, if the current
value of H lies within the triangulation. Otherwise, if H is located outside the triangulation,
it can be calculated directly. The transition zone has to be treated separately again by
superimposing the interpolation and the saturation value.
The interpolation does not interfere with the underlying discrete DPC-model because it
does not change its values. This is an important property if hysteresis losses should be
calculated (Della Torre et al., 2010).
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3. Finite element formulation
After the brief summary of the hysteresis model, the magnetostatic ﬁeld problem, that will
later be solved, is introduced. A process exhibiting hysteresis is time dependent, but on its
own, a hysteresis model does not possess any dynamics. Therefore, in the presented case, it
is sufﬁcient to solve a magnetostatic problem in each time step and adjust the state of the
hysteresis model and current density j when progressing in time. The domain of interest is
given by X and assumed to be Lipschitz. It possesses the boundary @X. In each time step,
the basic magnetostatic variational problem in three dimensions (with or without hysteresis)
can be written as:
Variational problem 1. Find A [ H (curl, X) such that Vv [ H (curl, X)
ð 0 r  A; r  v Þ  ðM ; r  vÞ ¼ ðj; vÞ þ hg; vi@X :

(6)

Dirichlet boundary conditions for A have to be accounted for by restricting the function
space, all Neumann boundary conditions for A and M are included in g. In three dimensions,
this variational problem has no unique solution; this however shall not be discussed here.
In case that nonlinearities appear in equation (6), the variational problem can be
linearized using equation (2). Then, in an iterative calculation scheme, the vector potential in
the n-th iteration step is calculated according to
An ¼ An1 þ aA« ;

(7)

where a is a relaxation parameter. The change of the magnetic vector potential A« is
obtained by solving (8) in a ﬁnite element setting:
Variational problem 2. Find A« [ H (curl, X) such that Vv [ H (curl, X)
ðmd r  A« ; r  v Þ ¼ ðj; vÞ  ð 0 r  An1 ; r  vÞ þ ðM n1 ; r  vÞ þ hg; vi@X
(8)

Figure 2.
Interpolation grid
with transition zone
in the H-plane and
possible subgrids
arising from the
insertion of the
current value of H
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Note that for a linear material it can easily be veriﬁed, that a solution is found in the ﬁrst
iteration step.
Consequently, the residual vector r in each iteration step is deﬁned as the right hand side
of equation (8) for a ﬁnite number of test functions:
r ¼ ðj; v Þ  ð 0 r  An1 ; r  v Þ þ ðM n1 ; r  v Þ þ hg; vi@X
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(9)

It will be compared with the original residual r0 (where An1 = 0 and Mn1 = 0):
r 0 ¼ ðj; vÞ þ hg; vi@X

(10)

The examples in this paper are set in two dimensions; however, the calculation scheme is
valid in two or three dimensions. The inclusion of the magnetization term does not introduce
any problems with the compatibility of the right hand side, since it is multiplied by the curl
of the test function. Thus, commonly known techniques like the reformulation as a saddlepoint problem can be applied.
An additional problem in three dimensions can arise from the reluctivity tensor not
necessarily being perfectly symmetric, leading to a non-symmetric matrix and possibly
preventing the use of, for example, a conjugate gradient solver. The model problem in
Section 5 was solved using a direct solver.

4. Non-linear iteration scheme
The contents of the two previous sections can now be combined to one iteration scheme. The
variational formulation from Section 3 possesses three major degrees of freedom, namely, a,
m d and M. Concerning the magnetization, the degree of freedom for this paper consists of the
freedom of choosing the underlying material model. If the physical magnetization M is
substituted by an artiﬁcial magnetization (or polarization), one immediately arrives at the
polarization method presented by Hantila et al. (2000). This method will not be treated
explicitly here. Note however that the M(B)-iteration represents a special case of the
polarization method. The same applies for the non-smooth Newton method introduced later
in this section. Therefore, the polarization method can be seen as an intermediate between
the M(B)-iteration and a non-smooth Newton method. Which type it actually resembles
more is solely dependent on the choice of the reluctivity and the (potentially non-physical)
magnetization.
Two non-gradient-based iteration schemes for problems with hysteresis were presented
by Kurz et al. (1993), speciﬁcally the M(H)-iteration and the M(B)-iteration. In both the cases,
the reluctivity tensor m d is set to  0. As it can already be seen by their names, where they
differ mainly is in the update of M. The M(H) -iteration takes H as an input for M, whereas
the M(B)-iteration takes B and consequently requires an inversion of the respective material
model. The M(H)-iteration is known to be performing rather poorly (Bloomberg and Castelli,
1985). The M(B)-iteration performs better but still converges very slowly, such that it is
often over-relaxed, i.e. a > 1 (Kurz et al., 1993; Yuan et al., 2005).
The non-smooth Newton method also uses B to update M, however the value of md is
determined in a very different way. For the following part of the paper, it is important to
clarify the scope in which m d, B and H are examined. They are, in accordance with their
nature, evaluated point-wise within X (presuming that the point-wise evaluation is well
deﬁned).

For a standard Newton method, all materials are modeled with a continuously
differentiable magnetization curve. The reluctivity tensor is then equal to the Jacobian of H
with respect to B, i.e:
md ¼

@H
:
@B

(11)

In case hysteresis is present, the derivatives as given in equation (11) are undeﬁned at the
current point of the magnetization curve because they depend on the monotonicity of the
input. In the scalar case, this leads to a distinction of ascending and descending branches.
Besides this branching which is a property of hysteresis itself, common hysteresis models
exhibit discontinuities in their derivatives, even if the input evolves along a constant
direction. In the model presented in Section 2, this is the case when a transition between
triangles in the H-plane occurs during the interpolation.
This is the starting point for the construction of the non-smooth Newton iteration. The
interpolated version of the DPC-model [equation (5)] (but also other hysteresis models) has
the following properties:
 It comprises piecewise differentiable functions.
 It is Lipschitz-continuous (note that the discrete model is not).
Referring to Ulbrich (2011, Prop. 2.26), these properties ensure that the mapping deﬁned by
the model is semismooth, which will be needed later when discussing the convergence of the
non-smooth Newton method.
The key to derive the non-smooth method is the deﬁnition of a Jacobian in a broader
sense than equation (11). Therefore, the notion of Clarke’s generalized Jacobian is introduced
(Clarke, 1990, Section 2.6) in terms of md, B and H. The set of values of B for which
equation (11) does not exist is named RB, then Clarke’s generalized Jacobian is deﬁned as the
convex hull of all directional derivatives of H with respect to B:
@H ðB Þ ¼ Convðlimm d ðB i Þ : B i ! B; B i 62 RB Þ

(12)

In case the permeabilities are of interest, the deﬁnition @B(H) can be given in an analogue
way. It can be veriﬁed, that if equation (11) exists, then equations (12) and (11) are
equivalent.
To invert the hysteresis model locally, md is now chosen as an element of the generalized
Jacobian and can be inserted into equation (2), leaving the general notation and idea of the
linearization untouched:
md 2 @H ðB Þ

Non-smooth
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(13)

Before the problem of choosing an element of @B(H) is addressed, it should be clariﬁed, how
far the local properties of the hysteresis model carry over to the variational problem
[equation (8)].
In the ﬁnite element scheme, one hysteresis model is placed onto each quadrature point
and deﬁnes M and m d at this point. As a consequence, the global value of m d as found in
equation (8) point-wise comprises the local values of m d as used in equation (2). Concerning
the properties of the vector valued mapping deﬁned by the evaluation (M, r  v) in the
ﬁnite element context, there are three results of major importance:
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A function is semismooth only if its components are semismooth (Ulbrich, 2011,
Prop. 2.10).
The class of semismooth functions is closed under composition (Ulbrich, 2011,
Prop. 2.9).
The class of piecewise continuous functions is closed under ﬁnite summation
(Ulbrich, 2011, Prop. 2.20).

Hence, the semismoothness property of the hysteresis model carries over to the global nonlinear equation (6) (more precisely to its ﬁnite element counterpart). Moreover, a similar
relation as equation (13) can be established for the Jacobian of the linearized equation (8),
which is yielded by assembling the matrix corresponding to (m d r  A« , r  v).
It is important to underline that the semismoothness property is retained, because then it
is ensured, that the iteration deﬁned by equation (8) will converge in a vicinity of the solution
for any choice of the (local) reluctivity tensor md, as long as equation (13) is fulﬁlled (Qi and
Sun, 1993).
In combination with the hysteresis model presented before, the values of m d can be seen
as a side-product of the necessary (local) inversion of the hysteresis model. In most cases, it
is sufﬁcient to take the last value that was reached before the inversion converged. In case of
oscillations, it can be helpful to take a secant value, which is obtained by calculating m d
without inserting the current value of H into the triangulation. The resulting values of m d
fulﬁll equation (13) by construction.
After M and md have been ﬁxed, a is the only remaining degree of freedom which has
to be determined. The choice of a in the non-smooth Newton method corresponds to the
choice of an optimal step width. In general, making this choice properly requires the
application of a search algorithm. For this paper, only a simple golden section
line search has been used to approximate the step width minimizing k r k, though there
are several more sophisticated approaches found in literature (e.g. backtracking line
search).
In Figure 3, the different possibilities to solve problem (8) are visualized. In the ﬁrst time
step the initialization value A0 can be chosen arbitrarily (e.g. A0 = 0), while the hysteresis
model must be initialized consistent to A0. In the following time steps, the initialization
values correspond to the solution of the previous time step. Note that also a hybrid approach
between the M(B) -iteration and a Newton-method has been proposed by Yuan et al. (2005)
for the ﬁnite integration technique.
The concepts presented in this section can also be applied when, for example, a magnetic
scalar potential is used to describe the electromagnetic ﬁeld. Then the potential variable is
not related to B as it is for the magnetic vector potential but to H. Consequently the roles of
other quantities ralted to B and H have to be adjusted, i.e. instead of a reluctivity tensor a
permeability tensor ld [ @B (H ) is of interest and it is more convenient to calculate the ﬁeld
in terms of the polarization J rather than the magnetization M.
5. Numerical results
As a benchmark problem, a conﬁguration resembling an electrical machine was chosen, where
there are many different levels of saturation, as well as different shapes of magnetization. The
geometry consists of a three-phase stator and a solid nonmoving rotor. It is common for round
rotational single sheet testers, which are used to characterize electric steel under rotational
magnetization (Handgruber et al., 2015). The parameters of the hysteresis curve were
provisionally identiﬁed for a measured major loop under the assumption of isotropic material
behavior (the data were taken from Bottauscio et al., 2002a, 2002b, see Figure 4 for measured
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Figure 3.
Iteration schemes for
the magnetostatic
ﬁeld problem solved
in each time step

and identiﬁed curves). For comparison, the calculations were also performed with a nonhysteretic continuously differentiable magnetization curve, modeled with an arctan-function.
Two periods with sinusoidal currents as inputs were simulated. Exemplary results of the ﬁeld
calculation with hysteresis are shown in Figure 5.
The non-smooth approach requires either monitoring oscillations in the iteration process
(making it almost equivalent to the standard Newton method) or determining an optimal
step width a. The number of iterations needed by the different calculation schemes to reach
a relative residual of 106 are depicted in Figure 6 (average values are marked with a dot).
The model with hysteresis and a line search needs on average one iteration more than the
model using the single-valued magnetization curve and a line search. In contrast, far more

Figure 4.
Identiﬁed and
measured major loop
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Figure 5.
Examined geometry
(top) with alternating
magnetization curve
at point 1 (left) and
rotating
magnetization curve
at point 2 (right)

Figure 6.
Convergence plots for
different material
models and numerical
schemes

Material model and iteration scheme

Table I.
Comparison of
computation times

Arctan without line search
Arctan with line search
Hysteresis without line search
Hysteresis with line search

Total time

For material model update (%)

45 s
39 s
184 s
267 s

2.2
13
52
80

iterations are needed when the hysteretic magnetization curve is used and no search
algorithm is applied. However, when comparing the time the iteration schemes with
hysteresis need to compute a solution, the version without a search algorithm is faster
(Table I). This is mainly due to the circumstance that while performing the line search, the
residual has to be updated several times, which again involves a time consuming update of
the magnetization.
6. Conclusion
The magnetostatic ﬁeld problem with hysteresis has been embedded into the framework of
non-smooth Newton methods, in the special case presented here even semismooth Newton
methods. For the presented exemplary calculations, its convergence behavior was close to a
Newton method with a continuously differentiable magnetization curve.
Although the presented concepts concerning Clarke’s generalized Jacobian were closely
linked to the vector Preisach model presented in the second section, their application is not
generally limited to a particular hysteresis model.
As a side product, it has been shown that the presented non-smooth method and ﬁx-point
methods found in literature mainly differ concerning the treatment of a, m d and M but can be
applied to the same original problem.
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Abstract
Purpose – To understand the behavior of the magnetization processes in ferromagnetic materials in
function of temperature, a temperature-dependent hysteresis model is necessary. This study aims to
investigate how temperature can be accounted for in the energy-based hysteresis model, via an appropriate
parameter identiﬁcation and interpolation procedure.
Design/methodology/approach – The hysteresis model used for simulating the material response is
energy-consistent and relies on thermodynamic principles. The material parameters have been identiﬁed by
unidirectional alternating measurements, and the model has been tested for both simple and complex
excitation waveforms. Measurements and simulations have been performed on a soft ferrite toroidal sample
characterized in a wide temperature range.
Findings – The analysis shows that the model is able to represent accurately arbitrary excitation
waveforms in function of temperature. The identiﬁcation method used to determine the model parameters
has proven its robustness: starting from simple excitation waveforms, the complex ones can be simulated
precisely.
Research limitations/implications – As parameters vary depending on temperature, a new parameter
variation law in function of temperature has been proposed.
Practical implications – A complete static hysteresis model able to take the temperature into
account is now available. The identiﬁcation is quite simple and requires very few measurements at
different temperatures.
Originality/value – The results suggest that it is possible to predict magnetization curves within the
measured range, starting from a reduced set of measured data.

Keywords Magnetic hysteresis, Thermal analysis, Soft magnetic materials, Material modeling
Paper type Research paper

1. Introduction
The growing demand for components to operate under extreme conditions (Cass et al., 2007)
motivates the analysis of the effect of temperature variations on magnetic materials, in
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particular soft magnetic materials at high temperatures. Currently available soft magnetic
materials are required to cover a wide spectrum of applications, from cores of transformers
and motors to the extensive variety of inductive components used in power electronics,
automotive and household technologies. Soft magnetic materials used in power electronics,
such as MnZn ferrites, are strongly dependent on temperature because of their low Curie
temperature (Tc  493 K) (Ferroxcube, 2013). Thus, designers need models able to predict
the behavior of such materials in a large temperature range. For engineering applications,
the main driving forces are the ability to reproduce the hysteresis curves and to calculate
related energy losses due to magnetization processes. Determining such effects in complex
geometries requires the use of numerical methods such as the ﬁnite element method, where
the inclusion of material laws need to be computationally efﬁcient and should ideally enable
the simulation of arbitrary waveforms at any temperature. A number of authors have
proposed strategies to take into account temperature in conventional hysteresis models,
such as Preisach (1935, 2017), Stancu and Spinu (1998), Song and Roshko (2000) or the Jiles–
Atherton (JA) (Jiles and Atherton, 1986; Raghunathan et al., 2010). The Preisach model
focuses on a mathematical description of the hysteresis property and reproduces
magnetization curves accurately, but mostly ignores the underlying physics of the magnetic
material. The JA model generally fails to predict accurately excitation ﬁelds for complex
magnetization waveforms (Benabou et al., 2008; Petrun et al., 2017) due to several intrinsic
drawbacks detailed in Zirka et al. (2012). Among the existing alternative hysteresis models,
the energy-based (EB) model (Bergqvist, 1997; Henrotte et al., 2006; François-Lavet et al.,
2011; Henrotte et al., 2014) has many advantages. Particularly, it relies on thermodynamic
principles, and it is energy-consistent. This is extremely interesting for engineers who need
hysteresis models based on physical foundations, able to take into account both complex
excitation waveforms and the inﬂuence of temperature on magnetic properties (Bergqvist
et al., 2014). In this work, we present recent developments on the dependence of the EB
model on temperature and propose a new parameter variation law in function of
temperature for soft ferrites. The hysteresis model is validated through measurements, in
case of both simple (unidirectional alternating measurements) and complex (unidirectional
with addition of harmonics) excitation waveforms to explore its prediction of arbitrary
magnetization curves at any temperature. The objective of temperature-dependent model is
twofold:
(1) to predict the device performance at a given external temperature; and
(2) to determine the equilibrium temperature for a given operating mode, in a speciﬁc
operating environment, to optimize components in their design phase.

2. Methods
2.1 Experimental setup
Figure 1 illustrates the experimental setup for measuring magnetic hysteresis loops using a
ring sample. A thermal chamber is used for measurements at different temperatures. The
sample is a toroidal core made of soft ferrite MnZn 3C90 (Ferroxcube, 2013) with primary
and secondary windings (Table I). Excitation is applied using an arbitrary function
generator which allows to impose current on the primary winding. By means of the Ampère
(1) and Faraday laws (2), the magnetic ﬁeld h and the magnetic ﬂux density b are calculated
from the measurements of the current in the primary winding and the voltage on the
secondary winding:
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Figure 1.
System for
measuring magnetic
hysteresis loops b(h)

Symbol
N1
N2
Rshunt
Rs
le
Ae

Value

Description

60
39
2X
176 X
73.2 mm
36.9 mm2

Primary winding
Secondary winding
Shunt resistance
Series resistance
Effective magnetic path length of the core
Effective cross-sectional area of the core

N1  Vshunt ðtÞ
Rshunt  le
ð
1
V2 ðtÞ  dt
bð t Þ ¼ 
N2  Ae
hðtÞ ¼

(1)
(2)

The EB model is validated against experimental data of 3C90 material. The hysteresis loops
have been measured using the experimental setup at various temperatures (223 K, 248 K,
273 K, 293 K, 323 K, 348 K, 373 K, 398 K, 423 K and 448 K) and compared with those
calculated numerically.
2.2 The energy-based hysteresis model
2.2.1 Thermodynamic basis. The model relies on thermodynamic foundation to represent
the nonlinear behavior of ferromagnetic material (Bergqvist, 1997; Henrotte et al., 2006;
François-Lavet et al., 2011; Henrotte et al., 2014). The ﬁrst law of thermodynamics expresses
the conservation of energy:

Table I.
Symbols and
description of each
quantity
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u_ ¼ h  J_  D;

J ¼ b  m 0h

(3)

where u is the magnetic energy density stored in the material, D is a dissipation functional
which will be deﬁned more precisely thereafter, h  J_ is the magnetic external work, with h
corresponding to the applied magnetic ﬁeld, J the magnetic polarization of the material, b
the magnetic ﬂux density and m 0 the permeability of vacuum[1]. The model is based on a
mechanical analogy, where the input is the magnetic ﬁeld h. The magnetic ﬁeld can be
decomposed in a reversible part hr and an irreversible part hir:
h ¼ hr þ hir

(4)

acting, respectively, as spring force and friction force (Henrotte et al., 2006). The energy
density u is assumed to be a function of J:
 
@u
u ¼ uðJÞ
)
u_ ¼
(5)
 J_ ¼ hr  J_
@J
The magnetic work delivered by the reversible magnetic ﬁeld hr, under a variation of the
magnetic polarization is fully converted into internal energy. Hysteresis in ferromagnetic
materials can be interpreted physically as defects at microscopical scale. Defects pin domain
walls and prevent them from moving under the effect of an external magnetic ﬁeld. When
the material is magnetized or demagnetized, the walls suddenly rearrange and jump
abruptly from one pinning site to the next one, hence the (irreversible) hysteresis behavior.
By using equations (4) and (5) in equation (3), the dissipation functional D associated with
the dry-friction force writes:
_
D ¼ hir  J_ ¼ k jJj

)

hir ¼

J_
@D
¼k
_
_
jJj
@J

(6)

where k in A/m is a material characteristic called pinning ﬁeld, that opposes the motion of
domains walls. It is proportional to the pinning site energy that determines the coercivity hc
of the hysteresis loop. Hence, the dissipation D is the power delivered by the irreversible
magnetic ﬁeld hir. Combining equations (3)-(6) provides the following equation:
h  hr  hir ¼ 0

)

h

J_
@u
¼0
k
_
@J
jJj

(7)

As the functional D is not differentiable in J_ ¼ 0, hir can be deﬁned by means of a
subgradient of the functional D:
)
(
_
J
otherwise
(8)
hir 2 hir ; jhir j # k if J_ ¼ 0; hir ¼ k
_
jJj
2.2.2 Two-scale model. Real ferromagnetic materials are characterized by a statistical
distribution of pinning ﬁelds (Bergqvist, 1997; Bergqvist et al., 1997; Henrotte et al., 2014).
For this reason, a multi-scale model has been elaborated. It relies on the fact that the
material, homogeneous at the macroscopic scale, is composed of N heterogeneous
microscopic abstract subregions (also called cells), deﬁned by a speciﬁc pinning force k k.
The reversible magnetic ﬁeld hr is computed as the weighted sum of contributions hkr of a
number of cells N (9):

hr ¼

N
X

v k hkr

(9)

k¼1

In this sum, v k are the weights associated to cells, namely, they highlight the relative
P
importance of each contribution and must verify the condition Nk¼1 v k ¼ 1. Basing on the
knowledge of the magnetic ﬁeld h, independent equations can be solved for each cell:
h

hkr



hkir

¼0

)

h

@uk

:

Jk

: ¼0
k
@Jk
j Jk j
k
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(10)

The number of cells in which the EB model is discretized depends on the required accuracy:
models with higher number of cells will be more accurate, but also more complex to handle
from the computational point of view. The resolution of the nonlinear differential
equation (10) is proposed in Henrotte et al. (2006). An approximate solution is obtained on
the basis of the explicit update rule in which the terms hkr are upgraded as a function of the
applied magnetic ﬁeld h and of their previous value hkr0 according to:
8
k
>
ifjh  hkr0 j < k k
>
< hr0
k
(11)
hkr ¼
k h  hr0
>
>
h

k

otherwise
:
k
jh  hr0 j
In Figure 2, a visual representation of the update rule is shown. The sphere of radius k
centered in hr represents the subgradient (8). Equation (7) imposes that the tip of applied
magnetic ﬁeld h is either inside the sphere or on its surface. If the tip of h moves inside the
sphere, then the condition:
jh  hkr0 j < k k

(12)

is fulﬁlled, and the sphere remains ﬁxed. If h tends to go beyond the sphere, the latter has to
shift to comply with the condition (12), i.e. the center of the sphere moves according to
equation (11). The magnetization M is computed, thanks to equation (13):
M ¼ Man ðjhr jÞ

hr
jhr j

(13)

where Man is a scalar, monotone increasing anhysteretic magnetization function. Finally, the
magnetic ﬂux density is computed as:

Figure 2.
Vector diagram of
h = hr þ hir for N = 1
(left) and N = 3 cells
(right)
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b ¼ m 0 ðM þ hÞ

(14)

The present model is completely characterized by the anhysteretic curve Man and by the
couples of parameters (v k, k k)k = 1. . .N. Man can be represented by analytical expressions,
i.e. Langevin or double Langevin functions (Henrotte et al., 2006) or interpolated from
experimental measurements (Sixdenier and Scorretti, 2018). Thus, the major loop is
measured at several temperatures and Man(h, T) is computed by considering the median line
of the major loop. Then, the anhysteretic function Man(h, T) for any value of h and T is
obtained by 2D interpolation.
2.3 Parameters identiﬁcation
The discrete parameters v k and k k must verify the following constraints:

vk  0

;

N
X

vk ¼ 1

(15)

k¼1

k1 ¼ 0

;

k k # k kþ1

(16)

To identify the material coefﬁcients (v k, k k)k = 1. . .N, it has been proposed (Jacques et al.,
2018) to determine the pinning ﬁeld probability density v (k ). For a given temperature, the
identiﬁcation procedure relies on a set of hysteresis loops measured in unidirectional
conditions. It focuses on the experimental curve hc(hp) obtained from the measurement of a
series of hysteresis loops of increasing amplitude hp. The coercive ﬁeld hc is detected on a
cycle, for which the applied magnetic ﬁeld amplitude is hp. The hc(hp) characteristic is
interpolated in the range [hpmin, hpmax], and it is extrapolated as follows for ﬁeld values
outside the measurement range (17):
8
>
if hp > hpmax
hc ¼ hcmax
>
>
>
 
  < hc ¼ f hp
if hpmin < hp < hpmax
(17)
hc hp ¼
>
 2
>
>
h
p
>
if hp < hpmin
: hc ¼ hcmin  hp
min

where f(hp) is an interpolation function[2]. The quadratic extrapolation at low ﬁelds derives
from the Rayleigh law (Rayleigh, 1887). The next step is the deﬁnition of an auxiliary
continuous function F(h), based on the hc(hp) curve. The curve hc(hp) contains enough
information to completely identify F(h) (Jacques et al., 2018). For any magnetic ﬁeld h which
saturates the material (h > hpmax), it is known that:
F ðhÞ ¼ h  hcmax
For magnetic ﬁelds of lower magnitude, the function F satisﬁes:


h þ hc ð hÞ
F ðhÞ
F
¼
2
2

(18)

(19)

The procedure consists in selecting an arbitrary initial value h0 > hpmax . The subsequent
terms of the series are recursively given by:

hn ¼

hn1 þ hc ðhn1 Þ
2

The values of function F(hn) can then be computed as:
8
n
n
>
< h  hcmax if h > hpmax
n
F ðh Þ ¼ F ðhn1 Þ
>
:
otherwise
2

(20)
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By using equations (18)-(21), the curve F(h) can be sampled in an arbitrary number of points.
The pinning ﬁeld (continuous) probability density v (k ) is then deduced by derivating F(h)
twice:

v ðk Þ ¼

@ 2 F ð hÞ
@h2

By using this procedure, the continuous distribution v (k ) can be numerically computed
in a very high number of points. In practice, a discrete approximation of the
distribution v (k ) is needed for ﬁnite element implementations (Henrotte et al., 2014).
For this reason, the discrete sets of parameters (v k, k k)k = 1, . . . , N are derived from the
continuous distributions v (k ) previously obtained, where the number N of cells is much
lower (typically N # 10).
3. Results
3.1 Experimental measurements
The EB model has been evaluated by comparing the simulated and measured hysteresis
loops for the ferrite 3C90 material. Experimental hysteresis loops have been measured in
different conditions:
(1) simple excitation waveforms:
 variable-temperature: sinusoidal excitation waveform (f = 50 Hz), T ranging
from 223 to 448 K, hp = const (Figure 3 for hp = 230 A/m); and
 variable-amplitude: sinusoidal excitation waveform (f = 50 Hz), hp ranging from
20 to 230 A/m, T = const (Figure 3 for T = 293 K).
(2) complex excitation waveforms:


sinusoidal excitation waveform (f = 50 Hz) with superimposed higher harmonic
(f = 150 Hz) for different levels of hmax, T = 293 K [Figure 4(a)]:
hðtÞ ¼ hmax ðsinð 2p ftÞ þ sinð 6p ftÞÞ



(22)

pulse-width modulation (PWM) excitation (fundamental f = 1 kHz with
addition of third and seventh harmonics) at T = 323 K [Figure 4(b)] and T =
373 K (not shown).

3.2 Parameters identiﬁcation
The protocol previously described has been applied to 3C90 ferrite in the measured
temperature range. The hc(hp) characteristics have been measured for each series of
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Notes: (a) Measurements at hp = 230 A/m in the temperature range; (b) measurements at
T = 293 K and hp = 40 A/m, 100 A/m, 230 A/m (zoom: coercive field hc = 12 A/m related to
the cycle for which hp = 230 A/m)

hysteresis loops of increasing hp, for each temperature. As an example, in Figure 5, we show
the construction of the curve hc(hp) (Figure 5(a)) and the corresponding auxiliary function
F (h) (Figure 5(b)) at the temperature T = 293 K. The variation of the hc(hp) curves in function
of temperature is shown in Figure 6(a). We observe that the coercive ﬁeld decreases as
temperature rises, which is coherent with the cycles depicted in Figure 3. Figure 6(b) depicts
the estimated continuous distributions v (k |T).
One observes that the average pinning ﬁeld decreases as the temperature increases. This
could be explained by the fact that, for higher temperatures, thermal noise makes easier to
overcome pinning energy barriers and, therefore, reduces the pinning ﬁeld. On the other
hand, it is reported in literature (Raghavender et al., 2010) that, at higher temperatures, grain
size increases. Therefore, the growth of grain size increases the distance of pinning points in
the material and, consequently, decreases the coercive ﬁeld.
3.3 Various tests of the energy-based model
We tested the EB model with several kinds of signals and temperatures, by varying the
number of cells from two to eight. The results are shown in Figures 7-9.
3.3.1 Major loops. In Figure 7, simulations with N = 3 cells reproduce major loops at
different temperatures and amplitudes:
 Figure 7(a) compares measured and simulated b(h) loops with the same amplitude
(hp = 230 A/m) for different temperatures (T = 248 K, T = 348 K and T = 448 K).
 Figure 7(b) compares measured and simulated curves with different amplitudes
(hp = 40 A/m, hp = 100 A/m and hp = 230 A/m) at the same temperature (T = 293 K).
The precision of the EB model in predicting the measured cycles has been quantiﬁed by
means of the relative normalized root mean-square error (NRMSE) between the simulated
and measured ﬂux density:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
XNmeas
2
jjb

b
jj
meas;n
sim;n
qn¼1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NRMSE ¼
 100%
(23)
XNmeas
2
jjb
jj
meas;n
n¼1
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where Nmeas is the number of measurement points. Figure 9 depicts the NRMSE for a
number of cells spanning from two to eight:
 Figure 9(a) represents the NRMSE as a function of temperature, for cycles of ﬁxed
amplitude hp = 230 A/m (cf. Figure 7(a)).
 Figure 9(b) represents the NRMSE as a function of cycle amplitude, for a ﬁxed
temperature T = 293 K (cf. Figure 7(b)).
It is observed that, for major cycles, a quite good representation of hysteresis loops
(NRMSE < 5 per cent) is generally obtained, starting from three cells. For cycles of lower
amplitudes (Figure 9(b)), the results are mixed. The global trend is that the error is
proportionally lower for cycles of higher amplitude. This can be explained by the argument
that for cycles of high amplitude all cells are activated simultaneously (apart from reversing
points) and, therefore, one deduces from equation (11) that:

Figure 4.
Complex excitation
waveforms
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hkr ¼ h  k k  sgnðh_ Þ

(24)

and, therefore, by using equation (9) one obtains:
hr ¼ h  sgnðh_ Þ 

N
X

v kk k

(25)

k¼1

Hence, the details of the pinning distribution play a less important role: the ﬁeld hr is
determined by the sum in equation (25). Moreover, when the material is saturated, the ﬁeld is
determined by the saturation value of Man more than by the exact value of hr. Conversely, at
low ﬁelds, not all cells are activated and, thus, the details of the pinning distribution (v k, k k)
play a much more important role. Nevertheless, the NRMSE stabilizes for N  3, apart from
very low-amplitude cycles (hp # 30 A/m) for which a higher number of cells can be used to
increase the accuracy. The fact that the error is particularly low in the case hp = 30 A/m is
unexplained, and it is likely to be a particular case.
3.3.2 Complex signals. The same identiﬁed parameters have been used to simulate
complex magnetization trajectories. The model can effectively simulate signals with
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harmonics (closed small loops at the tips of each loop) at a given temperature. Measurements
have been performed for T = 293 K, T = 323 K and T = 373 K. The cycles measured and
simulated with N = 4 cells for T = 293 K are depicted in Figure 8(a). Figure 8(b) depicts the
NRMSE for each temperature. It can be observed that the EB model produces stable minor
loops, namely, it closes the loops in a physically adequate manner, conversely to the original
JA model (Benabou et al., 2008; Zirka et al., 2012; Petrun et al., 2017). Note that the model has
been applied with the same parameters identiﬁed with simple (sinusoidal) excitation
waveforms. Simulated and measured results are globally in good agreement, showing that
the model is able to predict complex loops at any temperature, at least within the measured
range.
4. Discussion
This study puts in evidence how the distribution of pinning ﬁeld v (k ) depends on the
temperature T. The observed trend is that the peak of the distribution shifts toward lower
values when the temperature increases (Figure 6(b)). This evidence could be explained by

Figure 6.
Variation of
parameters in
function of
temperature
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the argument that higher thermal noise reduces the energy required to overcome pinning
energy barriers.
From the analysis of the precision of the model, it is observed that the NRMSE is
generally higher for low temperature (Figure 9(a)) and/or for low applied ﬁeld (Figure 9(b)).
These two facts could be linked, in that, under low thermal noise and/or low applied ﬁeld,
cells corresponding to low pinning ﬁeld are not simultaneously activated[3] and, therefore,
the material exhibits a more complex behavior.
Figure 7(a) compares the calculated and experimental loops for three temperatures (248,
348 and 448 K). In the case of T = 248 K, it has been impossible to completely saturate the
material during the measurement (due to the fact that hp values have been ﬁxed for all

Soft magnetic
materials

Flux density – b (T)

0.4

0.2

0

1607
–0.2
Meas T = 293 K
Sim T = 293 K

–0.4
–100

– 50

0

50

100

Magnetic field – h (A/m)

(a)
5

NRMSE (%)

4
3
2
1
0

293

323

373

Temperature (K)

(b)
Notes: (a) Loops with third harmonic at T =
293 K; (b) NRMSE for complex excitation
waveforms at 293 K, 323 K and 373 K

temperatures). Therefore, the observed deviation could also be explained by the fact that the
identiﬁed anhysteretic curve Man may be less accurate.
As one could expect, the NRMSE decreases as the number of cells N used to model the
material increases. It is observed that three cells are generally enough to obtain an optimal
result, in that a higher number of cells do not reduce signiﬁcantly the NRMSE.
4.1 Temperature-dependent extension
In practical applications, engineers need to predict the continuous distribution v (k ) curves
at any temperature and/or directly a discretized approximation (v k, k k).
4.1.1 Continuous v (k |T) curves interpolation. To assess the robustness of our
approach, we have performed a cross-validation by comparing the original functions v (k |
T) obtained for all available temperatures with interpolated curves obtained by using only
half of the data set. Namely, we have interpolated the distribution by having available only
v (k |T) for a few temperatures (T = 223 K, 273 K, 323 K, 373 K and 448 K) and tried to
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reconstruct the ﬁve remaining curves (T = 248 K, 293 K, 348 K, 398 K, 423 K). Figure 10
shows the original curves (full lines) obtained by the identiﬁcation method and the new
computed ones. The interpolated and original curves are in good agreement. This suggests
that the model could have been identiﬁed by using a reduced set of measurements.
4.1.2 Discrete (v k, k k) sets function of temperature. A ﬁrst variation law of parameters
in function of temperature is proposed. The continuous distributions v (k |T) have been
discretized in N = 3 cells, thus achieving discrete parameters (v k(T),k k(T))k=1,. . .,N, with
temperature T ranging from 223 to 448 K. As for parameters v k, the same property
PN
k
k¼1 v k ¼ 1 must hold at any temperature. Parameters k are related to a local pinning
force or a local coercive ﬁeld. Therefore, the variations of (v k(T),k k(T))k=1,. . .,N as a function
of temperature T could be obtained by the knowledge of the macroscopic coercive ﬁeld
hc(T), which has already been measured. More precisely, we hypothesize that, at any
temperature, the products v k(T)k k(T) rescale as:

v k ðT Þ  k k ðT Þ
hc ðT Þ
¼
k
v k ðT0 Þ  k ðT0 Þ hc ðT0 Þ

(26)

in which, the ratio is known for a reference temperature T0. Remark that this is consistent with
Sixdenier and Scorretti (2018).Figure 11 shows the curves of equation (26) for the second and
third cells. The ﬁrst cell k = 1 is not represented, as the constraint k 1 = 0 is imposed (cf.
equation (16)); hence, equation (26) is meaningless. Moreover, k 1 takes into account the reversible
part of the applied ﬁeld and, thus, it is not related to the coercive ﬁeld. Concerning the two
irreversible cells, there is a fairly good agreement between the rescaled product of parameters for
k = 2 and the coercive ﬁeld. The third cell shows the same trend, but the presence of erratic
behavior may be noted, starting from T = 293 K. The same trend is observed for cells of order
higher than three, but with a much more erratic behavior (not shown). A possible explanation is
that, starting from k  4, the effect of cells is negligible (Figure 9(a), Table II: v k  1 for k > 3);
henceforth, the parameters of these cells cannot be identiﬁed accurately.
Therefore, EB models identiﬁed at a reference temperature could be used to simulate the
behavior of magnetic materials at other temperatures, at the price of a few measurements to
be performed in the desired range of temperature.
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5. Conclusions and perspectives
In this paper, the EB hysteresis model has ﬁrst been analyzed under various magnetization
waveforms and at different temperatures. Globally, the results of measured and simulated

Figure 10.
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N=5

N=4

N=3

N=2

v 1 = 0.3329
v 2 = 0.6670
v 1 = 0.2886
v 2 = 0.6571
v 3 = 0.0542
v 1 = 0.2871
v 2 = 0.5611
v 3 = 0.1276
v 4 = 0.0241
v 1 = 0.2880
v 2 = 0.5512
v 3 = 0.1281
v 4 = 0.0326
v 5 = 2.31 · 107

Table II.
Discrete parameters
(!k, k) for several
temperatures T and
number of cells N

k = 0.0000
k 2 = 121.6793
k 1 = 0.0000
k 2 = 40.6363
k 3 = 156.5175
k 1 = 0.0000
k 2 = 32.0651
k 3 = 81.8091
k 4 = 189.431
k 1 = 0.0000
k 2 = 31.2924
k 3 = 78.0576
k 4 = 130.6511
k 5 = 2.29 · 106
1

T = 223 K

v 1 = 0.6120
v 2 = 0.3879
v 1 = 0.4469
v 2 = 0.5308
v 3 = 0.0222
v 1 = 0.4483
v 2 = 0.5310
v 3 = 0.0207
v 4 = 2.06 ·107
v 1 = 0.4342
v 2 = 0.4138
v 3 = 0.1497
v 4 = 0.0022
v 5 = 2.49 · 106

k = 0.0000
k 2 = 119.6603
k 1 = 0.0000
k 2 = 21.3301
k 3 = 125.5747
k 1 = 0.0000
k 2 = 21.4869
k 3 = 125.5438
k 4 = 6.9 · 104
k 1 = 0.0000
k 2 = 125.5438
k 3 = 27.8393
k 4 = 115.9689
k 5 = 322.3601
1

T = 293 K

v 1 = 0.7857
v 2 = 0.2143
v 1 = 0.6375
v 2 = 0.3414
v 3 = 0.0211
v 1 = 0.6265
v 2 = 0.2682
v 3 = 0.0937
v 4 = 0.012
v 1 = 0.6383
v 2 = 0.3376
v 3 = 0.0238
v 4 = 1.86 · 106
v 5 = 0.0003

k = 0.0000
k 2 = 117.9743
k 1 = 0.0000
k 2 = 18.7272
k 3 = 119.8614
k 1 = 0.0000
k 2 = 11.9799
k 3 = 36.5363
k 4 = 126.3739
k 1 = 0.0000
k 2 = 18.3745
k 3 = 85.0523
k 4 = 16.16 · 103
k 5 = 558.7124
1

T = 373 K

v 1 = 0.8148
v 2 = 0.1852
v 1 = 0.5643
v 2 = 0.4146
v 3 = 0.0211
v 1 = 0.5445
v 2 = 0.3292
v 3 = 0.1152
v 4 = 0.0109
v 1 = 0.5445
v 2 = 0.3306
v 3 = 0.1139
v 4 = 0.0107
v 5 = 4.02 · 107

k 1 = 0.0000
k 2 = 119.5290
k 1 = 0.0000
k 2 = 10.0618
k 3 = 128.0142
k 1 = 0.0000
k 2 = 5.9373
k 3 = 20.5528
k 4 = 145.5584
k 1 = 0.0000
k 2 = 5.9669
k 3 = 20.7185
k 4 = 146.3299
k 5 = 3.42 · 103

T = 448 K
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hysteresis loops are in good agreement at any temperature and reveal that the identiﬁcation
strategy used to obtain the model parameters is robust and stable, as the parameters
identiﬁed by simple excitation waveforms can be used to simulate hysteresis loops subject
to complex magnetization waveforms.
An extension to the existing EB model has then been proposed, so as to take into
account the effect of temperature with only a few measurements, based on a 2D
interpolation. A scaling law of the model parameters (v k, k k) with the temperature has
been suggested and partially validated. This constitutes a ﬁrst step toward predicting
hysteresis loops for complex signals and for any temperature falling in the range of
available measurements.
However, a considerable amount of work has to be done on the one hand to conﬁrm the
obtained results and to obtain a better physical rationale which explains the observed
trends. On the other hand, methods to predict the behavior of materials as a function of
temperature are valuable tools for engineers. A possible way to obtain this information
could be microscopic imaging. In fact, it has been reported in literature (Mager, 1952; Adler
and Pfeiffer, 1974; Landgraf et al., 2011) that the coercive ﬁeld is inversely proportional to
grain size. Therefore, the existence of a possible link between grain size, pinning force
distribution and temperature deserves to be investigated.
The proposed approach has currently only been tested with a single material. Future
work will be dedicated to evaluating its validity with different materials, as well as
integrating it in ﬁnite element software to provide an accurate mapping of magnetic losses
for practical electrotechnical applications.
Notes
1. The notation t· = @/ @t means time derivative (example: u_ ¼ @u=@t).
2. In principle, any interpolation method can be used. We used piecewise linear interpolation
because this method ensures that no unphysical negative values are obtained.
3. Cells which activate simultaneously are practically indistinguishable. This fact has been used in
Sixdenier and Scorretti (2018) to build simpliﬁed EB models.
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Abstract
Purpose – This paper aims to propose a homogenization method considering magnetic anisotropy for a

magnetic ﬁeld analysis of a turbine generator. To verify the validity of the proposed method, the effects of
magnetic anisotropy and a space factor on a no-load saturation curve and no-load iron loss of the turbine
generator are discussed.
Design/methodology/approach – The proposed method was derived from the combination of the
homogenization of microscopic ﬁelds in a laminated iron core with the modelling of two-dimensional
magnetic properties based on free energy. To verify the validity, the proposed method was applied to a ﬁniteelement analysis of a simple ring core model. Finally, a no-load saturation curve and iron loss of the turbine
generator was investigated by using the proposed method.
Findings – The computational accuracy of the homogenization method considering magnetic anisotropy is
almost the same as that of the detailed modelling of the laminated structure in the magnetic ﬁeld analysis of
the laminated iron core. Furthermore, it is clariﬁed that magnetic anisotropy does not have a large inﬂuence
on the no-load saturation curve of the turbine generator because of the large air gap. On the other hand, the
space factor affects the shape of the no-load saturation curve.
Originality/value – This paper veriﬁes the validity of the homogenization method considering magnetic
anisotropy method and elucidates the effects of magnetic anisotropy and a space factor on no-load
characteristics of the turbine generator.
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1. Introduction
Because of the increase of renewable energy, an operating range of turbine generators is
expanding to keep the stability of electric power system. Therefore, it is desired to
evaluate the machine performance of turbine generators in high-ﬂux density region
precisely.
A no-load saturation curve is one of the most important characteristics in a turbine
generator. It is known that simulated no-load saturation curves are occasionally
different from those measured. A possible cause of the difference is an insufﬁcient
modelling of the stator core. For example, it includes magnetic properties of electrical
steel sheets used in the laminated core and omission of the detailed structure of a

turbine generator. As for the magnetic properties, electrical steel sheets have magnetic
anisotropy even if they are non-oriented ones, and magnetic anisotropy may affect the
performance of electrical machines.
The stator core of the turbine generator has air ducts for cooling, and the space
factor a is smaller than ordinary motors having no air ducts. Air ducts must be
considered to evaluate machine performance precisely because the turbine generator
generally has dozens of air ducts. As for the method to consider the effect of all air ducts
and magnetic anisotropy of electrical steel sheets, the use of the homogenization
method is considered to be an effective approach from the standpoints of computational
accuracy and cost. Although several papers have been reported about homogenization
methods (Szûcs, 2000) for laminated cores (Kitao et al., 2017; Kaimori et al., 2007;
Muramatsu et al., 2004), the treatment of magnetic anisotropy in the context of the
homogenization of laminated structure has not been discussed.
The homogenization method generally yields the homogenized magnetic ﬂux
density, which is smaller than the magnetic ﬂux density at a = 1.0. However, it is
necessary to calculate iron losses based on not homogenized, but local magnetic ﬂux
densities in steel sheets because the magnetic ﬂux concentrates on steel sheets in the
laminated core especially when a space factor a is small such as the stator core of a
turbine generator.
In this paper, ﬁrst, we propose the homogenization method for a laminated iron core taking
account of magnetic anisotropy based on Kitao et al. (2017), and verify the validity of the
proposed method using a simple ring core model. Furthermore, we apply the proposed
homogenization method to the stator core of the turbine generator, and discuss the inﬂuence of
magnetic anisotropy and the space factor on a no-load saturation curve and no-load iron losses.
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2. Homogenization method considering magnetic anisotropy
2.1 Modelling of two-dimensional magnetic properties
Figure 1 shows measurable quantities with two-dimensional single sheet testers (2D-SSTs)
and one-dimensional single sheet testers (1D-SSTs). In Figure 1, RD and TD denote the
rolling and the transverse directions, respectively. In addition, u B and u H are the angles

TD y

TD y
B

B

H

Hr

Hr
Hθ
θB

(a)

θH
θRD

RD

θB

θRD

x

RD
x

(b)

Notes: (a) Magnetic property measured by 2-D SST; (b) magnetic property measured
by 1-DSST

Figure 1.
Relationship between
B and H in
anisotropic magnetic
materials
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from the RD of the magnetic ﬂux density B and the magnetic ﬁeld strength H, respectively.
Hr and Hu are the components of H parallel and perpendicular to B, respectively.
Several methods to model two-dimensional magnetic properties have been reported
(Fujiwara et al., 2002; Kameari and Fujiwara, 2006; Ikeda et al., 2005; Higuchi et al., 2012). In this
paper, we adopt the method based on the energy F (Higuchi et al., 2012) because necessary twodimensional magnetic quantities for their modelling can be measured by the one-dimensional
SST and several rectangular specimens with different inclination angle from the RD.
Here, the hysteresis property of magnetic materials is neglected, and the energy F does
not depend on integral path. Bm is the amplitude of B obtained from the measurement of
one-dimensional magnetic properties of rectangle specimens having inclined angle u B. In
this case, the energy F is deﬁned as:
F ð Bm ; u B Þ ¼

ð Bm

H  dB ¼

0

ð Bm

Hr ðBm ; u B Þ dB:

(1)

0

Assuming that the energy F is an even function having symmetry with respect to u B = 0
and u B = p /2, and has a period of p , the energy F can be expanded in the Fourier cosine
series as follows:
F ð Bm ; u B Þ ¼

N
X

fk ðBm Þcos ð2ku B Þ

(2)

k¼0

where N is the maximum order of a Fourier series expansion and coincides with “the
number of rectangle specimens 1.”
Hr and Hu are given by the gradient of the energy F as follows:
Hr ðBm ; u B Þ ¼
¼

N
X
@F
dfk ðBm Þ
¼
cos ð2ku B Þ
dBm
@Bm
k¼0
N
X

(3)

Hrk ðBm Þcos ð2ku B Þ

k¼0

Hu ðBm ; u B Þ ¼

1 @F
Bm @ u B

N
2k X
¼
fk ðBm Þsinð2ku B Þ
Bm k¼0

(4)

Figure 2 shows estimated two-dimensional magnetic properties of M470-50A5 by using this
modelling method.
Next, we derive the Jacobian matrix @H/@B used in the Newton–Raphson (NR) method
based on the above modelling method. The relationship between Hx, Hy, Hr, Hu , Bm and u B
is written as:
Hx ðBm ; u B Þ ¼ Hr cosðu B þ u RD Þ  Hu sinðu B þ u RD Þ;
(5)
Hy ðBm ; u B Þ ¼ Hr sinðu B þ u RD Þ þ Hu cosðu B þ u RD Þ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bm ¼ B2x þ B2y :

(6)
(7)
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Figure 2.
Two-dimensional
magnetic properties

Notes: (a) Hr; (b) Hθ

By using equations (5), (6) and (7), the components of the Jacobian matrix are obtained as
follows:
@Hx @Hx @Bm @Hx @ u B
@Hu
¼
þ
¼ 2 sinðu B þ u RD Þcosðu B þ u RD Þ
@Bx @Bm @Bx @ u B @Bx
@Bm


1
@Hu
@Hr
þ cos2 ðu B þ u RD Þ
þ sin2 ðu B þ u RD Þ
Hr þ
(8)
Bm
@u B
@Bm
@Hx @Hx @Bm @Hx @ u B
¼
þ
¼ sinðu B þ u RD Þcosðu B þ u RD Þ
@By @Bm @By @ u B @By
þ fcos2 ðu B þ u RD Þ  sin2 ðu B þ u RD Þg

(



@Hr 1
@Hu

Hr þ
@B B
@u B

@Hu @Hy
¼
@B
@Bx

@Hx @Hx @Bm @Hx @ u B
@Hu
¼
þ
¼ 2 sinðu B þ u RD Þcosðu B þ u RD Þ
@Bx @Bm @Bx @ u B @Bx
@Bm


@Hr
1
@Hu
2
2
þ sin ðu B þ u RD Þ
þ cos ðu B þ u RD Þ
Hr þ
@Bm
Bm
@u B

(9)

(10)

Here, @Hr/@Bm, @Hr/@ u B and @Hu /@Bm, @Hu /@ u B in the above equations are given by:
@Hr
@2F
¼ 2
@Bm @Bm
@Hr
@2F
¼
@ u B @Bm @ u B


@Hu
1 @F
1
@2F
1 @Hr
¼ 2
þ
¼
 Hu
@Bm
Bm @ u B Bm @Bm @ u B Bm @ u B
@Hu
1 @2F
¼
@ u B Bm @ u 2B

(11)

(12)

(13)

(14)
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Additionally, assuming that the magnetic property along the z direction is independent from
those along the in-plane (x and y) directions, we have:
@Hx @Hy @Hz @Hz
¼
¼
¼
¼0
(15)
@Bz
@Bz @Bx @By
and @Hz/@Bz is calculated from the magnetization curve along the thickness direction. As
the Jacobian matrix in equations (8), (9) and (10) is symmetric as mentioned above, the
incomplete Cholesky conjugate gradient method can be applied as a linear iterative method.
In the case where the accuracy of the modelling method is improved when adopting M,
which is smaller than N in equation (2), M should be used as the order of the Fourier series
expansion. In this paper, we determine the appropriate order of the Fourier series expansion
M and the Fourier coefﬁcients Hrk(Bm) by the least-square method.
Here, the sum of the squares of the residuals U, which should be minimized is written as:
2
32
N
M
X
1X
m
4
U¼
Hrk ðBm Þcosð2ku B Þ  Hr ðBm ; u B Þ5
(16)
2 k¼0 j¼0
Hrm(Bm, u B) is measured magnetic ﬁeld strength parallel to the magnetic ﬂux density B. By
solving:
2
3
N
M
X
X
4
Hrk ðBm Þcosð2ku B Þ  Hrm ðBm ; u B Þ5cosð2ku B Þ
k¼0

j¼0

2
3
M
N
N
X
X
X
4
¼
cosð2ku B Þcosð2ku B Þ5Hrk ðBm Þ 
H m ðBm ; u B Þcosð2ku B Þ ¼ 0
r

j¼0

k¼0

k¼0

(17)
the Fourier coefﬁcients Hrk(Bm) corresponding to M are obtained. By changing M from 1 to
N, the best order of the Fourier series expansion, which minimize equation (16), is
determined.
2.2 Homogenization method taking account of magnetic anisotropy
In the homogenization method, the laminated iron core (microscopic model) shown in
Figure 3(a) is modeled as the homogenized model (macroscopic model) shown in Figure 3(b).
As shown in Figure 3, the in-plane directions of steel sheets are deﬁned as x, X and y, Y
directions, and the laminated direction is deﬁned as z and Z directions. In addition, it is
assumed that the magnetic ﬂux density and the magnetic ﬁeld strength are locally uniform
in each steel sheet and the air in the microscopic model. bs and ba are the magnetic ﬂux
density in steel sheets and the air in the microscopic model, hs and ha are the magnetic ﬁeld
strength in steel sheets and the air in the microscopic model, respectively. B and H are the
magnetic ﬂux density and the magnetic ﬁeld strength in the macroscopic model. Moreover, a
space factor of the macroscopic model is a.
The continuities of the normal component of the magnetic ﬂux density and the tangential
component of the magnetic ﬁeld strength in microscopic model are expressed as:
hsx ¼ hax ;
hsy ¼ hay
(18)
bsz ¼ baz

(19)
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Figure 3.
Microscopic model
and macroscopic
model

Furthermore, the relationship between the magnetic ﬂux density ba and the magnetic ﬁeld
strength ha in the air is given by:
b a ¼ m 0 ha

(20)

where m 0 is the permeability of vacuum.
Here, we derive the relationship between the microscopic and macroscopic quantities.
From equations (18) and (19), the following relationships are obtained:
HX ¼ hsx ¼ hax ;

HY ¼ hsy ¼ hay

BZ ¼ bsz ¼ baz

(21)
(22)

Additionally, the magnetic ﬂux density parallel to steel sheets concerns the value of a
surface integral on the plane of lamination and the magnetic ﬁeld strength in the laminated
direction concerns the value of line integral along the thickness direction. By using
equations (20), (21) and (22), the following relationship are obtained:
(
BX ¼ absx þ ð1  aÞ bax ¼ absx þ ð1  aÞ m 0 HX
(23)
BY ¼ absy þ ð1  aÞ bay ¼ absy þ ð1  aÞ m 0 HY
HZ ¼ ahsz þ ð1  aÞ haz ¼ ahsz þ

ð1  a Þ
BZ
m0

The Jacobian matrix of the proposed method used in the NR method is given by:

(24)
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2

@hsx
6
6 @bsx
6
@H 6
6 @hsy
¼6
@B 6 @bsx
6
6 @H
z
4
@bsx

@hsx
@bsy
@hsy
@bsy
@Hz
@bsy

32
@hsx
@bsx
7
@bsz 76
@B
X
76
6
@hsy 7
@b
76
sy
76
@bsz 76
@BX
76
6
7
@Hz 54 @bsz
@BX
@bsz

@bsx
@BY
@bsy
@BY
@bsz
@BY

3
@bsx
@BZ 7
7
7
@bsy 7
7
@BZ 7
7
7
@bsz 5
@BZ

(25)

Substituting equation (23) to the latter part of the right-hand-side in equation (25), we obtain:
2
3
2
3
@bsx @bsx @bsx
@HX
@HX
@HX
6 @B
7
a2
a2
6 X @BY @BZ 7 6 a1 þ a2
7
@BX
@BY
@BZ 7
6
7 6
6 @bsy @bsy @bsy 7 6
7
6
7¼6
@HY
@HY
@HY 7
(26)
6
6 @B
7
7
a1 þ a2
a2
6 X @BY @BZ 7 6 a2 @B
7
@B
@B
X
Y
Z 5
6
7 4
4 @bsz @bsz @bsz 5
0
0
1
@BX @BY @BZ
where a1 = 1/a and a2 = m 0 (1  a1). By applying equations (15) and (26) to equation (25)
and rearranging the result, we can derive:
2
32
3
3 2
@hsx
@hsx
@hsx
@hsx
@HX @HX
a2
a1
6 1  a2
6 a1
7
7
@bsx
@bsy 76
@bsx
@bsy 7
6
@BX @BY 7
7 6
6
6
76
7
(27)
6
7¼6
6
@hsy
@hsy 7
@hsy 7
4
54 @HY @HY 5 4 @hsy
5
a2
1  a2
a1
a1
@BX @BY
@bsx
@bsy
@bsx
@bsy
@HZ 1  a
ahsz
¼
þa
@BZ
m0
@bsz

(28)

The Jacobian matrix of steel sheets @hs/@bs in equations (27) and (28) is calculated from
equations (8)  (10).
2.3 Calculation method of iron losses
When the homogenization method is applied, the homogenized magnetic ﬂux density B is
converted into the magnetic ﬂux density of steel sheets bs and iron losses are calculated
from bs. Here, bs is evaluated from the homogenized magnetic ﬂux density B, which is given
by the FEM by using the NR method. We deﬁne the residuals h x and h y of equation (23) as:

h x ¼ absx þ m 0 ð1  aÞhsx  Bx ¼ 0

(29)

h y ¼ absy þ m 0 ð1  aÞhsy  By ¼ 0

(30)

When the NR method is applied to equations (29) and (30), the following system of linear
equations is obtained:

2

@ h xi
6
6 @bsx i
6
6
4 @ h yi
@bsx i

3
@ h xi
# "
#
7"
@bsy i 7 d bsx i
h xi
7
¼
7
h yi
@ h y i 5 d bsy i
@bsy i

(31)

Here, the superscript i is the number of iterations of the NR method. The NR iteration is
repeated until h xi and h yi satisfy the convergence criterion.
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3. Numerical veriﬁcation of proposed method
Here, we verify the validity of the proposed homogenization method. Figure 4 shows the
analyzed model of the laminated iron core and Table I shows the analysis conditions. Two
types of models are compared, namely: a detailed laminated core model and homogenized
core model. In the former model, the elements of a steel sheet are divided one by one, and 40
steel sheets are laminated as an iron core. The latter model is a homogenized bulk core, and a
space factor a is 0.96. Both models can be analyzed with a half model because of a vertical
symmetry. The numerical results of four methods shown in Table II is discussed.
Figure 5 shows the distribution of magnetic ﬂux density in each model. The distribution
of the magnetic ﬂux density, which is in good agreement in Models A and B, concentrates on
the inside of the core along the RD because of the magnetic anisotropy and magnetic path
length. On the other hand, the distribution of the magnetic ﬂux density in Models C and D is

Figure 4.
Analysis conditions
of three-dimensional
ring model

Number of elements
Number of nodes
Number of turns [turns]
Current [A]
Iron core
Models A, B
Models C, D

Model A
Model B
Model C
Model D

668,250
338,058
20
20
M470-50A5
M470-50A5 (RD)

Table I.
Analysis conditions
of three-dimensional
ring model

Detailed model considering magnetic anisotropy
Homogenized model considering magnetic anisotropy
Detailed model neglecting magnetic anisotropy
Homogenized model neglecting magnetic anisotropy

Table II.
Various types of
three-dimensional
ring model
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almost uniform along the circumferential direction. Thus, the qualitatively reasonable
results are obtained by the proposed method. However, the magnetic ﬂux density of Model
A is higher than that of Model B. This is because Model A shows the magnetic ﬂux density
in steel sheets, whereas the homogenized (averaged) magnetic ﬂux density is shown in
Model B.
Furthermore, Figure 6 shows the distribution of the in-plane magnetic ﬂux density at the
observation point shown in Figure 4(c). In Model A, the magnetic ﬂux density changes
stepwise along the thickness direction because the gap and steel sheets are alternately
repeated. Meanwhile, the in-plane magnetic ﬂux density is constant in Model B and lower
than that in the steel sheets in Model A. In addition, Figure 7 shows the time variation of the
total ﬂux linkages. The total ﬂux linkages are in good agreement in Models A and B. From
the above results, the validity of the proposed homogenization method considering twodimensional magnetic properties can be conﬁrmed.
4. Eﬀects of magnetic anisotropy and space factor on performance of turbine
generator
4.1 Analyzed model and analysis conditions
Figure 8 shows the analyzed turbine generator with 500  600 MVA rating (Fujita et al.,
2009) and Table III shows the analysis conditions. To investigate the effects of magnetic
anisotropy on the characteristics of the turbine generator, we compare three models with
different methods for considering magnetic anisotropy of the stator core shown in Figure 9.

Figure 5.
Distribution of
magnetic ﬂux density
of three-dimensional
ring model

: Model A

: Model B

1.4
1.2

By [T]

1.0
0.8
0.6
0.4
Figure 6.
Distribution of
magnetic ﬂux density
in y direction

0.2
0

2.0
4.0
6.0
8.0
10.0
z [mm]
At. x = –1086 mm and y = 0.0 mm

0.3

: Model A
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) [Wb]

0.2
0.1
0
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–0.1
–0.2
–0.3
0

90
270
180
Electrical angles [degrees]

Figure 7.
Waveform of total
ﬂux linkage

360

Figure 8.
Turbine generator
model

Number of elements
Number of nodes
Number of turns [turns/slot]
Stator
Rotor
Iron core
Space factor a

36,480
18,331
1
#1
#2  #8

6
7
M470-50A5
1.0, 0.85

Table III.
Analysis conditions
of turbine generator

Figure 9.
Magnetic anisotropy
of the iron core

In Model 1, the isotropic magnetic properties of M470-50A5 in the RD is applied to the stator
core. In Model 2, the isotropic magnetic properties of M470-50A5 in the RD and TD are
applied to the core back and teeth, respectively, as a simple method for considering magnetic
anisotropy. In Model 3, assuming the practical turbine generator, the stator core is
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segmented at intervals of 22.5 degrees, and the RD of each segmentation is parallel to the
circumferential direction. The magnetic anisotropy is considered directly in each
segmentation by using the method mentioned in Section 2.1. a of the stator core is set to 1.0
or 0.85. When considering the laminated structure and air ducts in the stator core, we use the
proposed homogenization method.
4.2 Numerical results
Figure 10 shows the distribution of the magnetic ﬂux density when the ﬁeld current
generating the rated terminal voltage is imposed. Although we obtained almost the same
distribution of the magnetic ﬂux density in each model, the effects of magnetic anisotropy in
Model 3 differ slightly. It is because the stator core is segmented at intervals of 22.5 degrees,
and the magnetic anisotropy is considered directly.
Figure 11 shows a no-load saturation curve. There is no signiﬁcant difference among all
the models as with the distribution of magnetic ﬂux density shown in Figure 10 when the
space factor is the same. The difference among all the models is within 0.5 per cent at 1.0 p.u.
ﬁeld current. As its cause, it is considered that the large air gap has a dominant inﬂuence on
the magnetic resistance of the magnetic circuit in this turbine generator. Compared with the

Figure 10.
Distribution of
magnetic ﬂux density
considering magnetic
anisotropy

Voltage [p.u.]

1.6

Figure 11.
No-load saturation
curve

D= 1.0
D= 0.85

: Model 1
: Model 1

: Model 2
: Model 2

: Model 3
: Model 3

1.2
0.8
0.4
0

1.0
2.0
Field current [p.u.]

3.0

difference in modelling for magnetic anisotropy, the value of the space factor has a large
effect on the simulated no-load saturation curve.
Then, we evaluate iron losses. In Model 3, iron losses are calculated using the method in
Higuchi et al. (2014) at a = 1.0 and the proposed method in Section 2.3 at a = 0.85. Table IV
shows the eddy-current losses, hysteresis losses and iron losses at a = 1.0 and a = 0.85 in each
model. Each loss shown in Table IV is normalized with the total iron loss at a = 1.0. In each
model, iron losses at a = 0.85 is larger than that at a = 1.0 because the magnetic ﬂux density in
steel sheets is higher than that at a = 1.0 due to the concentration of the magnetic ﬂux.
Figure 12 shows the distribution of the iron loss density, eddy current loss density and
hysteresis loss density at a = 1.0 and a = 0.85 when the ﬁeld current generates the rated
terminal voltage, respectively. The loss density at a = 0.85 is higher than that at a = 1.0
because of the concentration of the magnetic ﬂux density when a is small.
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5. Conclusions
In this paper, we proposed the homogenization method considering magnetic anisotropy.
Additionally, we discussed the effects of magnetic anisotropy and detailed structure of the
stator core on no-load characteristics. As a result, it is clariﬁed that magnetic anisotropy
does not have a big inﬂuence on the no-load saturation curve because of the large air gap,
which is one of the valuable ﬁndings for designing turbine generators. In future work, we
will apply the proposed homogenization method to other type of electric machines and
investigate the effect of magnetic anisotropy on their machine performance. Furthermore,
we will compare the effectiveness of the proposed method with state-of-the-art approaches
such as model order reduction techniques.

Loss
Eddy current loss [p.u.]
Hysteresis loss [p.u.]
Total loss [p.u.]

Model 1

a = 0.85
Model 2

Model 3

0.340
0.594
0.934

0.339
0.623
0.963

0.338
0.662
1.000

0.396
0.703
1.099

0.395
0.730
1.126

0.391
0.773
1.164

Table IV.
No-load loss of
turbine generator

Wmax

Model 3
0

Model 2

Hysteresis loss density W [W/kg]

Model 1

Model 3

Model 2

Eddy current loss density W [W/kg]

Model 1

a = 1.0
Model 2

0

Loss density W [W/kg]

Model 1

Model 1

3

8

Wmax

3

Wmax

5

8

Model 3
0

Model 2

Notes: (a) α = 1.0; (b) α = 0.85

5

8

Model 3

8

Figure 12.
Distribution of loss
density
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Abstract
Purpose – The paper aims to improve convergence characteristics of the Newton–Raphson (NR) method

applied to time-periodic ﬁnite element method using various line searches, as time-periodic ﬁnite element
method causes deterioration of convergence characteristic of nonlinear analysis based on NR method. The
study also aims to accelerate and improve accuracy of electromagnetic ﬁeld analysis for improvement of the
performance of electrical machine.

Design/methodology/approach – The paper proposes new type line searches that set approximate
step size for NR method. The line search evaluated step size using higher-order interpolation of
functional derivative. In addition, two criteria for applying these line search were proposed. First
method set one scalar value for every NR iteration that is named constant step size. Second method
deﬁne different step size in each time step of time-periodic ﬁnite element method to update solution
vector that is named different step size.

Findings – The paper provides efﬁcient line searches to improve convergence characteristics for NR
method. Nonlinear magnetic ﬁeld analysis of two transformer models is demonstrated. The proposed methods
achieve the following results: higher-order functional NR is efﬁcient in improving convergence characteristics,
and the proposed methods succeeded about twice faster in both models.
Originality/value – The paper fulﬁlls improvement of convergence characteristics of the NR method
applied to time-periodic ﬁnite element method using proposed line searches and accelerate electromagnetic
ﬁeld analysis.
Keywords Newton–Raphson method, Line-search, Time-periodic ﬁnite element method,
Steady plate analysis
Paper type Research paper

1. Introduction
To improve the performance of electrical machines, accurate electromagnetic ﬁeld analyses
are required. Magnetic hysteresis modeling (Takahashi et al., 1999) and ﬁne structures
modeling technique for laminated steel plate and stranded wire (Hiruma and Igarashi, 2017;
Kaimori et al., 2007; Sabariego and Gyselinck, 2017) are implemented to perform highaccuracy analysis. Normally, when a pulse width modulation (PWM) inverter is applied to a
voltage source, the time step width in the ﬁnite element method (FEM) must be set to a much
smaller size. To carry out electromagnetic ﬁeld analysis in the time domain, the step-by-step
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FEM (SbS-FEM) is generally applied. However, in most cases of electromagnetic ﬁeld
analysis with long transient phenomena, an extremely large number of time steps is elapsed.
Thus, the time-periodic explicit error collection (TP-EEC) method (Takahashi et al., 2010)
and time-periodic FEM (TP-FEM) (Hara et al., 1985; Matsuo and Shimasaki, 1985;
Takahashi et al., 2012) were proposed, which are capable of accelerating convergence to a
steady state solution. TP-EEC method accelerate convergence to steady state by extracting
poorly converged error components every one or half period. On the other hand, TP-FEM is
capable of directly deriving steady state solution without the transient state by gathering all
linear systems obtained every time step. It is also well known that the convergence
characteristic of nonlinear analysis by the Newton–Rhapson (NR) method deteriorates in
TP-FEM. However, no research has been reported that proposes a method to accelerate
nonlinear convergence characteristics in TP-FEM.
In this paper, an improvement of the convergence characteristic of the NR method
applied to TP-FEM was investigated. Efﬁcient line-searches with low overhead are applied
to large scale equations derived from TP-FEM. One approach causes the residual of the NR
method to decrease monotonously abbreviated to “simple NR” (Fujiwara et al., 2002). The
other is based on functional minimization abbreviated to “functional NR” (Fujiwara et al.,
2005). With regard to the functional NR, which is an ordinary applied linear interpolation,
the improvement of the convergence characteristic using higher-order interpolation was also
investigated. The step size for every NR iteration in TP-FEM is uniquely set to one scalar
value by line-search. However, because its large linear system is composed of small linear
systems in all time steps, it is possible to deﬁne a different step size for every unknown set in
each time step. Thus, not only constant step size (CSS) for all unknown variables but also
different step size (DSS) for every time step region in TP-FEM were investigated. The
performance of line-search in TP-FEM using higher-order approximation was demonstrated
in a transformer model. Furthermore, the change in nonlinear convergence supported by
DSS was investigated.
2. Method of Analysis
2.1 Formulation of time-periodic ﬁnite element method
The weak form derived from edge-based FEM using A – f method is given as:
ððð
ððð
Gk ¼
r  N k  ð r  AÞ dV 
N k  J 0 dV
Xall
Xc


ððð
@A
þ r w dV ¼ 0
Nk  s
þ
@t
Xe

ððð
Gdi ¼



@A
þ rw
rNi  s
@t
Xe

(1)


dV ¼ 0

(2)

where k is the relative edge number, i is the relative node number, Gk is edge-based residual,
Gi is node-based residual, A is the magnetic vector potential, f is the electric scalar
potential deﬁned for the conductor,  is the magnetic reluctivity, s is the electric
conductivity, Nk is the edge-based shape function and Ni is the node-based shape function.
In addition, Xall indicates the entire analysis region, Xe indicates the conductor region
considering eddy current and Xc indicates the coil region with applied source current.
Equations (1) and (2) can be transformed into matrix form as:

Sðx Þx þ C

dx
¼f
dt

(3)

where x is a state variable that is composed of A and /, f is the right-hand side vector
composed of source current, S is a nonlinear matrix with respect to x because of magnetic
nonlinearity, and C is a constant matrix connected with eddy current and is not affected by
magnetic nonlinearity.
When the half periodic boundary condition is applied to equation (3), the weak form of
each time steps that is discretized by a backward Euler in the time derivative term is given
as:
8
C
>
>
S ðx 1 Þ x 1 þ ðx 1 þ x n Þ ¼ f 1
>
>
>
Dt
>
>
>
>
>
C
>
>
< S ðx 2 Þ x 2 þ ðx 2  x 1 Þ ¼ f 2
Dt
(4)
>
>
..
>
>
>
.
>
>
>
>
>
>
C
>
:
Sðx n Þ x n þ ðx n  x n1 Þ ¼ f n
Dt
where n indicates the number of total time steps on the half periodic boundary
condition. When the NR method is applied to equation (4), the simultaneous linear
equations that gather all time steps during the half period in an NR iteration are
obtained as follows:
2
3
~n
T1
O

O
C
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6
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..
..
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7
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..
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7
. Tn1
.
O7
6 .
4
5
~ n1 Tn
O

O C
~
T ¼ @S=@x þ C;

~ ¼ C=Dt
C

(6)

where d x is the increment of xi, G is the residual, and Dt is the time interval. The half
periodic boundary condition is applied to all analysis models in this paper. Eddy current
loss PJe(n) in the n-th time step is evaluated as:
PJe

ðnÞ

ððð
¼

Xe

s

!2

@A 
ðnÞ
þ rw
dV
@t ðnÞ

(7)
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2.2 Line search method for the Newton–Rhapson method
The update formula of solution vector in NR method supported by line-search is shown as
follows:
x ðkþ1;l Þ ¼ x ðk;l Þ þ aðk;l Þ d x ðk;l Þ

1630

(8)

where a is a step size, k indicates the iteration number of the NR method, and l is the time
step number. In this paper, the four methods that deﬁne step size a were validated; two
criteria for applying line-search are also proposed.
2.2.1 Determination procedure of step size a. Simple NR: The ideal convergence criterion
in a nonlinear iteration of the NR method is all components of G in (5) equal to 0. In simple
NR (Fujiwara et al., 2002), improvement of convergence behavior is schemed by using an a
value that causes the residual norm (kGk2)2 decrease monotonously. A ﬂowchart that
illustrates the determination procedure of a by simple NR is shown in Figure 1. First, the
initial value of a is equal to 1 (Step 1), and an improvised update of the unknown vector by
equation (8) is performed (Step 2). In addition, the objective function W(kþ1) composed of the
residual norm is also calculated (Step 3). Then, W(kþ1) is compared to W(k), which is the value
of the previous iteration of the NR method (Step 4). Provided that W(kþ1) is larger than W(k)
in Step 4, a is reduced to half of the previous value; the process return to Step 2 with
increment m. This process is executed repeatedly until the condition of Step 4 is satisﬁed.
The number of updates was set to 2 as the upper limit in this paper, because the unknown
vector has almost no changes when a is set to an extremely small value (Step 5). When m
becomes a value greater than 2, a is initialized to 1.
Functional NR: To improve the nonlinear convergence behavior, a value of aapp that can
minimize the functional is required. Minimizing the functional in the FEM is shown as:
!
@ x ðkþ1Þ
@ x ðkþ1Þ @x ðkþ1Þ
¼
@x ðkþ1Þ @ aðkÞ
@ aðkÞ
(9)
¼G

ðkþ1ÞT

d x ðkÞ ¼ 0

Thus, it is expected that the process of solving equation (9) in TP-FEM requires an
extremely large overhead to address the large-scale equation. Therefore, aapp is estimated
by a lower interpolation of (9). In this paper, three interpolation orders (ﬁrst, second, and
third) were applied to the evaluation of aapp. Figure 2 shows the method for determining
start

α

( m +1)

= 0.5α

step 1

determine of initial value
m = 0, a(0) = 1.0

step 2

update of solution vector
x(k+1) = x(k) + a(m) dx(k)

( m)

m = m +1

Figure 1.
Flowchart for simple
NR based on residual

No

calculationn of W (m+1)
step 3

Yes

W ( k +1) =

∑ {G }
i

( m) 2

i =1

m<2

step 5

No

W ( k +1) < W ( k )

Yes
α ( m +1) = 1

stop

step 4

aapp using interpolation with the problem of minimizing the functional obtained in an
analysis model (three phase transformer model) using SbS-FEM. Functional NR with higherorder interpolation can set a more accurate value than linear interpolation, as shown in
Figure 2. First-order interpolation uses a1 = 0, a2 = 1 as the interpolation point; secondorder interpolation uses a1 = 0, a2 = 1, a3 = 2; and third-order interpolation uses a1 = 0,
a2 = 0.5, a3 = 1, a4 = 2. The equation a1 = 0 indicates the previous value of GTd x of the NR
iteration, so that adopting that value as a1 can reduce the overhead of line-search. Hereafter,
functional NR using ﬁrst-order interpolation is abbreviated to functional NR (1st), functional
NR using second-order interpolation is abbreviated to functional NR (2nd), and functional
NR using third-order interpolation is abbreviated to functional NR (3rd). A closer solution to
one of two solutions obtained by functional NR (2nd) is applied as a2nd value. The closest
solution to one of three solutions obtained by functional NR (3rd) is also applied as a3rd
value. Then, the Newton method was applied to solve the cubic equation obtained by the
functional NR (3rd). a3rd is the updated by Newton method as follows:
a3rd ð jþ1Þ ¼ a3rd ð jÞ þ da3rd ð jÞ
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(10)

where da3rd is the increment of a3rd and j is the iteration number of the Newton method. The
criterion of the Newton method was set to |d a3rd| < 10–3, and the initial value of a3rd was
set to 1. Provided that a3rd value is set to too small or too large, sometimes the solution is not
updated properly in NR method because the approximation of the interpolation does not
work well. Therefore, aapp was changed to 1 in case aapp does not satisfy the condition
0.25 < aapp < 1.5.
2.2.2 Criteria for applying line-search. Constant step size (CSS): NR method supported by
CSS updates the solution vector using a constant value among all time steps in the k-th step
of the nonlinear iteration of the NR method. This criterion can be expected to accelerate
reduction of the residual of the whole equation, because it is the same as approach used in
conventional line-search. The solution vector is updated by CSS in the k-th step of the NR as:
9 8
9
9
8
8
>
>
>
x ðk; 1Þ >
x ðkþ1; 1Þ >
d x ðk; 1Þ >
>
>
>
>
>
>
>
>
>
>
>
=
< x ðkþ1; 2Þ = < x ðk; 2Þ =
< d x ðk; 2Þ >
ðkÞ
¼
þa
(11)
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>
>
>
>
>
.
. >
.
>
>
>
>
>
>
>
>
>
> ðkþ1;
>
>
;
;
;
:
:
:
nÞ
x
x ðk; nÞ
d x ðk; nÞ
Different step size (DSS): NR method supported by DSS updates the solution vector using
different values among all time steps in the k-th step of the nonlinear iteration of the NR
method. This criterion can be expected to accelerate reduction of the residual of the equation
α3rd (0, 0.5, 1, 2) αopt

250
α2nd (0, 1, 2)

200
GTδx
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of each time step, because this approach deﬁnes aapp for each time step as in the step-bystep approach. The solution vector is updated by DSS in the k-th step of the NR as:
9 8
9 8
9
8
ðk; 1Þ
>
>
>
x ðk; 1Þ >
a
d
x ðk; 1Þ >
x ðkþ1; 1Þ >
>
>
>
>
>
>
> >
> >
>
>
>
>
>
>
>
>
>
= >
= >
=
< x ðkþ1; 2Þ >
< x ðk; 2Þ >
< aðk; 2Þ d x ðk; 2Þ >
¼
þ
(12)
.
.
.
>
>
>
>
>
..
.. >
..
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
> >
> >
>
> ð
> ð Þ>
> ð Þ
;
;
;
:
:
:
x kþ1; nÞ
x k; n
a k; n d x ðk; nÞ

3. Analysis model
3.1 Single-phase transformer model
Figure 3 shows the single-phase transformer model (Plasser et al., 2018). The analyzed
region is one-eighth of the entire region. The material of the iron core is set to EU67, and the
tank is set to SS400. Eddy current is considered in the tank. The electric conductivity of
SS400 is set to 7.5  106. Source current in the coil region is set to i(t) = Imax sin (2p ft), where
the peak value Imax = 5000 AT and frequency f = 50 Hz. Both the analysis scale and analysis
condition are shown in Table I.
3.2 Three-phase transformer model
Figure 4 shows a three-phase transformer model (Plasser et al., 2018). The analyzed region is
one-fourth of the entire region. The material of the iron core was set to EU67 and the tank was
set to SS400. Eddy current was considered in the tank only, and the electric conductivity of
SS400 was set to 7.5  106. The source current in the coil region was set as follows:
iU ðtÞ ¼ Imax sin ð 2 p ft þ 2p =3Þ
iV ðtÞ ¼ Imax sin ð 2 p ftÞ
iW ðtÞ ¼ Imax sin ð 2 p ft  2p =3Þ

(13)
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where the peak value Imax = 5000 AT and frequency f = 50 Hz. Both the analysis scale and
analysis condition are shows in Table II.
4. Analysis result
In this paper, one period is divided in n time steps, and the convergence criterion of the NR
method is set to |d Bmax| < « NR. The ILU preconditioned BiCGStab (van der Vorst, 1992) is
adopted as a linear solver in TP-FEM. Comparing the analysis result derived from TP-FEM
with the result derived from SbS-FEM shows that the SbS-FEM that adopted the NR method
using functional NR (1st) was also carried out, where the time step loop in SbS-FEM was
terminated under the condition that the relative error of eddy current loss compared with the
previous period was lower than 1 per cent. The analysis examples in this paper were
demonstrated on a computer with an installed Intel Core i7-6850 CPU (6-core, 3.6 GHz) and
128 GB RAM.
Hereafter, the number of elements in the analyzed mesh is abbreviated to NoE, the
number of nodes is abbreviated to NoN, the degrees of freedom are abbreviated to DoF and
the number of nonzero elements in the matrix of the linear equation is abbreviated to
nonzero.
4.1 Single phase transformer model
A comparison of the eddy current loss between SbS-FEM and TP-FEM is shown in Figure 5.
The relative error comparison of the result of TP-FEM with the result of SbS-FEM analysis
is 0.07 per cent. SbS-FEM can achieve a steady state solution after six periods. The number
of iterations of the NR method is shown in Table III, where the method abbreviated to
normal NR was carried out without any line-search. It can be seen that iterations of the NR
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n
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2,562,752

178,737,856

32
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103

Table II.
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conditions
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method are reduced by the CSS criterion, whereas DSS shows an increase in the NR
iterations larger than that of normal NR; only the simple NR shows divergence.
Figure 6 shows the convergence characteristic of the NR method with line-search. The
maximum NR iterations was set to 50. It can be seen that CSS achieves better behavior than
DSS, and DSS is worse than normal NR. The convergence characteristics of functional NR
are quite similar to each other. Simple NR adopted by CSS exhibits the same behavior as
normal NR with the monotonous decrease, so that simple NR (CSS) was omitted.
The changes in step size of the functional NR derived from CSS are shown in Figure 7. It
can be seen that the step size derived from each functional NR converges to 1 in
approximately 6 iterations.
Figure 8 shows the changes in GTd x and approximation accuracy of functional NR,
where the case of the ﬁrst iteration of NR is shown in Figure 8(a) and the sixth iteration is
shown in Figure 8(b). Functional NR (2nd) exhibits the best approximation; in addition,
functional NR (1st) and functional NR (3rd) also achieve high accuracy because convergence
characteristics derived from CSS are quite similar to each other. Therefore, ﬁrst-order
interpolation is sufﬁcient for approximation in this model.

Figure 5.
Comparison of eddy
current loss between
the step-by-step
method and TP-FEM
in a single-phase
transformer

Table III.
Number of NR
iterations with
various line-searches
in a single-phase
CSS
transformer
DSS

Figure 6.
Convergence
characteristics of the
NR method with
various line-searches
in a single-phase
transformer model
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The relation between elapsed time and total iterations of the linear solver is shown in
Figure 9. The elapsed time of each method depends on the iteration of the linear solver
according to Figure 9; thus, the functional NR (3rd) succeeds in improving the nonlinear
convergence characteristic, and its reduction in iterations of Krylov subspace method is the
fastest of all methods.
The details of elapsed time in each method are shown in Table IV. Functional NR (3rd)
adopted with CSS succeeds in accelerating the analysis twice as fast as SbS-FEM.
Meanwhile, DSS can reduce the average linear iteration of one NR iteration. However, it
causes deteriorated convergence behavior; as a result, elapsed time increases
comprehensively.
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4.2 Three phase transformer model
A comparison of the eddy current loss between SbS-FEM and TP-FEM is shown in
Figure 10. The relative error comparison of the result of TP-FEM with the result of SbSFEM analysis is 0.3 per cent. SbS-FEM can achieve a steady state solution after six periods,
the same as that of the single transformer model.
The convergence characteristic of the NR method with line-search is shown in Figure 11.
Functional NR using higher-order interpolation derived from CSS exhibits the best
convergence behavior, whereas functional NR (1st), which showed good results in singlephase transformer, does not work well here. This implies that the approximation of GTd x is
not sufﬁcient by ﬁrst-order interpolation, resulting in deterioration of the convergence
behavior. With regard to simple NR derived from CSS, the convergence behavior does not
decrease monotonously, because of the effect of the condition of Step 5 in Figure 1.
The number of iterations of the NR method is shown in Table V. Functional NR using
higher-order interpolation derived from CSS shows the fastest convergence. Meanwhile,
normal NR, simple NR and functional NR (3rd) derived from DSS diverged in this problem.
The changes in step size of functional NR derived from CSS are shown in Figure 12.
Functional NR using higher-order interpolation derived from CSS converges to 1 with

Step-by-step
Normal
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Functional 1st
Functional 2nd
Functional 3rd

Table IV.
Number of NR
iterations with
various line-searches
in a single-phase
transformer

Figure 10.
Comparison of eddy
current loss between
the step-by-step
method and TP-FEM
in a three-phase
transformer
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Linear solver [s] Line search [s]
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Making matrix [s]
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(191.2)

945
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0.9
(0.58)
0.8
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0.8
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56
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88
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81

5,287

256

3,009
(130.8)
3,715
(112.6)
3788
(108.2)

Total [h]

1.5
(1.03)
1.5
(1.03)
1.6
(1.05)

approximately 20 iterations. On the other hand, functional NR (1st) oscillates and requires
twice the iterations for convergence as required for higher-order interpolations.
The changes of GTd x and approximation accuracy of functional NR are shown in
Figure 13, where the case of the 1st iteration of NR is shown in Figure 13(a), and the 18th
iteration is shown in Figure 13(b). All interpolations work well in the ﬁrst iteration as shown
Figure 13(a). However, functional NR (1st) causes a deterioration of approximation accuracy
in Figure 13(b). Therefore, there are large differences near the 20th iteration, as shown in
Figure 11.
The relation between elapsed time and total iterations of the linear solver is shown in
Figure 14, and the details of elapsed time in each method are shown Table VI. The fastest
method is functional NR (1st) derived from DSS, which accomplished approximately
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Figure 11.
Convergence
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various line-search in
a three-phase
transformer model
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Figure 13.
Changes in GTd x
and aapp derived
from functional NR

Figure 14.
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linear iterations and
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transformer model
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Table VI.
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phase transformer

Elapsed time
Linear solver [s] Line search [s]

Total itr. (per NR itr.)

Making Matrix [s]
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(–)
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5.5
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5.7
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8,916
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534
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1,756

4.7
(0.58)
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1.74-fold acceleration, because the total linear iteration is driven down at the least iteration.
Furthermore, the average linear iterations per one NR iteration is reduced in the DSS
criterion, so that it succeeds in reducing the total linear iterations; in the criterion, it also
succeeds in reducing the total iterations by improvement of the nonlinear convergence
characteristic.

Nonlinear
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5. Conclusion
In this paper, to improve the convergence characteristic of the NR method in TP-FEM, a linesearch that approximates a value related to the step size of functional with higher-order
interpolation is proposed. Applying simple NR, which minimizes the residual monotonously,
was investigated, and so was functional NR, based on functional minimization using
approximation to TP-FEM. Moreover, CSS, which uses constant value to update the solution
vector, and DSS, which sets a different value for each time step to update the solution vector,
are also proposed. These proposed methods achieve the following results:
 Higher-order functional NR is efﬁcient in improving the nonlinear convergence
characteristic in both single- and three-phase transformer models.
 Functional NR (3rd) applied by CSS is fastest in a single-phase transformer model,
and functional NR (2nd) applied by DSS is fastest in three phase transformer model
with regard to elapsed time. Comparing step-by-step FEM with functional NR (1st)
shows that these methods are twice and 1.74 times faster in the single- and threephase transformer models, respectively.
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Abstract
Purpose – This paper aims to present the afﬁnity of BiCGStab and BiCGStab2 with successive over-relaxation

(SOR) preconditioner supported by Eisenstat’s technique for a linear system derived from the time-periodic ﬁnite
element method (TP-FEM). To solve the time domain electromagnetic ﬁeld problem with long transient state,
TP-FEM is very useful from the perspective of rapidly achieving a steady state. Because TP-FEM solves all of
the state variables at once, the linear system derived from TP-FEM becomes the large scale and nonsymmetric,
whereas the detailed performance of some preconditioned Krylov subspace method is not reported.

Design/methodology/approach – In this paper, BiCGStab and BiCGStab2 are used as the linear solver
for a large-sparse nonsymmetric linear system derived from TP-FEM. In addition, incomplete LU (ILU)
factorization is applied as a preconditioner to compare SOR supported by Eisenstat’s technique. As examples,
the pot-type reactor and three-phase transformer is analyzed.
Findings – In the problem of the pot-type reactor, when SOR preconditioner supported by Eisenstat’s technique
is applied to BiCGStab and BiCGStab2, the elapsed time can be reduced dramatically. However, in the problem of
the three-phase transformer, the iterative process of the linear solvers with SOR preconditioner is not terminated,
whereas the iterative process of linear solvers with ILU preconditioner is terminated. The preconditioner that can
be supported by Eisenstat’s technique is not necessarily appropriate for the problem to derive from TP-FEM.
Originality/value – In this paper, the afﬁnity of preconditioned linear solver supported by Eisenstat’s
technique for the nonsymmetric linear system derived from TP-FEM is demonstrated.

Keywords Time-periodic ﬁnite element method, Nonsymmetric linear system, BiCGStab2,
Eisenstat’s technique
Paper type Research paper

1. Introduction
Recently, the performance of PCs has improved, and several numerical techniques have
been developed. Consequently, there have been developments in the technologies that are
used for electromagnetic (EM) ﬁeld analysis, which use ﬁnite element analysis. In
addition, these analyses contribute to the design of electrical machinery. When largescale EM ﬁeld analysis that considers nonlinearity such as the characteristics of
magnetic hysteresis is carried out, a large computational time is required (Matsuo and
Shimasaki, 2002).
EM phenomena generally consist of transient and steady states. When the steady state is
the focus with respect to the characteristics of electrical machinery, the transient state is not
usually required. Therefore, it is important to solve the time-domain problem with long
transient phenomena as rapidly as possible. To solve this problem efﬁciently, the time-
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periodic ﬁnite element method (TP-FEM) (Hara et al., 1985) has been proposed. TP-FEM can
directly solve the steady state without the transient state. However, the coefﬁcient matrix of
a linear system derived from TP-FEM is nonsymmetric. Therefore, to further reduce the
time required for the analysis, it is preferable to shorten the elapsed time by using the
preconditioned Krylov subspace method, which can solve the steady state efﬁciently.
Although BiCGStab2 with an incomplete LU factorization (ILU) preconditioner
(Meijerink and van der Vorst, 1977) is applied to this linear system (Takahashi et al.,
2012; Takahashi et al., 2013), there are no reported studies on other efﬁcient
preconditioners for this problem. Then, to reduce the computational cost, the
preconditioner supported by Eisenstat’s technique (Eisenstat, 1981) was applied. In
Eisenstat’s technique, preconditioned matrix-vector multiplication can be replaced by
the set of forward substitution and backward substitution to reduce the computational
effort. From the perspective of the computational cost, computing power and the
allocation of random-access memory, BiCGStab (van der Vorst, 1992) and BiCGStab2
(Gutknecht, 1993) were applied. The ILU preconditioner for the comparison method, and
the successive over-relaxation (SOR) (DeLong and Ortega, 1995) preconditioner, which
can be formulated with Eisenstat’s technique, are applied to these Krylov subspace
methods.
In this paper, BiCGStab and BiCGStab2 are used as the linear solver for a simultaneous
large–sparse nonsymmetric linear system derived from TP-FEM. In addition, linear solvers
with efﬁcient preconditioners are demonstrated.
2. Preconditioned Krylov subspace method
2.1 Linear system derived from time-period ﬁnite element method
The weak form of eddy current analysis formulated by the A – f method is given as follows:
ððð
Gk ¼
rot N k  ð rot AÞdV
Xall
ððð

rot N k  J 0 dV
(1)
 

ðððXC
@A
þ grad f
Nk  s
dV ¼ 0
þ
@t
Xe

Z Z Z
Gd i ¼

 

@A
grad dV ¼ 0
Ni div 
@t
e

(2)

where Xall, XC and Xe are the whole analysis region, input current area and eddy current
area, respectively. Nk is the edge-based shape function and Ni is the nodal scalar shape
function. A is the magnetic vector potential, f is the electric scalar potential, J0 is the
input current,  is the magnetic reluctance and s is the electrical conductivity. The
formulation of the m-th step discretized by the backward difference in equations (1) and
(2) is given as:
Sx m þ C

ðx m  x m1 Þ
¼ f;
Dt

(3)

where S is the matrix related to the static magnetic ﬁeld, C is the matrix related to the eddy
current, x is the state variables, which are composed of A and f , Dt is the time interval, and
f is the right-hand side vector. In the step-by-step method, it is necessary to solve
equation (3) at each time step. Therefore, the total elapsed time for the analysis is increased
for problems that have a long transient state.
In TP-FEM, the time-periodic condition based on the half periodicity (TP condition) is
imposed on a problem that has time periodicity. By imposing the TP condition, state
variables xm are equal to –xmþn. Then, TP–FEM calculates the state variables all at once.
Figure 1 shows the schematic of the TP condition. Simultaneous linear equations of one
period from 0-th to n-th steps are given as follows:
8
x1 þ x0
>
>
>
S1 x 1 þ C
¼ f1
>
>
Dt
>
>
>
>
x  x1
>
< S2 x 2 þ C 2
¼ f2
Dt
(4)
>
>
..
>
>
>
.
>
>
>
x n  x n1
>
>
¼ fn
: Sn x n þ C
Dt

Performance of
Krylov
subspace
method
1643

When all equation (4) are combined by imposing the TP condition, the large linear system is
derived as follows:
2
3
C
C
8 9 8 9
0
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þ
6
Dt
Dt 7
6
7>
f >
x > >
> >
>
> 1>
> 1>
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þ
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.
; >
;
:x >
:f >
6
7>
n
n
4
5
C
C
0

Sþ
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2.2 Incomplete LU factorization
ILU factorization (Meijerink and van der Vorst, 1977) is a preconditioner that incompletely
decomposes coefﬁcient matrix A to the following form:
A ¼ LDU þ R

x

tm+n
xm+n
xm

tm

(6)

t

Figure 1.
Time-periodic
condition based on
half periodicity
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where L, D, U and R are the strictly lower triangular matrix, diagonal matrix, strictly upper
triangular matrix and error matrix, respectively. The elements of L, D and U are given as
follows:
0
1,
j1
X
ljk dkk ukj A djj
lij ¼ @aij 
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k¼1

dii ¼ g aij 

j1
X

lik dkk uki

k¼1

0
uij ¼ @aij 

j1
X

(7)

1,
ljk dkk ukj A djj

k¼1

where g is the acceleration factor, which is set as g 1.0 to put the elements of D into
dii 1.0.
2.3 Successive over-relaxation preconditioner supported by Eisenstat’s technique
The number of iterations on the linear solver can be reduced by applying a suitable
preconditioner. However, the calculation of the forward substitution and backward
substitution is required for the computational effort for each iteration to be increased.
When the preconditioner is formulated as with the SOR and the form of the
preconditioner is split, it can be supported by Eisenstat’s technique (Eisenstat, 1981). By
applying Eisenstat’s technique to the preconditioner, matrix-vector multiplication can be
replaced by the set of the forward substitution and backward substitution to reduce the
computational effort.
The SOR method was one of the original iterative methods used to solve linear systems,
and can improve the convergence characteristic of the iterative method when applied as a
preconditioner (DeLong and Ortega, 1995). When coefﬁcient matrix A can be divided as
follows:
A¼LþDþU

(8)

The matrix M in the SOR preconditioner can be deﬁned as follows:

M¼

D
Uþ
v

1  1 
1
D
D
Lþ
v
v

(9)

where v is the acceleration factor, which is set to 0 < v < 2. By applying this splitpreconditioner to the coefﬁcient matrix, the preconditioned coefﬁcient matrix can be deﬁned
as follows:
 
1 
1
D
D
D
A¼
A Lþ
:
Uþ
v
v
v

(10)

When Eisenstat’s technique is applied, the preconditioned matrix-vector multiplication can
be transformed into:
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1 
1
D
D
D
Ap ¼
A Lþ
p
Uþ
v
v
v

¼

 

1 
1
D
D
D
D
D
D
Uþ
Lþ
U þ þLþ þD2
p
v
v
v
v
v
v
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 " 

 

1
1
1 #
D
D
D
2
D
pþ Uþ
fp þ 1 
pg
¼
Lþ
D Lþ
v
v
v
v
v
(11)
The process of equation (11) is shown as:
1

D
Lþ
p
v


2
2: q ¼ p þ 1 
Dp
v

1
D
3: q ¼ U þ
q
v
 
D
ðp þ q Þ
4: Ap ¼
v

1: p ¼

(12)

Then, equation (12) shows that the preconditioned matrix-vector multiplication in
equation (11) can be replaced by the set of one forward substitution and one backward
substitution. Because the computational cost of vector addition is much smaller than for
matrix-vector multiplication, the total computational cost can be reduced. The SOR
preconditioner supported by Eisenstat’s technique is abbreviated as ESOR.
2.4 Algorithm for BiCGStab with ESOR
From the perspective of the required computational cost and the stability of the
convergence characteristic, BiCGStab and BiCGStab2 are applied. The algorithm of
ESOR-BiCGStab is written as follows:
Let be an initial
 guess,
 and put r0 = b – Ax0,
compute r 0 ¼

D
v

U þ vD

1

r,

choose r *0 such that ðr *0 ; r k Þ 6¼ 0,
set p0 ¼ r 0 , b 0 = 0,
compute kb||2 = (b, b),
for k = 1, 2,    until krkk2/ kbk2 < « ,

1
do
p k ¼ L þ vD
pk ;

qk ¼ pk þ 1  v2 p k ;
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1
q k ¼ U þ vD
qk ;
 
Apk ¼ vD fp k þ q k g;

ak ¼
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ðr *0 ;r k Þ

ðr *0 ;Apk Þ

;

t k ¼ r k  ak Apk ;

1
t k ¼ L þ vD
t k;

vk ¼ t k þ 1  v2 t k ;

1
v K ¼ U þ vD
vk ;
 
At k ¼ vD t k þ v k ;

zk ¼

ðAt k ;t k Þ
;
ðAt k ;At k Þ

h k ¼ 0;
x kþ1 ¼ x k þ ak p k þ z k t k ;
r kþ1 ¼ t k  h k z k1  ak uk ;
 1 

r kþ1 ¼ vD
U þ vD r kþ1 ;
if kr kþ1 k2 =kbk2 < «
break,

b k ¼  az kk 

ðr *0 ;r kþ1 Þ
;
ðr *0 ;r k Þ

wkþ1 ¼ At k þ b k At k ;

pkþ1 ¼ r kþ1 þ b k pk  z k Apk ;
end

2.5 Algorithm for BiCGStab2 with ESOR
Compared with ESOR–BiCGStab, one backward substitution is increased in even
iterations of ESOR–BiCGStab2 so that the computational cost for each iteration is
increases by a half. The algorithm of ESOR-BiCGStab2 is written as follows:
Let be an initial guess, and put r0 = b - Ax0,
 
1
r0,
compute r 0 ¼ vD U þ vD


choose r *0 such that r *0 ; r k 6¼ 0,
set p0 ¼ r0 , t0 = w0 = 0, b0 = 0,
compute kbk2 = (b, b),
for k = 1, 2, . . . until krkk2/kbk2 < « ,
do


1
p k ¼ L þvD
pk ;
qk ¼ pk þ 1  v2 p k ;

1
q k ¼ U þ vD
qk ;
 
Apk ¼ vD fp k þ q k g;

ak ¼

ðr *0 ;r k Þ
;
ðr *0 ;Apk Þ

y k ¼ t k1  r k  ak wk1 þ ak Apk ;
t k ¼ r k  ak Apk ;

1
t k ¼ L þ vD
t k;

vk ¼ t k þ 1  v2 t k ;

1
v k ¼ U þ vD
vk ;
 
At k ¼ vD t k þ v k ;
if k = 2n-1 (n = 1, 2, . . .)

zk ¼

ðAt k ;t k Þ
;
ðAt k ;At k Þ

hk = 0,
else if k = 2n (n = 1, 2, . . .)

ak ¼ At k ; At k ; bk ¼ ðy k ; t k Þ;


ck ¼ y k ; At k ; dk ¼ At k ; t k ;
ek ¼ ðy k ; y k Þ;
k dk
z k ¼ aakkbekkc
ck ck ;
k ck
h k ¼ eakkdekkb
ck ck ;

uk ¼ z k Apk þ h k ðt k1  r k þ b k1 uk1 Þ;
zk ¼ z k r k þ h k zk1  ak uk ;

1
z k ¼ U þ vD
zk ;
x kþ1 ¼ x k þ ak p k þ z k ;
r kþ1 ¼ t k  h k z k1  ak uk ;
 1 

r kþ1 ¼ vD
U þ vD r kþ1 ;
ifjjr kþ1 jj2 =jjbjj2 < «
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break,

b k ¼  az kk

ðr *0 ;r kþ1 Þ
;
ðr *0 ;r k Þ

wkþ1 ¼ At k þ b k Apk ;
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pkþ1 ¼ r kþ1 þ b k ðt k  uk Þ;
end

2.6 MESOR preconditioner
In both algorithms, the original residual vector is used in the convergence criterion as:
jjr k jj2 = jjbjj2 < « ;

(13)

whereas the preconditioned residual vector is updated in the algorithm. Triangular matrixvector multiplication is required to calculate the original residual vector as follows:
 1 

D
D
Uþ
r
(14)
r kþ1 ¼
v
v kþ1
This additional calculation is computationally costly. To reduce this cost, the preconditioned
residual vector is diverted to the convergence criterion as:
jj r k jj2 = jj b jj2 < «

(15)

where the preconditioned right-hand side vector is computed in advance of the iterative
process as follows:
b ¼ ð D=v ÞðU þ D=v Þ1 b

(16)

By using equation (15), triangular matrix-vector multiplication is not required, so this
computational cost can be reduced. As with MESGS (Tsuburaya et al., 2013), the ESOR
preconditioner applied for this method is abbreviated as MESOR (modiﬁed SOR
preconditioner supported by Eisenstat’s technique).
2.7 Estimation of computational cost
In preconditioned BiCGStab and BiCGStab2, the elapsed time is fundamentally dominated
by the matrix-vector product, triangular matrix-vector product, forward substitution and
backward substitution. Table I shows the estimation of the computational cost per iteration
for each preconditioner as the reference. To estimate the computational cost, splitpreconditioned BiCGStab,which refers to the process of preconditioning written in (Thuthu
et al., 2009), is applied for a Pot-type reactor, as shown below. In this estimation, the cost
per iteration of BiCGStab is set to 1.0 as the criterion. The estimation Ap, Lr, L–1p, and
U –1p in Table I are the matrix-vector multiplication, triangular matrix-vector
multiplication, forward substitution and backward substitution, respectively. In addition,
the cost of each per calculation is estimated to be 0.16, 0.11, 0.11 and 0.8, respectively.
Although the preconditioned BiCGStab2 supported by Eisenstat’s technique has 0.5 more
backward substitution than the preconditioned BiCGStab supported by Eisenstat’s

technique, the number of elements in the upper triangular matrix is much smaller than in the
lower triangular matrix, so the inﬂuence of the difference between BiCGStab and BiCGStab2
is small.
3. Analysis condition
3.1 Analysis model
As examples, Figure 2 shows the 1/8 model of the pot-type reactor, and Figure 3 shows the
quarter model of the three-phase transformer.
In the Pot-type reactor, alternative current Imax = 200 AT, and a frequency f = 50 Hz is
applied to the coil area. When the eddy current is considered in iron, the relative
permeability m r is set to 2.0  103, and the conductivity s is set to 1.0  106. The ﬁnite
element mesh is discretized in the hexahedral ﬁrst-order edge-based element. The number of
nodes is 274,285 and the number of elements is 262,440.

Linear solver

Preconditioner

BiCGStab

ILU, SOR
ESOR
MESOR
ILU, SOR
ESOR
MESOR

iron Pr

Lr

L-1p

U-1p

Cost per itr. (Ap þ Lr þ L-1p þ U-1p)

2
0
0
2
0
0

0
1
0
0
1
0

4
2
2
4.5
2
2

3
2
2
3
2.5
2.5

1.00
0.49
0.38
1.06
0.53
0.42
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Table I.
Computational Cost

z
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Figure 2.
The 1/8 model of the
pot-type reactor

I = 200sin(2Sft) AT
f = 50 Hz
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Figure 3.
Quarter model of a
three-phase
transformer

COMPEL
38,5

In the three-phase transformer, an AC is applied to each coil area as follows:


2
IU ¼ Em sin 2p ft þ p
3
IV ¼ Em sinð 2p ftÞ
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IW ¼ Em sin 2p ft 

2
p
3

(17)



where Em is set to 5,000 and f is set to 50 with considering the eddy current in iron, m r is set
to 1.0  103, and the conductivity s is set to 1.0  106. The ﬁnite element mesh is discretized
in the hexahedral ﬁrst-order edge-based element. The number of nodes is 50,050 and the
number of elements is 45,600.
For both models, the number of time steps in the time domain is set to 16. Table II shows
the speciﬁcation of the coefﬁcient matrixes in a linear system. The convergence criterion « is
set to 10–6. The problem of the pot-type reactor is calculated using the preconditioned
iterative method under the condition that the ILU factor g is set to 1.1, SOR, ESOR and
MESOR factor v are all set to 1.0. In addition, the three-phase transformer is also calculated
under the condition that the ILU factor g is set to 1.05, SOR, ESOR and MESOR factor v are
all set to 0.8.
4. Analysis result
4.1 Pot-type reactor
Figure 4 shows the convergence characteristics of BiCGStab, and Figure 5 shows the
convergence characteristics of BiCGStab2. By comparing among SOR, ESOR and MESOR,
while their convergence characteristics are very similar, there are slight differences. It
appears that matrix-vector multiplication is approximated to vector addition in ESOR and

Analysis model

Figure 4.
Convergence
characteristics of
BiCGStab

nonzero
L nonzero
U nonzero
DoF

log10(||rk||/||b||)
log10(||rk||/||b||)

Table II.
Matrixes derived
from TP-FEM


1

Pot-type reactor

Three-phase transformer

992,855,728
641,773,981
365,618,003
14,536,256

89,368,928
56,443,140
34,207,164
1,281,376

ILU ||rk||2 / ||b||2
SOR ||rk||2 / ||b||2
ESOR ||rk||2 / ||b||2

4
7

MESOR ||rk||2 / ||b||2


Iteration k



log10(||rk||/||b||)
log10(||rk||/||b||)

MESOR; moreover, the convergence criterion [Equation (15)] is used to terminate the
iterative process instead of equation (13) in MESOR.
Table III shows the elapsed time of BiCGStab and Table IV shows the elapsed time
of BiCGStab2. The preconditioned BiCGStab and BiCGStab2 supported by Eisenstat’s
technique are terminated about two times as fast as that of ILU and the SOR
preconditioned method. The latter spends a signiﬁcant amount of time on matrixvector multiplication. However, preconditioners that are supported by Eisenstat’s
technique omit this computation. This omitted computational effort affects the
elapsed time. Of these preconditioners, MESOR is fastest. Compared to ESOR,
MESOR is about 1,000 s faster than ESOR in both iterative methods. In MESOR, the
preconditioned residual vector is diverted to the convergence criterion so that the

Linear solver
Preconditioner
Tri-Mat-Vec. [s]
Mat-Vec. [s]
Inner Prod. [s]
Vector Update [s]
Forward Sub. [s]
Backward Sub. [s]
Total Time [s]
Iteration

Linear solver
Preconditioner
Tri-Mat-Vec. [s]
Mat-Vec. [s]
Inner Prod. [s]
Vector Update [s]
Forward Sub. [s]
Backward Sub. [s]
Total Time [s]
Iteration
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ILU ||rk||2 / ||b||2



MESOR ||rk||2 / ||b||2

1

ESOR ||rk||2 / ||b||2

4
7
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Figure 5.
Convergence
characteristics of
BiCGStab2

SOR ||rk||2 / ||b||2



Iteration k

ILU ( g = 1.1)

SOR (v = 1.0)

3,906.6
95.0
296.5
4,820.6
2,342.4
11,461.2
1,374

2,619.1
94.3
241.1
3,365.2
1,818.0
8,137.7
1,233

ILU ( g = 1.1)

SOR (v = 1.0)

2,981.8
115.0
344.3
4,164.3
1,815.2
9,420.7
1,169

3,593.2
97.9
310.2
4,571.5
2,114.1
10,686.9
1,303



BiCGStab
ESOR (v = 1.0)

MESOR (v = 1.0)

979.0
91.9
379.3
1,993.1
1,206.3
4,674.2
1,167

BiCGStab2
ESOR (v = 1.0)

87.0
353.9
1,831.1
1,101.0
3,373.0
1,167

Table III.
Elapsed Time of
BiCGStab

MESOR (v = 1.0)

1,038.6
123.6
566.2
2,110.4
1,553.8
5,405.6
1,232

104.4
451.6
1,693.5
1,264.7
3,514.2
1,076

Table IV.
Elapsed Time of
BiCGStab2
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triangular matrix-vector multiplication is omitted, and this is reﬂected in the elapsed
time.
Compared with MESOR between BiCGStab and BiCGStab2, BiCGStab2 is terminated
after fewer iterations than BiCGStab. Meanwhile, BiCGStab is terminated faster than
BiCGStab2. Because BiCGStab2 has one more backward substitution per two iterative
process compared with BiCGStab, the computational effort reﬂects on the elapsed time. The
computational cost of the backward substitution depends on the scale of the upper
triangular matrix, and the number of upper elements is relatively small in all elements, so
there is a small difference in the elapsed time.

log10(||rk||/||b||)
log10(||rk||/||b||)

4.2 Three-phase transformer
Figure 6 shows the convergence characteristics of BiCGStab, and Figure 7 shows the
convergence characteristics of BiCGStab2. When ILU is applied, both BiCGStab and

Figure 6.
Convergence
characteristics of
BiCGStab

ESOR ||rk||2 / ||b||2
SOR ||rk||2 / ||b||2


1
4
7

ILU ||rk||2 / ||b||2
MESOR ||rk||2 / ||b||2



Iteration k

log10(||rk||/||b||)
log10(||rk||/||b||)

8

Figure 7.
Convergence
characteristics of
BiCGStab2

Mat-Vec. [s]
Inner Prod. [s]
Vector Update [s]
Forward Sub. [s]
Backward Sub. [s]
All Time [s]
Iteration

ESOR ||rk||2 / ||b||2


1
4
7

Preconditioner
Linear Solver

Table V.
Elapsed Time of ILU
Solver

 SOR ||rk||2 / ||b||2





MESOR ||rk||2 / ||b||2
ILU ||rk||2 / ||b||2


Iteration k

ILU ( g = 1.05)
BiCGStab

BiCGStab2

952.6
21.2
73.2
1,167.8
593.3
2,814.6
3,435

554.6
21.5
65.5
765.0
352.8
1,759.5
2,209

BiCGStab2 are terminated under the condition that the relative residual is less than
10–6. However, in the case where SOR, ESOR or MESOR are applied, the relative
residual does not become less than 10–6. Although Figures 6 and 7 show 10,000 or fewer
iterations for convenience, the relative residual diverges after more iterations.
Compared with the pot-type reactor, the convergence characteristics are more unstable.
In this problem, it appears that the SOR preconditioner is not suitable for this problem
(Table V).
Table II shows the elapsed time of BiCGStab and BiCGStab2 with the ILU
preconditioner. BiCGStab2 is terminated after fewer iterations, and is faster than
BiCGStab. It appears that ILU-BiCGStab can be widely used because of the stability
and powerful preconditioner.
5. Conclusion
This paper demonstrated the afﬁnity of BiCGStab and BiCGStab2 with the SOR
preconditioner supported by Eisenstat’s technique for a linear system derived from the TPFEM. In a pot-type reactor, when SOR preconditioner supported by Eisenstat’s technique,
which diverts preconditioned residual vector to the convergence criterion (MESOR) is
applied to BiCGStab and BiCGStab2, the elapsed time can be reduced dramatically. In
addition, the convergence characteristics were shown to be very stable. However, in a threephase transformer, the iterative process of the preconditioned solver supported by
Eisenstat’s technique is not terminated. The SOR preconditioner is not suitable for this
problem. The preconditioner that can be supported by Eisenstat’s technique is not
necessarily appropriate for the problem derived from TP-FEM. Because the best
preconditioner for the non-symmetric matrix is uncertainty, it is necessary to prepare both
ILU and MESOR preconditioner.
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Abstract
Purpose – The purpose of this paper is to evaluate the worst-case behavior of a given electronic circuit by
varying the values of the components in a meaningful way in order not to exceed pre-deﬁned currents or
voltages limits during a transient operation.
Design/methodology/approach – An analytic formulation is used to identify the time-dependent
solution of voltages or currents using proper state equations in closed form. Circuits with linear elements
can be described by a system of differential equations, while circuits composing nonlinear elements are
described by piecewise-linear models. A sequential quadratic program (SQP) is used to ﬁnd the worst-case
scenario.
Findings – It is found that the worst-case scenario can be obtained with as few solutions to the forward
problem as possible by applying an SQP method.
Originality/value – The SQP method in combination with the analytic forward solver approach shows
that the worst-case limit converges in a few steps even if the worst-case limit is not on the boundary of the
parameters.

Keywords Computer-aided design, Transient analysis, Circuit analysis, Power electronic simulation,
Circuit simulation, SQP, Time-domain analysis
Paper type Research paper

1. Introduction
Electronic components always come along with certain tolerances; therefore, worst-case
dimensioning of electronic circuits composed of such components has been gaining more
and more importance. Some simulators [e.g. LTspice (Analog Devices, 2019) and PSpice
(Orcad PSpice, 2019)] offer the possibility for a Monte Carlo (MC) analysis. This analysis
provides statistical data on the impact of a device parameter’s variance. A major
disadvantage of stochastic methods is that they require a high number of simulation runs
to reach the worst-case limits. This can be improved advantageously by solving currents
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and voltages analytically. The proposed approach allows conducting a full search over
the parameter space. This, in turn, provides the possibility of worst-case analyses of the
different parameters of interest. (In our example cases the maximum current that may
occur was chosen.) Additionally, it allows full ﬂexibility in modeling the individual
components and their parameters. Furthermore, simulation results are extremely
compact and can theoretically be stored with arbitrary precision. Finally, the objective
function f(x) needed for any optimizer is available in analytic form. In this paper, the
analytic forward solver approach (AFSA) and the sequential quadratic program (SQP)
are implemented in Maple (Maplesoft, 2019), a computer algebra system (CAS). Section 2
explores the analytic forward solver approach and the SQP approach. Section 3 describes
the chosen example case application, a closed-loop ﬂyback converter and compares the
performance of the SQP method with an MC analysis and evolution strategy. Examples
for interesting references in the context of worst-case and sensitivity analyses are given
by Chiariello et al. (2015), Khaligh et al. (2006); Lian (2012).
2. Method overview
2.1 Analytic forward solver approach
Today, many circuit simulators for electronic circuits with different approaches are
available. The proposed approach uses analytic solution techniques and has been developed
especially for optimization and worst-case dimensioning of small-scale electronic circuits.
The advantages are:
 the full ﬂexibility in the modeling of the individual components and their
parameters;
 simulation results are extremely compact and can theoretically be stored with
arbitrary precision; even with a high number of simulation runs, the generated data
remain easy to handle; and
 analytic methods show the potential of more efﬁcient parameter studies.
While a comprehensive review of all existing circuit simulators is not within the scope of
this paper, a short overview is nevertheless provided, for the sake of completion. The
analytic forward solver approach supports analytic time-domain transient analysis for
switched networks with piecewise-linear models and uses analytic methods for solving
the systems of ordinary differential equations (ODEs). Symbolic simulators like ISAAC
(Gielen et al., 1989), SAPWIN (Liberatore et al., 1995; Fontana et al., 2015) and Analog
Insyde (Thomassian, 2007) exist. These simulators do not support fully analytic timedomain transient analysis for switched networks with piecewise-linear models. The
simulator for integrated switched-mode power supplies circuits (SISMPSC) (Cliquennois
and Trochut, 2007) is based on symbolic calculus tools and supports symbolic state-space
equations (SSSE) but uses numerical methods for solving the systems of ordinary
differential equations (ODEs). For the elemental circuit description the analytic forward
solver approach uses a special Circuit-Model instead of the widely used netlist as, for
example, used in the different implementations of the core SPICE algorithm SPICE2
(Nagel, 1975), LTspice and PSpice. A Circuit-Model describes the electronic circuit with
symbolic ordinary differential equations, if state variables are present. In the case of no
state variables, the electronic circuit is described by symbolic algebraic equations. The
electronic circuit to be simulated may contain linear and nonlinear components. Linear
parts are described directly with a SubCircuit-Model, an extended symbolic state-space
model (ESSSM) and nonlinear ones with a Circuit-Model, comprising several SubCircuit-

Models itself, the associated boundary conditions and a state table. The fulﬁlled
boundary conditions of the active SubCircuit-Model are the reference (input for the state
table) for the next SubCircuit-Models. An example of a SubCircuit-Model is shown in
Figure 1.
The associated ESSSM is described by (1)-(3). Equation (1) represents the system of
differential (state) equations, (2) the signal of interest, and (3) the I/O interface. In this
example, the input-cell yI(t) of the I/O interface is not deﬁned:
2
3
dIL1 ðtÞ
# "
#
"
#"
6 L1
7
R1 1
Vin sinðv tÞ
IL1 ðtÞ
dt 7
6
þ
(1)
6
7¼
4 dVC1 ðtÞ 5
1
0
VC1 ðtÞ
Iout ðtÞ
C1
dt
yðtÞ ¼ IL1 ðtÞ
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(2)

I/O interface:
"
yIO ðtÞ ¼

yI ðtÞ ¼

 

yI ðtÞ

#

yO ðtÞ

with
"

yO ðtÞ ¼

Iout ðtÞ
VC1 ðtÞ

(3)
#
(4)

A collection of predeﬁned SubCircuit-Models is provided for the individual circuit design.
Connecting such simple predeﬁned SubCircuit-Models results in a new SubCircuit-Model.
This results in a large number of possible SubCircuit-Models. The advantage of this
approach is that the electronic circuit to be simulated can be built from such SubCircuitModels without transformation to a state-space model; only the I/O deﬁnitions must be
substituted.
The ODE system solver module generally solves the ODE system from each SubCircuitModel. The proposed approach uses the built-in ODE solver from Maple. Out of the different
solver methods and options available, the proposed approach uses the Laplace method.
When the ODE system from each SubCircuit-Model has been solved once, the solution is
stored and, therefore, the ODE system does not need to be solved again. The analytic
solution of the ODE System (1) for IL1(t) from the SubCircuit-Model in Figure 1 is shown (5).
The initial conditions IL1(0), VC1(0) and Iout(t) were set to 0.

Figure 1.
SubCircuit-Model:
RLC series
resonant circuit
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M1
ðE1 ðC1 R1 kv þ M2 Þ þ D0 Þ
4kL1
M1
ðE2 ðC1 R1 kv  M2 ÞÞ

4kL1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


k¼
C1 C1 R12  4L1


D0 ¼ 4Vin C1 L1 kv 1  C1 L1 v 2 cosðv tÞ

IL1 ðtÞ ¼

þ 4Vin C12 L1 R1 kv 2 sinðv tÞ

(5)

1ðC1 R1 þkÞt
C1 L1

E1 ¼ Vin ðC1 R1 þ kÞe2
E2 ¼ Vin ðC1 R1 þ kÞe
M1 ¼

12

ðC1 R1 þkÞt
C1 L1

1
v 4 C12 L21 þ v 2 C12 R12  2v 2 C1 L1 þ 1

M2 ¼ 2C12 L21 v 3 þ C12 R12 v  2C1 L1 v
The time-domain transient analysis for a Circuit-Model starts at the ﬁrst SubCircuit-Model,
then, the boundary conditions for this SubCircuit-Model are veriﬁed. The fulﬁlled boundary
condition determines the next SubCircuit-Model and the analytic solution for that time
interval. This is repeated until the ﬁnal circuit operating time to be simulated tSim, is reached.
2.2 Sequential quadratic program approach
The implemented SQP method (6) is based on an active set strategy with linear inequality
constraints (7) (Fletcher, 2000):
min

x2Rn

1
f ðxÞ ¼ xT Hx þ cT x
2
subject to

Ax  b

(6)
(7)

where:
x = column vector of the device parameters;
f(x) = objective function;
H = Hessian matrix of the objective function;
c = gradient of the objective function;
A = constant m  n matrix;
b = constant column vector b [ Rm;
n = number of parameters; and
m = number of constraints.
The Hessian matrix H is updated in each iteration step until the optimal solution is found.
To apply an SQP strategy, the objective function f(x) must be deﬁned; for example, the
inductor current (2) shown in Figure 1. The SQP strategy generally ﬁnds the minimum of
the objective function f(x), in case of the maximum –f(x) must be used instead. The
inequality constraints (7) are constructed from the device parameter bounds. In case of n
device parameters, it is m = 2n. The general form of (7) in matrix form is described in (8).

2

1

0 

6
6 1 0   
6
6 .
..
6 ..
.
6
6
6 0 0 
4
0 0 

3
32 3 2
x1 min
x1
7 6
7
76
6 x1 7 6 x1 max 7
0 7
7 6
7
76
6 7 6
7
.. 7
6
6
7
7
.
.
.. 7  6 ..
7
. 7
76
6
6
7
7
76 7 6
7
7
1 56 xn 7 6 xn min 7
4 5 4
5
1
xn
xn max
0

(8)
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2.3 Worst-case analysis of a resistor inductor capacitor (RLC) series resonant circuit
The schematic of the RLC series resonant circuit is shown in Figure 1. Table I summarizes
the values of the components and the SQP parameters. The maximum peak inductor current
^I L1 in steady-state should be determined as a function of two parameters, e.g. t and L1. The
objective function f(x) for the minimum peak inductor current is obtained by the evaluation
of the component values from Table I in (5). The objective function for the maximum is:
f ðxÞ ¼ IL1 max ðt; L1 Þ ¼ IL1 ðt; L1 Þ:

(9)

To ﬁnd the maximum peak inductor in steady-state, the lower bound for t was chosen to be
10 times larger than the period T = 1/f. The 3-D plot of the objective function IL1 max(t, L1) (9)
including the solution path of the SQP method is illustrated in Figure 2. The implemented
SQP method converges to the maximum after 7 iterations (summarized in Table II) with
j^I L1 j ¼ 0:04 A and is also visualized in the contour plot in Figure 3. The solution of the SQP
method is exactly the same as expected: at the resonant frequency, the capacitive and
inductive reactances cancel each other and the current through the inductor L1 is only
limited by the resistor R1, hence ^I L1 ¼ Vin =R1 ¼ 0:04 A.
3. Example case
The performance of the proposed approach is demonstrated by a worst-case analysis of a
ﬂyback converter in continuous conduction mode (CCM). The goal is to determine the
maximum magnetizing current ^I LM from the transformer T1 in steady-state. This is
especially important for the transformer design. The schematic of the closed-loop ﬂyback
converter is shown in Figure 4 and is divided into three parts:
(1) Power stage: includes a real transformer with the winding resistance RP, the
magnetizing inductance LM, an ideal transformer T1, a power switch Q1, a current
sense resistor RSense, the secondary rectiﬁer D1 and the output ﬁlter CO. The power
Components
values

Parameter
xi

Lower bound

Upper bound

Vin = 2 V
R1 = 50 X
C1 = 15 mF
v = 2 pf
f = 1 Hz
Iout(t) = 0 A

t
L1

tmin = 10 s
L1 min = 0.1 H

tmax = 10.5 s
L1 max = 30 H

Table I.
Component values
and SQP parameters
RLC series resonant
circuit of Figure 1
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Figure 2.
RLC series resonant
circuit IL1 max(t, L1)

k

Table II.
SQP Method on RLC
series resonant
circuit of Figure 1

0

(k)

t in s
ð Þ
L1k in H
ð Þ

10.1
15.0

IL1k max in mA

8.062

1

2

3

4

5

6

10.41
15.0

10.46
9.735

10.44
5.999

10.29
0.4609

10.24
1.452

10.25
1.692

–20.53

–24.58

–27.31

–36.25

–39.98

–40.0

Figure 3.
RLC series resonant
circuit contour plot
IL1 max(t, L1)

(2)

switch Q1 is modeled as a voltage controlled ideal switch with two resistors
Q1 RDSðonÞ representing the resistance in the on-region and the resistance Q1 RDSðoffÞ
for the cut-off region.
PWM controller: for the control method, peak current mode control with constant
switching frequency FS is chosen and is implemented at the PWM controller block.
A detailed structure of the PWM controller is shown in Figure 5.
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Figure 4.
Schematic: a closedloop ﬂyback
converter with peak
current mode control

Figure 5.
Block diagram peak
current mode PWM
controller

(3)

Compensator: a Type II compensator (Ridley, 2011; Basso, 2012) is used,
containing the error ampliﬁer EA1, a diode DEA, and a voltage reference VRef to
model an adjustable shunt regulator (such as TL431). The error ampliﬁer EA1 is
modeled as an ideal ampliﬁer with inﬁnite gain. The diode DEA is used to add an
additional offset to the output level of EA1 and also ensures that the ampliﬁer can
only sink the current. The optocoupler IC1 is modeled in the forward linear region
by multiplying IF with a constant factor, the current transfer ratio (CTR)
IC = CTR IF and in the saturation region by a constant voltage source VCE(sat).

In general, many switching cycles are necessary until the system has reached the steady-state
behavior in the case of switching mode power supply. In steady-state, a PWM signal with
constant duty-cycle don is generated in the way that the average output voltage VO equals
VO nom. The compensator and the PWM controller are responsible for tuning the duty-cycle.
3.1 Steady-state analysis
The major advantage of the analytic forward solver approach is that the unknown dutycycle in steady-state can be calculated based on the analytic solutions of the state variables
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and/or signal of interest, e.g. (2). In addition, the closed-loop ﬂyback converter can be
simpliﬁed to an open-loop ﬂyback converter or Power Stage. This means that no additional
algorithms are needed for the steady-state analysis, e.g. as used in (Li and Tymerski, 2000;
Wong et al., 2000; Setiawan et al., 2017; Moskovko and Vityaz, 2018). The ﬂyback converter
Power Stage operating in CCM has two SubCircuit-Models (states): Figure 6 shows steadystate waveforms of the state variables for one switching cycle TS = 1/FS.
 State 1: PWM high, MOSFET Q1 is switched on (saturation) and D1 switched off
(reverse bias) with 0 < t # ton.
 State 2: PWM low, MOSFET Q1 is switched off (cut-off) and D1 switched on
(forward bias) with ton < t < TS.
The initial conditions of the state variables in state 1 can be expressed as:
ILM 10 ¼ ILM off ðTS  ton Þ

(10)

VCO 10 ¼ VCO off ðTS  ton Þ

(11)

ILM 20 ¼ ILM on ðton Þ

(12)

VCO 20 ¼ VCO on ðton Þ:

(13)

and for state 2 as:

VO nom

1
¼
TS

ð ton
0

VCO 1 ðtÞdt þ

ð TS

!
VCO 2 ðtÞdt

(14)

ton

Equation (14) expresses that the average voltage VCO on the capacitor CO equals VO nom.
Using (10) and (11) in (12) and (13) with (14) results in a system of equations with three
unknowns ILM 20, VCO 20, and ton. For a better performance the system of equations in
analytic form (generated by the analytic forward solver approach) are solved numerically.

Figure 6.
Waveforms ﬂyback

3.2 Sequential quadratic program result
The solution for the initial condition ILM 20 of the system of equations (12)-(14) corresponds
to ^I LM . The objective function for the maximum magnetizing current is
f ðxÞ ¼ ILM 20 :

(15)

Table III summarizes component values and parameters for the closed-loop ﬂyback
converter and Table IV summarizes the values the SQP parameters.
The implemented SQP method converges to the maximum after 6 iterations with
j^I LM j ¼ 2:583 A.
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3.3 Transient simulation
To verify the results from the SQP method in steady-state, for each iteration k (summarized
in Table V) a transient simulation of the closed-loop ﬂyback converter has been performed
with the same parameters in Table IV and III as shown in Figure 7. The transient simulation
Power stage

PWM controller

Compensator

RP = 0.2 X
T1 Ratio = 0.25

VPWM low ¼ 0 V
VPWM high = 10 V
V
Se ¼ 0:01
ms
VDC Offset = 0 V
VFB0 = 6.6 V
RFB = 1 kX
D3 VF = 1.4 V
R1 = 20 kX
R2 = 10 kX
ZD1 VZ ¼ 1 V

VRef = 2.5 V
RD1 = 110 kX

Q1 VthðonÞ ¼ 3:5 V
Q1 RDSðonÞ ¼ 0:34 X
Q1 RDSðoffÞ ¼ 0:1 GX
D1 RD = 50 mX
CO = 2200 m F
RL = 10 X
VO nom ¼ 30 V

RD2 = 10 kX
RE = 1 kX
RBias = 1 kX
CZ = 4.7 nF
CP = 0 pF
DEA VF ¼ 2:5 V
IC1 VF ¼ 1:1 V
IC1 CTR ¼ 2
IC1 VCEðsatÞ ¼ 0:5 V

Parameter xi

Lower bound

Upper bound

VDC
LM
FS
D1 VF
RSense

VDC min = 100 V
LM min = 330 m H
FS min = 95 kHz
D1 VF min ¼ 0:6 V
RSense min = 0.1425 X

VDC max = 300 V
LM max = 470 m H
FS max = 105 kHz
D1 VF max ¼ 1:2 V
RSense max = 0.1575 X

k
ð Þ
VDCk in V
ðkÞ
LM in m H
ð Þ
FSk in kHz
ð Þ
D1kVF in V
ðkÞ
RSense in X
ðkÞ
ILM
max in A

0

1

2

3

4

202.0

202.0

201.999

201.986

100.0

100.0

330.0

330.0

330.0

330.0

330.0

100.0

100.0

100.0

100.0

0.7

0.7

1.2

1.2

0.14

0.14

–2.215

–2.368

0.1416
–2.387

0.1575
–2.38702

1.2
0.1575
–2.539

Table IV.
SQP Parameters for
the closed-loop
ﬂyback converter of
Figure 4

5

380.0

99.8984

Table III.
Component values
and parameters for
the closed-loop
ﬂyback converter of
Figure 4

95.0
1.2
0.1575
–2.583

Table V.
SQP Method on
closed-loop ﬂyback
converter of Figure 4

COMPEL
38,5

results are obtained by applying the AFSA to the Circuit-Model of the closed-loop ﬂyback
converter. The simulation time tSim was set to 30 ms. The results from the SQP method are
ðkÞ
shown in Figure 7 as horizontal lines, these are marked with jILM
max j. The peak currents of
the transient simulations exactly matches the SQP results, having the same colors.
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3.4 Performance comparison
To compare the performance of the SQP method, an MC analysis and evolution strategy
(1 þ 1) ES (Beyer, 2001) has been implemented in Maple as well. The implemented MC
analysis uses the continuous uniform distribution over the parameter ranges. All methods
use the same objective function (15). Table VI summarizes the iterations for the methods and
results. The (1 þ 1) ES method and the SQP methods provide the same result; however, the
number of iterations for convergence varies greatly. The MC method could not ﬁnd the exact
worst-case value even at higher iterations runs k. The total CPU time of the SQP method is
signiﬁcantly shorter than that of the other two (e.g. 1/9, 1/95, 1/7), illustrating the
advantage of the AFSA.
3.5 A more complex example case
The example of the worst-case tolerance analysis of a ﬂyback converter in CCM was shown.
The example can be extended by e.g. the discontinuous conduction mode (DCM), which
arises when the inductor current is zero. Here, the analytic forward solver approach provides
the additional needed state for DCM. The initial conditions of the state variables can be
expressed as it was done in the CCM example. Both models of the ﬂyback converter can also
be combined to one model which also supports switching between CCM and DCM. The CCM
model becomes invalid when ILM 10 is negative.

Figure 7.
Comparison SQP
results and transient
simulation

Table VI.
Performance
comparison of
different solutions
methods

Method
j^I LM j in A
#k iterations
CPU time in s

MC

MC

(1 þ 1) ES

SQP

2.532
1000
20.67

2.535
10000
211.6

2.583
712
14.88

2.583
6
2.21

4. Conclusion
The SQP method in combination with the AFSA shows that the worst-case limit converges
in a few steps even if the worst-case limit is not on the boundary of the parameters. Based on
the AFSA, it is possible to reduce a ﬂyback converter in steady-state from a closed-loop to
an open-loop system. These results are well in line with the transient simulation results
obtained by applying AFSA to the open loop ﬂyback converter. With respect to accuracy,
the SQP method shows similar performance to (1 þ 1) ES strategy. Superior performance in
terms of total CPU time was shown.
References
Analog Devices (2019), “LTspice”, available at: www.analog.com/en/design-center/design-tools-andcalculators/ltspice-simulator.html
Basso, C.P. (2012), Designing Control Loops for Linear and Switching Power Supplies: A Tutorial Guide,
Artech House, Boston.
Beyer, D.H.-G. (2001), The Theory of Evolution Strategies, Natural Computing Series, 1st ed., SpringerVerlag Berlin Heidelberg.
Chiariello, A.G., Formisano, A., Martone, R. and Pizzo, F. (2015), “Gradient-based worst case search
algorithm for robust optimization”, IEEE Transactions on Magnetics, Vol. 51 No. 3, pp. 1-4.
Cliquennois, S. and Trochut, S. (2007), “A new architecture simulator for integrated switched-mode
power supplies circuits based on symbolic calculus tools”, in Power Electronics Specialists
Conference, 2007. PESC 2007. IEEE, pp. 224-230.
Fletcher, R. (2000), Practical Methods of Optimization, 2nd ed., John Wiley and Sons, Inc., England.
Fontana, G., Grasso, F., Luchetta, A., Manetti, S., Piccirilli, M.C. and Reatti, A. (2015), “A new simulation
program for analog circuits using symbolic analysis techniques”, International Conference on
Synthesis, Modeling, Analysis and Simulation Methods and Applications to Circuit Design
(SMACD), 2015, pp. 1-4.
Gielen, G.G.E., Walscharts, H.C.C. and Sansen, W. (1989), “Isaac: a symbolic simulator for analog
integrated circuits”, IEEE Journal of Solid-State Circuits, Vol. 24 No. 6, pp. 1587-1597.
Khaligh, A., Rahimi, A.M., Khaligh, M. and Emadi, A. (2006), “Sensitivity analyses of pulse adjustment
control technique of a buck-boost converter operating in discontinuous conduction mode and
driving constant power loads”, in 2006 IEEE Vehicle Power and Propulsion Conference, pp. 1-5.
Li, D. and Tymerski, R. (2000), “Comparison of simulation algorithms for accelerated determination of
periodic steady state of switched networks”, IEEE Transactions on Industrial Electronics, Vol. 47
No. 6, pp. 1278-1285.
Lian, K.L. (2012), “Derivation of a small-signal harmonic model for closed-loop power converters based
on the state-variable sensitivity method”, IEEE Transactions on Circuits and Systems I: Regular
Papers, Vol. 59 No. 4, pp. 833-845.
Liberatore, A., Luchetta, A., Manetti, S. and Piccirilli, M.C. (1995), “A new symbolic program package
for the interactive design of analog circuits”, IEEE International Symposium on Circuits and
Systems, 1995. ISCAS ’95, 1995, Vol. 3, pp. 2209-2212.
Maplesoft (2019), “Maple 2017”, available at: www.maplesoft.com
Moskovko, A. and Vityaz, O. (2018), “Transient analysis of electronic circuits using periodic steadystate analysis technique”, in 2018 IEEE 38th International Conference on Electronics and
Nanotechnology (ELNANO), pp. 499-503.
Nagel, L.W. (1975), “SPICE2: a computer program to simulate semiconductor circuits, PhD thesis, EECS
department”, University of California, Berkeley, available at: www.eecs.berkeley.edu/Pubs/
TechRpts/1975/9602.html

Worst-case
analysis of
electronic
circuits
1665

COMPEL
38,5

1666

Orcad PSpice (2019), “Orcad PSpice”, available at: www.orcad.com/products/orcad-pspice-designer/
overview
Ridley, D.R.B. (2011), Power Supply Design Volume 1: Control, Ridley Designs, Monpazier, France.
Setiawan, E., Hirata, T. and Hodaka, I. (2017), “Steady state symbolic analysis of buck converter using
fourier series”, in 2017 2nd International Conference on Frontiers of Sensors Technologies
(ICFST), pp. 299-303.
Thomassian, J.-C. (2007), “Symbolic techniques: a new tool for teaching circuits and electronics”, in
Frontiers In Education Conference – Global Engineering: Knowledge Without Borders,
Opportunities Without Passports, 2007. FIE ‘07. 37th Annual, pp. S2C–1-S2C–5.
Wong, B.K.H., Chung, H.S.H. and Lee, S.T.S. (2000), “Computation of the cycle state-variable sensitivity
matrix of pwm dc/dc converters and its applications”, IEEE Transactions on Circuits and
Systems I: Fundamental Theory and Applications, Vol. 47 No. 10, pp. 1542-1548.
Corresponding author
Mario Schenk can be contacted at: mario.schenk@student.tugraz.at

For instructions on how to order reprints of this article, please visit our website:
www.emeraldgrouppublishing.com/licensing/reprints.htm
Or contact us for further details: permissions@emeraldinsight.com

The current issue and full text archive of this journal is available on Emerald Insight at:
www.emeraldinsight.com/0332-1649.htm

A MSFEM to simulate the eddy
current problem in laminated iron
cores in 3D
Karl Hollaus
Department of Analysis and Scientiﬁc Computing,
Visual Computing and Human-Centered Technology, Wien, Austria

Eddy current
problem

1667
Received 15 December 2018
Revised 10 May 2019
Accepted 10 May 2019

Abstract
Purpose – The simulation of eddy currents in laminated iron cores by the ﬁnite element method (FEM) is of

great interest in the design of electrical devices. Modeling each laminate by ﬁnite elements leads to extremely
large nonlinear systems of equations impossible to solve with present computer resources reasonably. The
purpose of this study is to show that the multiscale ﬁnite element method (MSFEM) overcomes this difﬁculty.
Design/methodology/approach – A new MSFEM approach for eddy currents of laminated nonlinear iron
cores in three dimensions based on the magnetic vector potential is presented. How to construct the MSFEM
approach in principal is shown. The MSFEM with the Biot–Savart ﬁeld in the frequency domain, a higher-order
approach, the time stepping method and with the harmonic balance method are introduced and studied.
Findings – Various simulations demonstrate the feasibility, efﬁciency and versatility of the new MSFEM.
Originality/value – The novel MSFEM solves true three-dimensional eddy current problems in laminated
iron cores taking into account of the edge effect.

Keywords Eddy currents, Finite element method, Biot–Savart ﬁeld, Harmonic balance method,
Higher-order MSFEM, Multiscale ﬁnite element method, Time stepping method
Paper type Research paper

1. Introduction
A laminated core represents a periodic micro-structure which is well suited for the
multiscale ﬁnite element method (MSFEM). The aim of MSFEMs is to reduce the
computational costs of eddy currents in very large laminated iron cores drastically without
losing accuracy (Dular, 2008; Hollaus and Schöberl, 2018).
It can be stated that MSFEMs for eddy currents in laminated iron in two dimensions (2D)
are well established. Problems in 2D have been solved very satisfactorily using a magnetic
vector potential (MVP) A, a current vector potential T or a the mixed formulation with A
and the current density J, see (Hollaus and Schöberl, 2018).
However, MSFEMs for three-dimensional (3D) problems are still far away from being a
satisfactory solution. Analyzing the numerical examples in the literature it is very striking
to see that there have been no real 3D MSFEM simulations presented up to now. Most of the
examples are rotationally symmetric, for instance a toroidal transformer (Gyselinck et al.,
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2006), or the magnetic ﬂux is parallel to the laminates (Dular, 2008). Both kinds of problems
exhibit no magnetic stray ﬁelds.
MSFEMs for 3D problems can be divided into methods solving real 3D problems and
those considering 2D/1D-problems. The 2D/1D-MSFEMs are based on the assumption that
the end effects of electrical machines, i.e. magnetic stray ﬁelds can be neglected; thus, each
laminate is exposed to the same electromagnetic ﬁeld distribution and therefore a simulation
of a single laminate sufﬁces, (Bottauscio and Chiampi, 2002; Rasilo et al., 2011). A 2D
problem is solved essentially reducing the computational costs compared to brute force 3D
ﬁnite element method (FEM) models (Handgruber et al., 2013; Schöbinger et al., 2018).
The present paper deals with problems where this assumption is not applicable and 3D
problems have to be solved. The aim of this work is to present a novel MSFEM for laminated
iron stacks in 3D and its universal applicability and efﬁciency compared to the standard ﬁnite
element method (SFEM). This MSFEM is based on A. After recalling the analytic solution of
eddy currents in an inﬁnite slab the construction of the basic MSFEM approach with A will be
discussed in detail. Different aspects like averaging of coefﬁcients and the edge effect are
addressed. The method is capable to consider air gaps and the edge effect too.
Simulation results obtained by all speciﬁc MSFEMs will be shown and compared to
reference solutions computed by the standard ﬁnite element method (SFEM) demonstrating
the versatility of the new MSFEM for problems in 3D. The savings in computational costs
using the new MSFEM instead of SFEM are presented at the end.
2. The multiscale ﬁnite element method – MSFEM
A laminated iron core exhibits two very different scales. The large scale is determined by the
overall dimensions of a laminated core, e.g. the length L and the height H of a transformer
core as shown in Figure 1 on the left, and the small (micro-) scale determined by the tiny
dimensions of the thickness of the laminates d and the width of an air gap d0 in between, see
Figure 1 on the right. The ratio of these scales is about 106, and thus very large. Modeling
each laminate and air gap of large electrical devices would yield a very large ﬁnite element
model and consequently an extremely large equation system impossible to solve with
reasonable computational effort. However, a laminated iron core represents a quasi-periodic
structure, this means not strictly periodic because of the ﬁnite overall dimensions, which can
be exploited by the MSFEM advantageously. One period p is composed of d and d0.
To substantiate the MSFEM approach, the exact solution of eddy currents in an inﬁnite
slab is highly relevant and for convenience the main results are summarized in the following
(Stoll, 1974). A Cartesian coordinate system is used.
A single component MVP A ¼ Aex is assumed to be selected at the surfaces z ¼ 6d=2
of the slab prescribing a magnetic ﬂux per unit length, such that the magnetic ﬁeld H points

Figure 1.
Large scale:
transformer core with
overall dimensions
(left), Fine scale:
thickness of the
laminate d and width
of the air gap d0
(right)

into the y-direction inducing eddy currents pointing into the x-direction, i.e. H ¼ Hey and
J ¼ Jex , respectively, see Figure 2. On the other hand J ¼ jv s A holds.
Provided the linear problem is given in the frequency domain, the quasi-static magnetic
ﬁeld with the phasor convention ejv t reads as:
@2A
@A
¼ jv s m A;
¼ sm
(1)
@z2
@t
with the solution:
Að zÞ ¼ A0 sinhð azÞ;
(2)
where:
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þj
2
a¼
with the penetration depth d ¼
d
vs m

Holds. The solution (2) is described by a hyperbolic sine which is an odd function. Therefore,
odd Gauss–Lobatto polynomials

f 1 ðsÞ ¼ s rﬃﬃﬃ
1 5ð 2
f 3 ðsÞ ¼
s  1Þs
2 rﬃﬃ2ﬃ
1 9ð 2
s  1Þð7s2  3Þs
f 5 ðsÞ ¼
8 2

(3)

are used for micro-shape functions f i ðsÞ to construct MSFEM approaches with A. The
transformation s ¼ 2z=d holds with s 2 ½1; 1 and z 2 ½d=2;
 d=2. The micro-shape

functions f i are extended by zero in ðd0 þ dÞ=2; d=2 and d=2; ðd0 þ dÞ=2 including
the air gap, except f 1 which is extended linearly and becomes zero in
fðd0 þ dÞ=2; ðd0 þ dÞ=2g. Figure 3 shows how the micro-shape functions f i ﬁt into the
periodic structure with d and d0.
Thus, the polynomials facilitate the required continuity of the unknown solution,
f i (–1) = 0 and f i (1) = 0 with i = 3, 5.
2.1 Construction of a multiscale ﬁnite element method approach with A
To construct a MSFEM approach with A, the eddy currents of a reference solution, detailed
in Figure 4, are studied.
Based on the eddy current distribution, the approach:

Figure 2.
Inﬁnite slab with
ﬁelds (left) and
solutions (right)
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~ ¼ A0 þ f A1 þ gradð f w1 Þ
A
1
1

is found. The ﬁrst term A0 in (4) describes the large-scale behavior of the solution, whereas
the others that of the ﬁne scale. The large-scale behavior takes account of the large eddy
current loops induced by the magnetic stray ﬂux perpendicular to the lamination (Figure 5).
At the ﬁne scale, the main magnetic ﬂux parallel to the lamination induces eddy currents
conﬁned to ﬂow in very narrow loops shown in Figure 6. These currents are assumed to be
split into two parts. The laminar part which is parallel to the laminates and represented by
the second term in equation (4), the third term includes the edge effect, i.e. the part where the
currents turn around to form closed loops (Figure 6).
The boundary value problem to be solved is the ECP:
curl m 1 curl A þ jv s A ¼ J 0 in X ¼ Xc [ X0 ;
A  n ¼ a on CD ;
m 1 curl A  n ¼ K on CN ;

Figure 3.
Gauss–Lobatto
polynomials are the
micro-shape
functions, scaled s [
(Dular, 2008), the
laminate is grey

Figure 4.
Eddy currents due to
the main magnetic
ﬂux in laminates with
the edge effect, detail

Figure 5.
Magnetic stray ﬂux
(green) and a large
eddy current loop
(red)

(4)

(5)

where Xc represents the conducting domain (iron) and X0 the non-conducting domain (air).
The weak form is:
Find Ah 2 Va :¼ fAh 2 V h : Ah  n ¼ ah on CD g, such that
ð
ð
m 1 curl Ah  curl vh dX þ jv s Ah  v h dX
X
X
ð
ð
ð
þ s 0 Ah  vh dX ¼ J 0  vh dX þ
K  v h dC
(6)
X0

X

CN
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for all vh 2 V0 , where V h  H ðcurl; XÞ.
For a unique solution the regularization with 0 < s 0  s is applied (Ledger and
Zaglmayr, 2010). The solution of equation (6) with the SFEM serves as reference solution for
the MSFEM. To end up with a weak form for the MSFEM, equation (4) becomes the trial
function and
v~ ¼ v0 þ f 1 v1 þ gradð f 1 q1 Þ

(7)

the test function with the same structure. Tilde marks the multiscale approach. The
laminated domain Xm consists of the iron laminates and the air gaps. A1 , w1 and f 1 are
restricted to Xm, whereas A0 is valid in the entire domain X ¼ Xm [ X0 . Dirichlet and thus
essential boundary conditions are prescribed by means of A0 exclusively, and only natural
boundary conditions are provided for A1 and w1. This is especially true for planes of
symmetry. To obtain the weak form for the MSFEM, simply speaking, Ah and vh in the
~ h and v~ h , respectively, resulting in:
weak form of the SFEM [equation (6)] are replaced by A
Find
ðA0h ; A1h ; w1h Þ 2 Va :¼ fðA0h ; A1h ; w1h Þ : A0h 2 U h ; A1h 2 V h ; w1h
2 W h and A0h  n ¼ ah on Cg;
such that:

ð

ð
 
1
~ h  v~ h dX
~ h  curlðv~ h Þ dX þ jv s A
curl A
Xm
X
ð
ð
ð
K  v~ h dC
þ s 0 A0h  v0h dX ¼ J 0  v~ h dX þ
X0

X

(8)

CN

for all ðv 0h ; v 1h ; q1h Þ 2 V0 , where U h  H ðcurl; XÞ; V h  H ðcurl; Xm Þ and W h  H 1 ðXm Þ
have been selected. The micro-shape function f 1 is a periodic, piecewise linear and
continuous function, i.e. f 1 2 Hper ðXm Þ.
Figure 6.
Main magnetic ﬂux
(green) and a narrow
eddy current loop
(red) in a small part at
the end of a laminate,
ﬁctitious
decomposition of the
current density
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2.2 Averaging of the highly oscillating coeﬃcients
The arising highly oscillating coefﬁcients in equation (8) make the ﬁnite element assembling
very expensive. To overcome this problem these coefﬁcients are averaged. Here, the stiffness
term is treated representing the mass term too. Writing the stiffness term in detail yields:
ð




1
curl A0 þ f 1 A1 þ gradð f 1 w1 Þ  curl v 0 þ f 1 v1 þ gradð f 1 q1 Þ dX
Xm
0
1
0
1
ð
A1y
1
1
1
5 @ curlðA0 Þ þ f 1;z @ A1x A þ f 1 curlðA1 Þ A
m
m
m
X
0
0
1
0
1
v1y
 @curlðv 0 Þ þ f 1;z @ v1x A þ f 1 curlðv1 ÞA dX
0
and carrying out the multiplications leads to:
0
1
0
ð
A1y
1
1
@ curlðA0 Þ  curlðv 0 Þ þ f 1;z @ A1x A  curlðv0 Þ
m
X m
0
0
1
v1y
1
1
þ f 1 curlðA1 Þ  curlðv0 Þ þ f 1;z curlðA0 Þ  @ v1x A
m
m
0
0
1 0
1
v1y
A1y
1
þ f 21;z @ A1x A  @ v1x A
m
0
0
0
1

v1y
1
@
A
þ    dX:
þ f 1 f 1;z curlðA1 Þ 
v1x
m
0
Analogue operations are carried out also for the mass term of equation (8).
Coefﬁcients m1 ; m1 f 1;z ; m1 f 1 , etc. and s , s f 1;z ; s f 1 , etc. are averaged over the period
p = d þ d0:
ð
1 p
l Fe d þ l 0 d0
l ¼
l ð zÞdz ¼
p 0
p
ðp
1
l Fe  l 0
l f 1;z ¼
l ð zÞ f 1;z ð zÞdz ¼ 2
p
p 0
ðp
1
lf1 ¼
l ð zÞ f 1 ð zÞdz ¼ 0
p 0


ð
1 p
4 l Fe l 0
2
2
þ
l f 1;z ¼
l ð zÞ f 1;z ð zÞdz ¼
p 0
p d
d0
ðp
1
l f 1;z f 1 ¼
l ð zÞ f 1;z ð zÞ f 1 ð zÞdz ¼ 0
(9)
p 0
where l means either m1 or s in iron or air. The bar marks averaging.

Highly oscillating coefﬁcients are replaced by averaged ones, whereby the bilinear form
and the linear form in
0
0
1
ð
A
1y
 


1B
1
B1
C
@ curl A0  curlðv 0 Þ þ f 1;z @ A1x A  curlðv0 Þ þ f 1 curl A1  curlðv 0 Þ
m
m
X m
0
0
1 0
0
1
1
v1y
v1y
A1y
 
1
1
B
C
þ f 1;z curl A0  @ v1x A þ f 21;z @ A1x A  @ v1x A
m
m
0
0
0
0
1
ð
v1y
 
1
þ f 1 f 1;z curl A1  @ v1x A þ   Þ dX þ jv
s A0  v 0
m
X
0
0 1
0
þ f 1 s A1  v0 þ f 1;z s @ 0 A  v0 þ f 1 s gradðw1 Þ  v0 þ   Þ dX
w1
ð
ð
ð
þ
s 0 A0h  v0h dX5 J 0  v0h þ
K  v0h dC dX
(10)
X0

X0

CN

modifying the unknown quantities indicated by the bar. The error due to averaging is
assumed to be negligibly small (Hollaus and Schöberl, 2018).
The averaged coefﬁcients are constant and therefore a rather coarse FE-mesh
sufﬁces to get an accurate approximation of the solution. In fact, equations (8) and (10)
are solved.
2.3 Biot–Savart ﬁeld and multiscale ﬁnite element method
Fields due to currents in coils can be considered by the Biot–Savart ﬁeld. Rearranging of the
linear form yields:
ð
ð
J S  v 0h dX ¼
curlH S  v0h dX ¼
Xs

iðtÞ

ð
Xs

Xs

curlhS  v0h dX ¼ iðtÞ

ð
X

hS  curlv 0h dXþ

þ
iðtÞ ðhS  v0h Þ  n dC;

(11)

C

where hS is the Biot-Savart-ﬁeld
hS ¼

1
4p

ð
Xs

jS  ðrF  rS Þ
jrF  rS j3

dX

of the unit current. By averaging only v0h remains as test function for the linear form.

(12)
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3. Numerical example
The single phase transformer shown in Figure 7 is used to study various simulations of
different MSFEMs. The core consists of 183 laminates yielding a ﬁll-factor of kf =
0.9734. An electric conductivity of s = 2.0 · 106 S/m and a relative permeability of m r =
1,000 in the linear case have been selected. The cross-section of a cylindrical coil is
shown in Figure 8. It consists of two layers (dark rings), 60 turns per layer. The length
of the coil equals 192 mm. The arrangement of the core with the coils exhibit three
planes of symmetry.
A handmade mesh was created by means of hexahedral FEs to simplify the modeling of
each laminate for the reference solution. The Biot–Savart ﬁeld was used to avoid the
modeling of the cylindrical coils. Due to the symmetry one eighth of the problem has been
considered in the simulations.
4. Diﬀerent simulations
4.1 Frequency domain and higher-order multiscale ﬁnite element method
We start with the linear case in the frequency domain and show how to cope with small
penetration depths making use of higher-order MSFEM (HMSFEM). To this end, the basic
approach [equation (4)] is extended by adding higher order micro-scale terms (Hollaus and
Schöberl, 2015), leading to:

Figure 7.
Single phase
transformer,
dimensions in mm

Figure 8.
Cross-section of the
cylindrical coil with
dimensions in mm,
not scaled

~ ¼ A0 þ f A1 þ gradð f w1 Þ
A
1
1

Eddy current
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þ f 3 A3 þ gradð f 3 w3 Þ
þ f 5 A5 þ gradð f 5 w5 Þ:

(13)

Figure 9 shows the eddy current losses computed by SFEM and MSFEM. The relative error
of MSFEM presented in Figure 10 is obtained by comparing to SFEM results which have
been obtained by a brute force ﬁnite element model discretizing each steel sheet. The lowestorder MSFEM approach [equation (4)] is valid as long as the variation of the MVP across the
laminate thickness dfe can be approximated by a linear function well. For decreasing
penetration depths d approach [equation (4)] starts to fail.
By adding higher-order terms, the accuracy is clearly improved. The reason why the
ﬁfth-order approach does not show a better accuracy than the third-order one is that the
reference solution is not reliable for high frequencies. Reference solutions for an order higher
than 3 could not be solved on the available server with 4 times 16 cores (Intel(R) Xeon(R)
CPU E7-8867 v3) and 2 TByte RAM.
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4.2 Time stepping method and time stepping method multiscale ﬁnite element method
To deal with nonlinear materials simulations with the time stepping method (TSM) and
MSFEM (TSMSFEM) have been carried out using implicit Euler as time stepping scheme

Figure 9.
Eddy current losses
versus frequency

Figure 10.
Error versus
frequency
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and the ﬁxed point method Bíro and Preis (1995) has been exploited to solve the nonlinear
system. Iron is highly nonlinear, but assumed to be isotropic. The magnetization curve used
in the simulations is determined by measurement points and linear interpolation (Figure 11).
The curve is convex-concave. Input currents are selected with 1.0, 2.0 and 3.0 A (peak value)
to deal with different states of saturation. Simulations with these currents have been carried
out at 50 and 500 Hz. For the reasons of comparability, the eddy current losses in the
laminated core presented in Figures 12 to 17 are scaled to the current in the wire of the coils I
squared.
4.2.1 Results, 50 Hz. The Figures 12 to 14 show the losses at f = 50 Hz. The agreement of
the losses with respect to time obtained by SFEM and MSFEM is excellent. The inﬂuence of
the saturation due to different input currents is clearly visible.
4.2.2 Results, 500 Hz. Eddy current losses obtained at f = 500 Hz (Figures 15 to 17) show
a clear transient initial phase behavior before the steady state is reached. A very satisfactory
agreement between SFEM and MSFEM is obtained.
4.3 Harmonic balance method and MSFEM
Most of the sources of ECPs alternate harmonically in time and only the solution of the
steady state has to be calculated. However, in case of nonlinear materials, the solution

Figure 11.
Magnetization curve
(M400-50A), convexconcave

Figure 12.
Scaled eddy current
losses in Watt per
Ampere squared
versus time, f = 50 Hz
and I = 1 A

is not harmonic any more, but still periodic. Thus, the solution can be represented as a
Fourier series. This can be exploited advantageously by the harmonic balance method
(Yamada and Bessho, 1988) or as also called the multi-harmonic ansatz (Bachinger
et al., 2005), i.e. a truncated Fourier series expansion at a ﬁnite number. Only a few
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Figure 13.
Scaled eddy current
losses in Watt per
Ampere squared
versus time, f = 50Hz
and I = 2 A

Figure 14.
Scaled eddy current
losses in Watt per
Ampere squared
versus time, f = 50 Hz
and I = 3 A

Figure 15.
Scaled eddy current
losses in Watt per
Ampere squared
versus time,
f = 500 Hz and I = 1 A
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harmonics are required for a sufﬁciently accurate approximation. That’s why the
harmonic balance method is superior to the time stepping method particularly in case
of a transient that takes a long time. The harmonic balance ﬁnite element method
(HBFEM) saves mainly computation time in simulations of large devices with
harmonic excitation and nonlinear material properties. A rigorous estimate for the
total error due to the use of truncated Fourier series is presented in Bachinger et al.
(2005). The successful use of HBFEM in simulations of electromagnetic devices in the
frequency domain can be found in De Gersem et al. (2001) or in Gyselinck et al. (2002).
A 2D FEM considering the main magnetic ﬂux with a 1D diffusion equation across the
lamination and using a multi-harmonic ansatz of the MVP including hysteresis is
shown in Bottauscio et al. (2000).
The harmonic balance method is combined with the MSFEM (HBMSFEM) to exploit the
advantages of both methods.
For nonlinear problems with time harmonic excitation and steady state, the harmonic
balance method is preferably used (Bíro and Preis, 2006). The steady state solution uðx; tÞ is
periodic in time with period T:
uðx; tÞ ¼ uðx; t þ T Þ; t 2 R

Figure 16.
Scaled eddy current
losses in Watt per
Ampere squared
versus time,
f = 500 Hz and I = 2 A.

Figure 17.
Scaled eddy current
losses in Watt per
Ampere squared
versus time,
f = 500 Hz and I = 3 A
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An approximated solution can be written as a truncated Fourier series:
uðxÞ ¼ u0 ðxÞ þ

N
X

uc2k1 ðx Þcosðð2k  1Þv tÞ þ us2k1 ðx Þsinðð2k  1Þv tÞ

(14)

k¼1

with superscripts c and s for cosine and sine, respectively, and with the upper bound N.Based
on the basic MSFEM approach [equation (4)], the HBMSFEM approach can be written as:
^ ¼ A0 ð x Þ þ
A

N
X

~ s ðx Þsinðð2k  1Þv tÞ
~ c ðx Þcosðð2k  1Þv tÞ þ A
A
2k1
2k1

(15)

k¼1

with the coefﬁcient functions:


a
~ a ðx Þ ¼ Aa
A
2k1
0;2k1 ðx Þ þ f 1 A1;2k1 ðx Þ þ grad f 1 w1;2k1 ðx Þ ;

(16)

where a = c,s and k 2 N;
k # N holds. The time average A0 ðx Þ in equation (15) is not
used in this work. The hat indicates truncated Fourier expansion of the HBMSFEM approach.
To compare the results of TS and HBFEM, the losses obtained by TS are averaged over the
ﬁrst and second period. Simulation results for the losses are summarized for f = 50 and
f = 500 Hz in Appendix 1 in Tables I and II. There is a very satisfactory agreement.

5. Computational costs
The number of required degrees of freedom (DOFs) is valid for one-eighth of the single
phase transformer and is given in Appendix 2 in Tables III. In general, using MSFEM the
number of DOFs can be reduced by a factor of about ten for the studied example of the
single phase transformer in the present work.

6. Discussion
The presented MSFEM ﬁts very well to ECPs in transformers. Electrical machines can be
treated in two ways. The assumption that each iron sheet is exposed to the same
electromagnetic ﬁeld pattern is often permitted. In this case, a 2D/1D MSFEM can be
exploited advantageously (Schöbinger et al., 2019; Hollaus et al., 2018). However, when
the stray ﬁeld cannot be neglected or its inﬂuence is of interest, a method which copes with
3D problems is absolutely necessary. The presented MSFEM should also work for 3D
problems of electrical machines.
The reduction of computational costs grows with the number of iron sheets in the
laminated core. Although, applying MSFEM reduces large problems essentially, the
remaining complexity is still too large to be solved conveniently. Further methods based on
MSFEM needs to be developed.
Large equation systems resulting from problems with many very thin iron sheets
compared to the overall dimensions of the core are extremely ill-conditioned and except
small problems impossible to solve iteratively due to the lack of an appropriate
preconditioner. Similarly, an appropriate preconditioner is missing for equation systems
from the MSFEM too. Therefore, both the reference problems and the MSFEM problems
have been solved using a direct solver.

1679

COMPEL
38,5

7. Conclusions
Based on the results in this work, it can be concluded that the MSFEM presented here is
very powerful because it reduces the complexity of the ECP in laminated iron cores
essentially compared to SFEM and discretizing each sheet, copes with any penetration
depth, considers the edge effect, allows to include nonlinear material properties in a
straightforward way and is capable to deal with real 3D problems.
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Appendix 1. Eddy current losses

I in A
Period \TS
st

Table AI.
Eddy current losses
in W at f = 50 Hz

TSM 1 Period
TSM 2nd Period
HBMSFEMa

2

3

MSFEM

SFEM

MSFEM

SFEM

MSFEM

3.51
3.58

3.52
3.526
3.979

8.92
9.062

8.97
9.091
9.112

13.1
13.73

13.3
13.79
14.05

SFEM

MSFEM

SFEM

MSFEM

SFEM

MSFEM

104
135

108
141
137

401
537

412
550
539

632
853

646
869
801

Note: aUp to the 5th harmonic.

I in A
Period \TS
st

Table AII.
Eddy current losses
in W at f = 500 Hz

1
SFEM

TSM 1 Period
TSM 2nd Period
HBMSFEMa

1

2

3

Note: aUp to the 5th harmonic.

Appendix 2. Computational costs

SFEM
Method

Table AIII.
No. degrees of
freedom DOF

Time harmonic
Time stepping
Harm. balancea
Harm. balancea

FE order

DOF

FE order

MSFEM
MSFEM order

DOF

3
1
LOb
1

8,739,144
1,116,860
874,836
6,701,160

2
1
LOb
1

3
1
1
1

310,082
103,879
95,256
623,274

Notes: aUp to the 5th harmonic. bLowest order Nédélec elements
Source: Schöberl and Zaglmayr (2005).
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Abstract
Purpose – The purpose of this paper is to provide a model for simulating contamination by ferromagnetic
particles in sensors that use permanent magnets. This topic is especially important for automotive
applications, where magnetic sensors are extensively used and where metallic particles are present,
particularly because of friction between mechanical parts. The aim of the model is to predict the particle
accumulation and its effect on the sensor performance.
Design/methodology/approach – Magnetostatic moment method is used to calculate particles’
magnetization and magnetic ﬁeld. Magnetic saturation is included and Newton–Raphson method is used to
solve the non-linear system. Magnetic force on particles is calculated as a gradient of energy. Dynamic
simulation provides the positions of agglomerated particles.
Findings – A simulation of magnetic park lock sensor shows a signiﬁcant impact of ferromagnetic particles
on sensor’s accuracy. Moreover, gains on computational time because of model optimizations are reported.
Research limitations/implications – Only magnetic force and gravity are taken into account for
particle dynamics. Mechanical forces such as friction and particle interactions might be considered in future
works.
Practical implications – This paper provides the possibility to evaluate and improve magnetic sensor
design with respect to particles contamination.
Originality/value – The paper presents a novel simulation tool developed to answer the growing need for
reliable and fast prediction of magnetic position sensors’ degradation in the presence of metallic particles.

Keywords Electromagnetism, Sensors magnetic sensors, Metallic contamination,
Magnetostatic moment method
Paper type Research paper

1. Introduction
In recent years, there has been a rapid increase in the number of sensors used in vehicles.
The global market for automotive sensors reached nearly $23.5bn in 2015, $26.3bn in 2016
and should reach $43.4bn by 2021 (BCC Research Report, 2016).
Magnetic sensors are a good alternative for many automotive applications. They allow
for a reliable and accurate wear-free sensing of parameters that are difﬁcult to sense
otherwise, as, for example, the position and speed in park lock, gearshift, throttle and
camshaft applications (www.eﬁautomotive.com/). Magnetic sensors are also robust,
insensitive to humidity and non-magnetic dirt and inexpensive to manufacture (Fleming,
2001).
However, in the automotive environment, friction and shocks between mechanical parts
generate metallic particles which are often made of steel having ferromagnetic properties
varying within a wide range of values. This residual metallic dirt contamination can be
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attracted and held in the region of very strong magnetic ﬁeld produced by the magnetic ﬁeld
source in magnetic sensors.
The ferromagnetic particles accumulated over time can cause signiﬁcant accuracy
degradation on sensors whose detected magnetic ﬁeld is produced by a permanent magnet
(Caruso et al., 1998). Their impact on the sensors’ operation and security can even require
modiﬁcations on the sensor’s design to insure their accuracy in the presence of residual
metallic dirt (Fyie et al., 2015; Guibet, 2013).
Therefore, a faster development of magnetic sensors’ resistant to metallic contamination
is dependent on simulation tools adapted to the study of ferromagnetic particles.
Nevertheless, the behavior of ferromagnetic particles is difﬁcult to model for
electromagnetic computation and, existing models (Mitsufuji et al., 2018) have signiﬁcant
drawbacks when applied to the conditions found in magnetic sensors.
The numerical approach presented in this paper allows for a faster and more accurate
ﬁeld and force computation in the presence of the intense magnetic ﬁeld on the very
heterogeneous region considered. It is based on the magnetic moment method (MoM) which
is an interesting alternative to the classical ﬁnite element method (FEM), as only the active
regions, ferromagnetic particles and magnet, are discretized (Rakotoarison et al., 2008).
Moreover, the discretization used does not change during dynamic simulations and the
resulting magnetic ﬁeld is a smooth function, thus leading, respectively, to a reduced
computational time and a more accurate force calculation.
Studies using MoM to model ferromagnetic particles have been successfully conducted
(Mitsufuji et al., 2018). The analysis here presented differs from previous studies of metallic
particles because it considers both the linear and non-linear regions of the material’s
saturation curve. It also proposes improvements on the MoM implementation to accelerate
computational time.
In this paper, a model for the metallic contamination found in permanent magnets used
in magnetic sensors is proposed. The model was adapted to the considered system’s
speciﬁcities and it was applied to calculate the magnetic attraction forces on the particles
and the resulting magnetic ﬁeld of the system.
The model was then used to simulate the metallic particle contamination on park lock
sensor application. The simulation aimed at understanding the ferromagnetic particles’
dynamics and the sensor’s accuracy degradation because of the metallic contamination.
2. Metallic contamination model
2.1 Magnetostatic moment method
The MoM is a powerful and reliable numerical approach to model electromagnetic systems.
In the MoM, ferromagnetic materials are divided into elements having uniform
magnetization. Magnetic ﬁeld generated by dipoles volume distribution is given by
Chadebec et al. (2006):
! !
ððð  ! !
!
!
1
3 M  r !
M
(1)
H ðP Þ ¼ H ext ðP Þ þ
r  ! 3 dV
5
!
4p
jrj
jrj
V

Hext and H are, respectively, the external magnetic ﬁeld and the resultant magnetic ﬁeld at a
point P. The magnetization of the element of volume V is represented by M and r is the
distance between the point P and the integration point.
!
For a system of n elements, the resultant magnetic ﬁeld at a point Pj (H j ) at the center of
element j is given by:

n
!
!
1 X
H j ¼ H extj þ
4p i¼1

0 
1

!
ððð 3 !
!
M

r
i
ij
M
i
@
!
r ij  ! 3 A dV
j!
r ij j5
j r ij j

(2)

Vi

For our application of metallic contamination on magnetic sensors, a single ferromagnetic
particle may be divided into one or more elements. We will then analyze the X, Y and Z
components of the magnetic ﬁeld at each of the n elements of the system. Therefore:
½ H 3n;1 ¼ ½ H 3n;1 þ ½ A3n;3n ½ M 3n;1

(3)

The matrix A is the interaction matrix between the elements. To allow simple modelling of
particles, we have considered the elements to be rectangular cuboid, rectangular
parallelepiped blocks with faces parallel to the XY, XZ and YZ Cartesian planes. Therefore,
the components of the interaction matrix A are given by equations (4) and (5) (Elleaume
et al., 1997). Other element shapes like polyhedra could have been used (Fabbri, 2008).
Axx ¼

h
i
2
1
1 X
ð
Þ
ð 2 Þ 2
ð1Þ aþbþcþ1 tan1 x1
a yb zc r
4p a;b;c¼1

3
ið1Þaþbþc
2 h
Y
1
1 4
5
Axy ¼
ln
zc þ ðr2 Þ2
4p
a;b;c¼1

(4)

2

(5)

where
r2 ¼ x2a þ y2b þ z2c ; x1;2 ¼ xc  x0 7 wx =2; y1;2 ¼ yc  y0 7 wy =2; z1;2 ¼ zc  z0 7 wz =2.
(xc, yc, zc) are the Cartesian coordinates of the element’s center, (wx, wy, wz) the element’s
dimensions and (x0, y0, z0) coordinates of the observation point. Ayy (Azz) is deduced from Axx
by exchanging x $ y (x $ z) and Axz (Ayz) is deduced from Axy by exchanging y $ z
(x $ z). In addition, All 0 ¼ Al 0 l for l; l 0 ¼ x; y; z.
The analytical solution can be used to calculate the inﬂuence of the magnetization of an
element i on the magnetic ﬁeld at an element j, matrix interaction A as shown in equation (6):
2
3
Axi xj Axi yj Axi zj
6
7
7
½ Aij ¼ 6
(6)
4 Axi yj Ayi yj Axi zj 5
Axi zj Ayi zj Azi zj
The interaction matrix A for all n elements is represented by equation (7):
2
3
A11 A12 A13 . . . A1n
6
7
6 A21 A22 A23 . . . A2n 7
6
7
7
A ¼ ½ A3n;3n ¼ 6
.. 7
..
..
..
6 ..
6 .
7
.
.
.
.
4
5
An1 An2 An3 . . . Ann

(7)

The calculation of the interaction matrix A using the analytical solution, equations (4)
and (5), is very time-consuming, as shown in Table II. To improve the computational time of
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our model, we will use a numerical approach to determinate the values of the interaction
matrix A for [A]ij with i = j.
If the two elements whose interaction is described by the interaction matrix A are distant
from one another, then the source element will be modeled as an ideal punctual magnetic
dipole. We can then consider the magnetization constant on the element’s volume and the
integral in equation (1) can be approximated by a numerical integration.
Otherwise, if the elements are close and the magnetic dipole approximation does not
apply, then a sub-discretization of the source element was done before calculating the
interaction matrix A as shown in equation (8):
0 
1

! !
!
m
X
4Vik @3 Mi  r ik j !
!
Mi A
½ Aij M i ¼
(8)
r ik j  ! 3
4p
j!
r j5
jr j
ik j

k¼1

ik j

!
m is the number of sub-divisions of the original element. Vik and Mi are, respectively, the
volume and the magnetization of a sub-element ik and !
r ik j is the distance between the
centers the sub-element ik and the element j. Analyzing the need for subdivision of
the original element i, we found the results as shown in Table I.
Considering an acceptable error of 1 per cent on the value of matrix A, we will subdivide
the original source element in eight sub-source elements for distances !
r ij smaller than three
times the biggest dimension of the source element i. The subdivision is done by dividing
each side of the element in two.
For the values of the interaction matrix A [A]ij with i = j, the numerical approximation by
magnetic dipoles is not possible because of the high degree of the approximated function in
equation (1). A numerical approximation using magnetically charged surfaces, considering
the theory of the magnetic charged model valid (Furlani, 2001), is possible but very timeconsuming when compared to the use of the analytical solutions. Hence, the analytical
solutions will be used to calculate the values of the interaction matrix A [A]ij for i = j.
Table II shows the comparison of computational time for two studied methods, the
analytical method and our improved partially analytical and partially numerical method.
The computational time to calculate the matrix A is analyzed for a cube of ferromagnetic
particles with 125, 512 and 1,000 cubic elements with sides of 1 mm each. The improvements
in computation time are signiﬁcant when more than 512 elements are considered.
Table I.
Error found on the
numerical values of
the interaction
matrix with and
without subdiscretization

Table II.
Computational time
for the calculation of
the interactive
matrix A

Distance (Element’s side)
x1
x2
x3

No. of
elements
125
512
1,000

Error (One element) (%)

Error (Eight sub-element) (%)

17
2
<1

<1
<1
<1

Analytical method
Time (s)

Improvement
Time (s)

0.2900
4.6509
18.2124

0.2753
2.2287
6.7153

2.2 Solving the magnetization state of the system
To form the magnetization state of the system, the MoM in equation (3) was combined with
the reversed magnetization law of the material.
!
! !
! !
M
H ¼ H ext þ A M ; H ¼ f ð M Þ
M

(9)

Considering that there is no saturation on the ferromagnetic material, the reversed
magnetization law can be expressed as the linear function.
f ðM Þ ¼

M
ð m r  1Þ

(10)

The relative permeability ( m r) of the ferromagnetic material is known. Hence, the
magnetizations can be obtained by solving the linear system which is stable for rectangular
cuboids that are not very elongated.
However, the metallic contamination on magnetic sensors can present a non-linear
behavior. The non-linear reversed magnetization function is then given by Rakotoarison
et al. (2008):


Msat
p M
tan
(11)
f ðM Þ ¼ p
2 Msat
2 ð m r  1Þ
In the function, Msat is the saturation value of the ferromagnetic material. The resulting nonlinear system in equation (12) is obtained by reducing the system in equation (9) with
equation (11) as the reversed magnetization function. A Newton–Raphson algorithm is then
used to solve the resulting non-linear system.
f ðM Þ

!
! !
M
 A M  H ext ¼ 0
M
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To avoid the divergence on the Newton–Raphson method caused by tangent arguments
larger than 908, the initial values found by solving the linear system were modiﬁed. To do so,
m r is adjusted until the magnitude of all magnetization vector is smaller than the saturation
value.
The method is then said to converge if the absolute error of each component of the
magnetization vectors are smaller than 1 per cent of the saturation value.
To accelerate the solution of the system using the Newton–Raphson method described, a
ﬁrst-order Taylor approximation of the reversed magnetization function was done at a point
very close to the saturation value. The gain on computational time after the Taylor
approximation is shown in Table III.
The computational time is analyzed for a 2 mm layer of ferromagnetic particle on one
side of a 1,000 mm3 cubic permanent magnet with magnetization aligned on the X-axis. The
magnet’s sides are parallel to XY, YZ and XZ plane, and the XY plane is the side covered
with particles.
The saturation value of the particles’ magnetic polarization is 1.2 T, Br of the magnet is 1
T and the reverse magnetization function is approximated at 95 per cent of the saturation
value. Both the magnet and the particle layer are discretized in cubic elements, the magnet
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being discretized into 1,000 elements; the number of elements in the particle layer is given in
Table III.
2.3 Validation of the simulation method
The validation of the iterative methods used to solve the non-linear system was done by
comparison with a simulator based on the FEM method. Again, we will use the 2 mm layer
of ferromagnetic particle and a 1,000 mm3 cubic permanent magnet with the characteristics
previously detailed for the time computation in Table III.
The magnetic ﬁeld calculated by our model and by the FEM-based simulator considering
a linear and a non-linear behavior of the ferromagnetic particles is shown in Figure 1. The
analyzed axis is parallel to the permanent magnet’s magnetization and at z = 15 mm, (0, 0, 0)
being the center of the magnet.
The obtained results show good agreement between the presented model and the FEMbased solution for linear and non-linear material law. The difference between the two models
decreases as the discretization is made ﬁner. The results in Figure 1 are given for element
size equal to 0.5 and 0.25 mm for magnet and particle layer, respectively.
Another comparison with the FEM-based simulator has been done for a problem
corresponding to the metallic contamination found on the park lock sensor. The geometry of
sensor’s permanent magnet and the metallic particles’ accumulation is shown in Figure 2.
The magnet is a parallelepiped one of dimensions 15, 11 and 8 mm on the X, Y and Z
coordinates, respectively, with a residual induction (Br) of 0.5 T. Its magnetization is parallel
to the X axis.
The amount of particles and their spatial distribution around the magnet, known from
our know-how and experience, are 0.5 grams of the metallic contamination shaped as two
cylindrical forms. The cylinders have 1.2 mm of radius and 11 mm of height. The
ferromagnetic material considered has the same properties as in the previous case. The
spatial distribution of the particles is validated later in Section 4.1.
The magnetic ﬁeld was measured on a line parallel to the X axis at 6.5 mm from the
center of the magnet. The line goes from the center of the magnet to X = 15 mm. Magnetic
saturation was included in the simulation.
The results presented in Figure 3 show very good agreement between the FEM-based
simulator and the developed MoM method for all three components of the magnetic ﬁeld.
3. Magnetic attraction force
The energy of a system consisting of a ﬁxed source of magnetic ﬁeld and a ferromagnetic
material of volume V1 is given by Stratton (2007):
0
1
ð
ðB
! ! !
! !
! !C
1 B!
W¼
(13)
@ H ext  B  H  B ext  H  B þ 2 H  d B A dV
2
0

V1

Table III.
Computational time
for solving the
magnetization state
of the system

No. of elements
200
1,600
3,125

Without Taylor approximation
Time (s)

With Taylor approximation
Time (s)

0.0535
8.2805
93.3875

0.0490
6.7082
43.7454
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40
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FEM Simulator – linear analysis
MoM Method – non linear analysis
FEM Simulator – non linear analysis

20

Magnetic Field (Oe)

0
–20
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–40
–60
–80
–100
–120
–140
–0.02

–0.015

–0.01

–0.005

0

0.005

0.01

0.015

0.02

X coordinate (m)
(a)
Newton-Raphson Method – Hz
150

Magnetic Field (Oe)

100

50

0

–50

MoM Method – linear analysis
FEM Simulator – linear analysis
MoM Method – non linear analysis
FEM Simulator – non linear analysis

–100

–150
–0.02

–0.015

–0.01

–0.005

0

0.005

0.01

0.015

0.02

X coordinate (m)
(b)

In equation (13), the medium is homogeneous (B = m H) and isotropic and the ferromagnetic
material
! has no
!initial magnetization.
H ext and B ext are the magnetic ﬁeld and the magnetic ﬂux density produced by the
sources of magnetic ﬁeld in the volume occupied by the ferromagnetic particle if the particle

Figure 1.
Validation of the
linear and non-linear
magnetization state
of the system solution
by comparison with a
FEM-based
simulation software.
Magnetic ﬁeld’s x (a)
and z (b) along the x
coordinate
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is not present. H and B are the total magnetic ﬁeld and the total magnetic ﬂux density
considering
! the
! material’s magnetization M.
As H ext ; B ext , H and B are considered constant on the volume V1, equation (13) can be
rewritten as equation (14).
0
1
ðB
! ! !
! !
! !C
DV1 B!
W¼
(14)
@ H ext  B  H  B ext  H  B þ 2 H  d B A
2
0

The force is calculated as the gradient of energy, that is, the variation of energy for a small
displacement (Stratton, 2007). Therefore, to calculate the magnetic attraction force, we
solved the non-linear magnetization state of the system on the four points (P0, P1, P2 and
P3). The points correspond to an initial position and to a small displacement on the X, Y and
Z axis.
! !
Knowing H ext ; B ext and M at each point, the force is given by:
WjP1  WjP0
Fx ¼ !
!
j P1  P0 j
Fy and Fz are calculated by substituting P1 in equation (15) by P2 and P3, respectively.
Figure 2.
Model of the
agglomeration of
metallic
contamination (in red)
around the
permanent magnet
(in blue) of the park
lock sensor

Figure 3.
Validation of realistic
particle problem
solution by
comparison with
FEM-based
simulation software

(15)

The difference of the two integrals of the magnetic ﬁeld is approximated by a rectangular
numerical integration in equation (16) to consider the non-linear behavior of the
ferromagnetic material:
0
1




!
!
P1
ðB
jH
j
j
þ
jH
j
jP1  !  P1
P0
B ! !C
j B j jP0
H

d
B
¼
(16)
@
A
2
0

P0
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The validation of the magnetic attraction force calculation was done using surface charges.
We consider that the source of magnetic ﬁeld is a cubic permanent magnet and the particles’
agglomeration is modeled as a rectangular cuboid ferromagnetic region. Their
magnetizations are produced by magnetically charged surfaces as shown in Figure 4.
In Figure 4, each rectangle on the cube’s surface represent one elementary surface!
dS
with magnetic charge given by equation (17). The arrow represents the component of M
parallel to !
n , which is the unitary vector perpendicular to the analyzed surface.
!
q¼ M !
n  dS

(17)

The magnetic attraction force will then be calculated as the sum of the forces between the
surface charges of the permanent magnet and the ferromagnetic material. The force between
two magnetic charges can be expressed by Stratton (2007):
F¼

m 0 qmagn  qpart !
r
!
2
!
4
j
rj
jrj

(18)

qmagn and qpart are, respectively, the magnetic charges of the permanent magnet and
ferromagnetic region and !
r is the distance between the charges. The validation results for a
125 mm3 cubic permanent magnet with Br of 1 T on the X axis and a cubic ferromagnetic
region with relative permeability of 30 and saturation value of 1.2 T is shown in Table IV.
The center of the magnet is at the origin of the coordinate system.
We observe good agreement with reference values of force in all points and for all three
components.
4. Application
The park lock sensor is a magnetic ﬁeld position sensor. It consists of a Hall Effect cell and a
permanent magnet, presented in Section 2.3, which is displaced on a 17 mm sensor stroke on
the X axis. The Hall Effect cell is placed at 3.5 mm air gap from the magnet in the Z

Figure 4.
Magnetically charged
surfaces used to
validate the magnetic
attraction force
calculation
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direction. It measures the angle between the two components of the magnetic ﬁeld, X and Z,
to determinate the measured position. The park lock sensor was used to study the
ferromagnetic particles’ dynamics toward the sensor’s permanent magnet and the sensor’s
accuracy degradation because of the metallic contamination.
4.1 Dynamic simulation
To study the ﬁnal position of the ferromagnetic particles around the permanent magnet of the
park lock sensor, a simulation of the particles’ dynamics was conducted. The simulation
consists of releasing one ferromagnetic particle from different initial positions and calculating
its trajectory toward the magnet, considering the magnetic attraction force, because of the
permanent magnet and the gravity. The ferromagnetic particles’ magnetic characteristics are
those already presented for the static results in Figure 3. We analyze 900 initial positions
located at a plane 12 mm above the center of the permanent magnet. The ﬁnal positions, at a
plane 0.1 mm from the surface of the permanent magnet, are shown in Figure 5.
The results, presented on Figure 5, conﬁrm the expected particles’ distribution. The
ferromagnetic particles tend to agglomerate around the two edges of the magnet which are
perpendicular to the magnet’s magnetization vector as shown in Figure 2. In other words,
the agglomerations are located at the areas of largest variations on the magnetic ﬁeld.

Position (mm)
[10, 0, 0]

Table IV.
[0, 10, 0]
Force calculation and [0, 0, 10]
validation
[5, 5, 5]

Force calculation
Force (107 N)

Force validation
Force (107 N)

[–2.38, 0.01, 0.01]
[0, 0.59, 0.003]
[0, 0.003, 0.59]
[1.43, 2.48, 2.48]

[2.46, 0.0, 0.0]
[0, 0.61,0]
[0, 0, 0.61]
[1.43, 2.53, 2.52]

Metallic Contamination Dynamic
15

Figure 5.
Initial and ﬁnal
position of the
metallic
contamination
particles studied on
the dynamic
simulation
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4.2 Sensor’s accuracy degradation
The accumulation of particles is validated by the dynamic simulation’s results; the metallic
contamination will be represented as a solid homogeneous ferromagnetic material
positioned as illustrated in Figure 2.
The magnetic ﬁeld sensed by the park lock sensor’s cell with and without the metallic
contamination was calculated. They represent the normal operation of the sensor and its
degradation because of the metallic contamination. The results are shown in Figure 6.
To better understand the metallic contamination’s impact on the sensor’s accuracy, we
analyzed the position outputted by the sensor for the two studied systems, with and without
contamination. The outputted position and the error on its value because of the metallic
contamination can be seen in Figure 7.
The metallic contamination have a signiﬁcant impact on the sensor’s precision. The
measured position can have more than 2.5 per cent error for the 0.5 g of the metallic
contamination supposed to be present around the permanent magnet of the sensor.
5. Conclusion
In this paper, a model of the metallic contamination found in magnetic sensors was
presented. The model allows for the fast and accurate magnetic ﬁeld and force calculation on
the very heterogeneous region considered. Moreover, the model considers the linear and nonlinear behavior of the ferromagnetic material. The model was applied to study the impacts
of metallic contamination on the park lock sensor. The sensor’s accuracy was greatly
impacted by 0.5 g of metallic contamination and the accuracy degradation is even more
signiﬁcant for a higher concentration of metallic material. Finally, the presented models
allow the development of future works on the dynamic movement of metallic contamination
on magnetic sensors by coupling the electromagnetic force with mechanical forces in the
system.

Figure 6.
The magnetic ﬁeld
sensed by the cell of
the park lock sensor
for the permanent
magnet with and
without metallic
contamination
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Magnet without metallic contamination
Magnet with metallic contamination
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3

Figure 7.
(a) Position measured
by the sensor
considering the
magnetic ﬁeld
generated by a
theoretical model of
permanent magnet
with and without the
metallic
contamination; (b) full
scale error of position
measurement
because of the
particles
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Abstract
Purpose – The numerical computation of magnetization processes in moving and rotating assemblies
requires the usage of vector hysteresis models. A commonly used model is the so-called Mayergoyz vector
Preisach model, which applies the scalar Preisach model into multiple angles of the halfspace. The usage of
several scalar models, which are optionally weighted differently, enables the description of isotropic as well as
anisotropic materials. The ﬂexibility is achieved, however, at the cost of multiple scalar model evaluations.
For solely isotropic materials, two vector Preisach models, based on an extra rotational operator, might offer a
lightweight alternative in terms of evaluation cost. The study aims at comparing the three mentioned models
with respect to computational efﬁciency and practical applicability.
Design/methodology/approach – The three mentioned vector Preisach models are compared with
respect to their computational costs and their representation of magnetic polarization curves measured by a
vector vibrating sample magnetometer.
Findings – The results prove the applicability of all three models to practical scenarios and show the higher
efﬁciency of the vector models based on rotational operators in terms of computational time.
Originality/value – Although the two vector Preisach models, based on an extra rotational operator, have
been proposed in 2012 and 2015, their practical application and inversion has not been tested yet. This paper
not only shows the usability of these particular vector Preisach models but also proves the efﬁciency of a
special stageless evaluation approach that was proposed in a former contribution.
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1. Introduction
The classical scalar Preisach model (SP) describes hysteretic material behavior along a
preset direction of polarization. Thus, it can successfully be applied in ferroelectric sensor
and actuator design where such a ﬁxed direction is usually available (Kaltenbacher, 2015;
Rupitsch, 2019; Wolf, 2014). However, in magnetic ﬁeld computations, especially in those

involving moving parts, the precondition of a ﬁxed polarization axis is seldom satisﬁed. For
such applications, vector hysteresis models are demanded, which allow for a self-adjustment
of the polarization direction. One of these models is the vector Preisach model developed by
Mayergoyz (MVP) (Mayergoyz, 2003). It enables the simulation of isotropic and anisotropic
materials by applying the scalar Preisach models into N angular directions in space.
Unfortunately, this ﬂexibility comes at the computational cost of multiple scalar models.
Furthermore, the Preisach weights for the particular scalar models require additional
derivation, even for isotropic materials (Bottauscio et al., 1998).
Sutor et al. (2012) and Sutor et al. (2015) proposed two vector Preisach models (VPR),
which are based on a supplementary rotational operator that is added to SP. This lightweight extension of SP is suitable for isotropic materials and has the advantage that the
Preisach weights of SP can be reused without further computations. However, an efﬁcient
stageless evaluation of these models, i.e. an evaluation similar to the Everett function for SP,
requires a more complex implementation as reported in (Nierla et al., 2017).
In this work, we compare MVP and the two variants of VPR in terms of accuracy and
computational costs. In Section 2, we will provide the basic formulation of the tested
hysteresis models. Section 3 investigates on the inﬂuence of the N directions onto the
accuracy of the Mayergoyz model and compares it to the other tested models.
The computation costs for evaluation and inversion of MVP and VPR will be compared to
the corresponding runtimes of SP in Section 4. The contribution closes in Section 5 with a
summary of the most important ﬁndings, as well as an outlook for further work.
2. Mathematical formulation of tested models
This section covers a short mathematical overview of the tested models and their respective
parameters. A profound description can be found in (Kaltenbacher, 2015; Mayergoyz, 2003;
Rupitsch, 2019; Sutor et al., 2012; Sutor et al., 2015) and shall not be repeated in detail here.
2.1 Scalar Preisach (SP) model and analytic weighting function m DAT
The classical scalar Preisach (SP) model shall shortly be discussed below as it not only
embodies the core of the Mayergoyz vector Preisach model (MVP) but also serves as a
reference in terms of the subsequent comparison of computational costs.
SP follows a phenomenological approach to describe hysteretic material behavior along a
prescribed direction !
r SP . It is based on elementary rectangular hysterons Ra,b [x(t)], also
called switching operators, that are given as:
8
>
þ1
xðtÞ > a
>
<
(1)

Ra; b ½xðtÞ ¼ 1
xðtÞ < b
>
>
: R ½xðt Þ else
a; b

Thereby:
xðtÞ ¼

!
X ðtÞ X ðtÞ  !
r
¼
Xsat
Xsat

(2)

!
represents the normalized projection of the vector input quantity X ðtÞ along the prescribed
!

direction r SP at the current instance of time t. t marks the previous instance of time and
a/ b stand for the up-/down-switching thresholds, respectively. To model actual material
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behavior, a weighting function }SP ða; b Þ is introduced, such that the integral over all
weighted switching operators
YSP ½xðtÞ ¼ Ysat

ð1

ða

}SPða; b Þ Ra; b ½xðtÞ d b da

(3)

a¼1 b ¼1
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best matches the measured data Ymeas in a least-squares sense. In this context, one usually
makes the following two demands on }SP ða; b Þ:
(1) 0  }SP ða; b Þ < 1; and
Ð1
Ða
(2)
a¼1 b ¼1 }SP ða; b Þ d b da ¼ 1.
The ﬁrst condition ensures a monotonic behavior of the model, whereas the second one will
lead to the saturation value Ysat when the projected input quantity reaches Xsat. The ﬁrst
condition will oftentimes be violated when determining the weights from multiple ﬁrst or
second order reversal curve (FORC or SORC) measurements as used by (Hegewald et al.,
2008) and (Mayergoyz, 2003). An alternative to this FORC-based derivation is the usage of
analytic functions such as Gaussian, Lorentzian and Super-Lorentzian functions (Azzerboni
et al., 2004), although these functions are not equally suitable for all kind of materials. For
soft-magnetic materials, for example, a Gaussian function is less usable, whereas Lorentzian
only work for this kind of material (Takacs, 2012). It is also possible to apply a hyperbolic
distribution as a weighting function, in which case, SP transfers to the hyperbolic hysteresis
model introduced by Takacs (Takacs, 2012). As the main focus of this manuscript lies in the
comparison of MVP and the two variants of VPR as presented further below, any weighting
function could have been applied for the later comparisons as long as it leads to an adequate
representation of our measurement and is the same for all models. Thus, without loss of
generality, we utilize the so-called m DAT function that is deﬁned as (Sutor et al., 2010):

m DAT ða; b Þ ¼

n

A
2

2

1 þ ½ða þ b Þs  þ ½ða  b  hÞs 

oh

(4)

with the four model parameters A, s , h and h because it allows a suitable representation of
our tested materials. Moreover, we consider the addition of an anhysteretic part:
yanhyst ½xðtÞ ¼ a arctanðbxðtÞÞ

(5)

as proposed by (Sutor et al., 2010), to the output of the pure hysteresis operator, with a and b
representing two extra material dependent parameter. Therefore, the overall utilized scalar
model reads:
2
3
ð1
ða
YSP ½xðtÞ ¼ Ysat 6
m DAT ða; b Þ Ra; b ½xðtÞ d b da7
(6)
4yanhyst ½xðtÞ þ
5
a¼1 b ¼1

The total set {A, s , h, h , a and b} of six model parameters is determined by least-squares
ﬁtting of SP to a measured major loop curve as shown
3. Please note that the
Ð 1 inÐSection
a
addition of the anhysteretic part (5) usually results in a¼1 b ¼1 }ða; b Þ d b da < 1.
!
Finally, a vector output Y SP ½xðtÞ is obtained by multiplying the scalar output value
!
YSP[x(t)] by r .

2.2 Mayergoyz vector Preisach model
The vector Preisach model reported by Mayergoyz uses multiple instances of SP and applies
them to each possible direction !
r of the halfcircle (2D) or hemisphere (3D) (Mayergoyz,
( r , w )/( r , w , u ) and setting !
r ¼!
ew=
2003; Saitz, 2001). Using polar
h coordinates
i
! !
!
!
r ¼ e w ;u , the vector output Y X ðtÞ for MVP computes as:
"
#
p
!
ð
h
i
!2d !
X ðt Þ ! !
Y MVP X ðtÞ ¼
YSP; w
 e w e w dw
(7)
Xsat
w ¼0

"
#
2ðp pð=2
!
h
i
!3d !
X ðt Þ !
Y MVP X ðtÞ ¼
YSP; w ;u
 e w ;u !
e w ;u sinðu Þ du d w
Xsat

(8)

w ¼0 u ¼0

for 2D and 3D, respectively. YSP,w [·] and YSP,w ,u [·] stand for SP in !
e w and !
e w ;u direction. In
general, each direction may have a unique scalar model, i.e. may use a unique weighting
function } w ða; b Þ = } w ;u ða; b Þ and also different anhysteretic curves. Thus, anisotropic
material behavior can be modeled. However, the derivation of } w ða; b Þ = } w ;u ða; b Þ is a
non-trivial task that is described in detail in (Mayergoyz, 2003). Even for the isotropic case,
where the weighting functions are the same in each spatial direction, their value is not
identical to that of a pure scalar model. At least in the isotropic case, there exist analytic
ways to transfer the weighting function from the pure scalar model }SP ða; b Þ to the vector
model. For our contribution, we stick to 2D isotropic modeling. The considered analytic
transformation of the weighting function was presented by Bottauscio et al. (Bottauscio
et al., 1998) and reads:
8
>
>
ða 3s2 }SP ðs; l sÞ þ s3 @ }SP ðs; l sÞ
>
>
>
@s ﬃ
>
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ds a 6¼ 0
<
2 a2  s2
p
a
(9)

}MVP ða; l aÞ ¼
0
>
>
>
>
3
>
>
: }SP ð0; 0Þ
a¼0
4
This transformation is based on the postulation that MVP should lead to the same result as
SP when applied to a pure 1D signal along direction !
r SP :
h
i
h
i
!2d !
!
!
! !
Y MVP X ðtÞ ¼ Y SP X ðtÞ
if X ðtÞ ¼ cðtÞ !
r SP 
(10)
It has to be pointed out that the presented transformation is applicable only to the pure
weighting function, i.e. without considering anhysteretic parts in the scalar model. If
isotropic anhysteretic parts are considered, the weighting function can be transformed as
described above and the isotropic vectorial anhysteretic part:
! ! !
h
i
 X ðtÞ
!
X
!
y anhyst;iso X ðtÞ ¼ a arctan b
(11)
!
Xsat
X 
is added outside of the integrals, where a and b can directly be taken from the scalar model.
In case of anisotropic anhysteretic parts, the anhysteretic parts have to be contained inside
the single scalar models and, thus, have to be considered during the weight transformation.
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To use MVP in practice, the integrals over the halfspace have to be discretized. For the
2D case, Nw discrete angular directions !
e w i are required, whereas in 3D, even N w 3 Nu
angles have to be considered, which obviously leads to a much higher computation cost for
storage and evaluation of the 3D model. In 2D, the actual used vector Preisach model,
including isotropic anhysteretic parts, reads:
h
i
h
i
!2d !
!2d
!
Y MVP X ðtÞ  Y MVP;N X ðtÞ
h
i
!
¼ Ysat !
y anhyst;iso X ðtÞ
"
#
!
N
X
X ðt Þ ! !
þ
YSP; w i
 e w i e w i Dw i;
(12)
Xsat
i¼1
with N = N w being the number of angular directions, !
e w i and D w i the corresponding
angular increments. Without loss of generality, we have used N equally distributed
angular directions i.e. D w i = D w = p /N for all i. This is in accordance with Bottauscio
et al., 1998; Mayergoyz, 1986; Saitz, 2001, and has the advantage that no angular
direction is preferred because of a larger weighting term. Unfortunately, any
discretization will break the rotational symmetry of the continuous model, i.e. the output
of the discrete model depends on the choice of a starting axis from which all other
directions are derived. In practical ﬁnite element (FE) simulations, this issue can be
addressed by choosing a different randomized starting axis at each element so that in
average, the effect of the starting axis cancels out (Saitz, 2001). In Section 3.1, a short
parameter study regarding the inﬂuence of the N directions as well as the choice of the
starting axis upon the accuracy of the model is shown. For the remainder of this work,
the x-axis was used as the default starting axis !
r 0 for MVP as well as the prescribed
direction !
r SP for SP.
2.3 Vector Preisach models based on rotational operators
In 2012 and 2015, Sutor et al. presented two variants of a light-weight vector Preisach (VPR)
model, which is based on the addition of a so-called rotational operator !
x a; b ½ to SP (Sutor
et al., 2012; Sutor et al., 2015). Both variants of this vector model compute the vector output
!
!
Y VPR ½ to vector input data X ðtÞ by:

ð1
h
i
!
!
ð
Þ
Y VPR X t ¼ Ysat

ða





}ða; b Þ !
x a; b xthres ðtÞ Ra; b xka; b ðtÞ d b da;

(13)

a¼1 b ¼1

where xthres (t) stands for the so-called rotational threshold and
!
X ðtÞ !
 x a; b ½xthres ðtÞ
xk;a; b ðtÞ ¼ !
kX ðtÞk

(14)

!
x a; b ½. The setting rules for !
x a; b ½ and the
for the normalized projection of X ðtÞ onto !
computation of xthres (t) differ between the two variants and, thus, will be reported in detail
in the corresponding subsections. The basic idea of the vector extension of SP is as follows:

!
ðÞ
The rotational!
threshold xthres (t), which
!is related to the amplitude of X t , causes a (partial)
alignment of Y ½ to the outer ﬁeld X ðtÞ. This angular alignment gets expressed by the
rotational operator !
x a; b ½. The actual strength of the alignment is reﬂected by the value of
the corresponding scalar switching operator Ra,b [.].
The two main advantages of this model are as follows:
 First, the model is directly applicable to both 2D and 3D cases, as only the
directions, which are handled by !
x a; b ½, have to be extended by one additional
entry.
 Second, the weighting function }ða; b Þ as well as possible anhysteretic parameters
coincide with the one of SP and therewith require no additional transformation as it
is the case of MVP[1].
However, this model is (currently) limited to isotropic materials and cannot directly make
use of the efﬁcient Everett function for evaluation (Nierla et al., 2017).
2.3.1 Setting rules for vector Preisach model – classic version. In the originally proposed
variant of VPR, called classic version and abbreviated VPRc in the following, the rotational
operator !
x a; b ½ is deﬁned as (Sutor et al., 2012):
8
!c
>
>
xthres ðtÞ > a
d
>
<


!
!
(15)
x a; b xthres ðtÞ ¼ dc
xthres ðtÞ < b
>
>


>
:!
else
x a; b xthres ðt Þ
with
c
!
xthres ðtÞ ¼ kX ðtÞkk

(16)

and
!
!c
X ðt Þ
d ¼ !
kX ðtÞk

(17)

In this variant, the rotational operator at a, b will perfectly align with the applied outer ﬁeld
c
!
!
X ðtÞ if kX ðtÞkk surpasses the corresponding values of a, b . The material-dependent
rotational resistance kc inﬂuences how fast the model aligns with the applied ﬁeld.
2.3.2 Setting rules for vector Preisach model – revised version. The modiﬁed variant as
presented in (Sutor et al., 2015), subsequently called revised version and abbreviated by
VPRr, computes !
x a; b ½ by:
8
!

 < dr
xthres ðtÞ > maxðkak; k b kÞ
!
(18)
x a; b xthres ðtÞ 5


:!
else
x
x ðt  Þ
a; b

with
and

thres

!
xthres ðtÞ ¼ kr kX ðtÞk

(19)
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: ½Rð c  D f Þ!
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a; b xthres ðt Þ

c < Df
else



(20)

Here,
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 ! 
c ¼ angle !
x a; b xthres ðt Þ ; X ðtÞ

(21)

is the angle difference between the last occupied state and the currently applied ﬁeld. The
expression
½Rð c  D f Þ
(22)


!
x a; b xthres ðt Þ by ( c – D f ) degree towards X ðtÞ
deﬁnes a rotation matrix that rotates !
with
!
!
kX ðtÞk
Df ¼ Df 0 1 
(23)
Xsat
marking a remanent angular distance that vanishes towards saturation. Owing to the
extended setting rules and the addition of another material dependent parameter D f 0,
called angular distance, VPRr allows a more advanced description of rotating effects
compared to VPRc but also requires additional computational effort.
3. Comparison between measurements and simulations
Before comparing the different models with respect to their computational costs, we ﬁrst
have to determine appropriate parameter sets that lead to comparable results. All tested
models (SP, MVP, VPRc, VPRr) utilized the same parameter set {A, h, s , h , a, b} for the
analytic Preisach weight function m DAT which was obtained from a least-squares ﬁtting of
measured major loop curves. These measurements were performed on a sputtered
cylindrical Fe49Co49V2 specimen of 6.5 m m height and 8.5 mm diameter using a vector
vibrating sample magnetometer (VVSM), which is a standard vibrating sample
magnetometer (VSM) as described in (Fiorillo, 2010) that was extended by two transversal
coils perpendicular to the excitation axis. Figure 1 shows the measured magnetic
polarization JP,meas of the specimen as well as the simulated values JP,SP resulting from SP
for the obtained parameter set. Table I lists the corresponding ﬁtted material parameters
{A, h, s , h , a, b} In case of MVP, the resulting Preisach weights were transformed using (9).
3.1 Mayergoyz vector Preisach model – inﬂuence of N on accuracy and runtime
The angular accuracy of MVP was tested by computing the polarization for different values
of N as well as different starting axis !
r 0 and comparing the results to a reference solution
obtained for N = 101 and !
r 0 ¼ x-axis. Figure 2 (middle part) shows the maximal relative
deviation from the reference solution for a down-spiraling input signal as displayed in the
upper part of Figure 2 in dependence of N and !
r 0 . As one can observe, the angular
resolution reaches acceptable accuracy already for a low number of N in the range 5-10. The
starting axis !
r 0 does not exhibit a visible inﬂuence on the maximal deviation.

The lower part of Figure 2 depicts the required central processing unit (CPU) times for
the evaluation of MVP relative to the CPU times for SP. As expected, the evaluation times of
MVP increase nearly linear with N and require around N times as long as SP. The minor
inﬂuence of !
r 0 on the evaluation time results from the natural variation in CPU
performance.
In Figure 3, the approximation of a measured remanence drop is considered. Such a
remanence drop is achieved by bringing a specimen from saturation to remanence, rotating
it by 908 and then saturating it perpendicular to the remanent polarization. In theory, the
remanent polarization should vanish if the applied perpendicular ﬁeld reaches physical
saturation. In the case of our tested Fe49Co49V2 specimen, we were not able to reach full
physical saturation because of the lack of applicable ﬁeld strength. Instead, only the socalled technical saturation Hsat,techn could be obtained which was used in the Preisach
models as value for Hsat.
Figure 3 displays the measured remanence drop and the simulated curves from MVP
using different values of N. One can see that the measured specimen roughly drops to 0.0 at
Hsat, but in the shown case, it is more because of measurement ﬂuctuations than complete
depolarization. Extrapolating the measured curve would lead to a small remanent
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Figure 1.
Measured and
simulated major loop
for a sputtered,
cylindrical
Fe49Co49V2 specimen
of 6.5 m m height and
8.5 mm diameter

A
2.75182

h

s

h

a

0.08409

5.25757

1.59801

0.34709

Table I.
Derived model
parameters (A, h, s ,
h ) for analytic m DAT
function as well as
anhysteretic
contribution (a, b) for
a sputtered,
cylindrical
Fe49Co49V2 specimen
b
of 6.5 m m height and
8.5 mm diameter
4.74110
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Figure 2.
Inﬂuence of N on
accuracy and runtime
of MVP

polarization perpendicular to the applied excitation. This effect is also visible for MVP but
the actual retained value is much larger compared to the tested specimen and strongly
depends on N. For values of N  20, the simulated curves converge to the same remanent
value at Hsat. The remanent polarization of MVP comes from the scalar sub-models that
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Figure 3.
Measured and
simulated
depolarization
process by applying a
strong magnetic ﬁeld
perpendicular to the
remanent magnetic
polarization
(remanence drop)

stand perpendicular on the excitation. These models receive an excitation of 0.0,
independent on the strength of the applied ﬁeld and thus, remain in remanence. For N ! 1,
the contribution of the perpendicular directions vanishes, such that for H ! 1, the
remanent polarization of MVP actually disappears. It has to be emphasized that the
observed mismatch in retained remanent polarization highly depends on the tested
specimen. For specimens with higher remanent polarization, MVP can lead to a very good
matching.
3.2 Vector Preisach model – determination of additional vector parameters
The remanence drop from the previous section can be used to determine the additional
material parameters kc and kr, D f 0 for VPRc and VPRr, respectively (Sutor et al., 2012).
Figure 4 shows the measured and simulated curves of VPRc and VPRr for optimized
parameters kc  1.37 and kr  2.44, D f 0  16.948. Unlike MVP, neither VPRc nor VPRr
retain remanent values at Hsat, which is a fundamental and intended property of this kind of
vector model. For the tested specimen, a very good matching could be achieved with VPRr
as the polarization nearly drops to 0.0 at Hsat,techn. VPRc achieves acceptable matching only
for the ﬁrst steep part of the remanence drop.
3.3 Mayergoyz vector Preisach model and Vector Preisach model application to additional
measurements
To investigate on the applicability of MVP, VPRc and VPRr to more practical scenarios, JP
was measured for the tested Fe49Co49V2 specimen using a FORC that was applied under a
stepwise back-and-forth rotation of the specimen. The resulting applied magnetic ﬁeld
projected onto an x–y coordinate system is displayed in the upper part of Figure 5. The
middle and lower part of this ﬁgure show the resulting measured and simulated polarization
values in x- and y-direction, respectively. Along the x-axis, all tested models lead to the same
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Figure 4.
Measured and
simulated
depolarization
process by applying a
strong magnetic ﬁeld
perpendicular to the
remanent magnetic
polarization
(remanence drop)

near-perfect match of the measured data. This is mostly because of the fact that the tested
input signal is very similar to the major loop to which the Preisach weight function was
matched. In that case, one can expect a very good agreement between measurements and
simulations. Looking at the polarization along the y-axis, two aspects have to be highlighted.
At ﬁrst, the simulations lead to very similar polarization curves albeit the different matching
of the remanence drop. Thereby, only VPRc shows a signiﬁcant difference to the other
vector models. Nevertheless, all vector models fail to predict the actual measured
polarization curve for measurement steps 100-150 and 200-300. This is partially caused by
the second aspect, which is the much stronger noise level along the y-axis. The noise and the
drift along the y-axis stem from the transversal coils of the used VVSM, which measured JP,y
to the largest part. These coils stand perpendicular to the applied ﬁeld inside the VVSM and,
thus, only measure remanent polarization. For the tested Fe49Co49V2 specimen, the remanent
polarization was quite weak, so that the induced voltages in the transversal coils were only
slightly above noise level. Taking the named aspects into account, one can conclude that all
three models are well applicable for practical purposes.
4. Runtime comparison between tested models
In the previous section, we showed that the three tested vector Preisach models suit for
practical application. In this section, the actual computational cost in form of required
evaluation and inversion time shall be compared. All retrieved runtimes are given as
multiples of the runtime of SP to eliminate the effect of different hardware architectures. All
models are implemented in our research FE code coupled ﬁeld simulation (CFSþþ)
(Kaltenbacher,
2010) (programming language Cþþ). For the evaluation case, i.e. computing,
!
!
J P for a given H , SP uses an efﬁcient Everett function as described in (Kaltenbacher, 2015)
and (Rupitsch, 2019). The implemented version of MVP internally stores N instances of SP
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Figure 5.
Comparison of
different vector
models for a rotated
FORC signal

and executes them sequentially in a for-loop, thus utilizing the efﬁcient Everett function
during evaluation. Note that a parallel execution of this for-loop would have been possible,
but was not performed here. The reason is the fact that in later FE simulations, each element
(or even each integration point) has its own hysteresis model, which leads to an outer forloop. Numerically, it is more efﬁcient to parallelize this outer loop over the elements as it
reduces the overhead for creating and synchronization of multiple threads. VPRc and VPRr
exploit an efﬁcient nested-list implementation as reported in (Nierla et al., 2017), which is an
extension of the Everett function for the vector case. !
! !
As common FE simulations for magnetics solve for B ¼ m 0 H þ J P , the Preisach models
have to be inverted. This can be done by standard nonlinear solution techniques such as
ﬁxpoint iteration, Newton’s method and Levenberg–Marquardt regularization (Dahmen and
Reusken, 2008; Jin, 2010). For the following comparison, a standard Newton iteration scheme
was used. In addition, an efﬁcient Everett-based inversion for SP, which is described in detail in
Rupitsch (2019), Wolf (2014) and Wolf et al. (2013), was tested. We want to point out that all
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following evaluations and inversions were performed on a single element, i.e. no actual FE
simulations were performed for the following comparisons. This treatment can be considered
sufﬁcient here, as the focus of this work lies in the comparison between measured and
simulated material curves rather than the modeling of actual sensor or actuator behavior.
Figure 6 depicts from top to bottom the applied test signals for the runtime comparison
as well as the required average CPU times for evaluation and model inversion. The obtained
results enable the following observations.
Both evaluation and inversion times strongly depend on the applied input signal. This can
easily be explained by the wipe-out principles of the Everett function on which all tested
models are based. Shortly said, these wipe-out principles limit the input history that the
Preisach model requires to represent hysteretic behavior to a list of dominant input minima and
maxima. For oscillating input signals of decreasing amplitude, this list grows in size whereas it
contains only very few entries for input signals with a low number of oscillations or for
increasing amplitudes. The shorter this list, the faster the model can be evaluated. This
explains well why the down-spiraling input signal leads to the highest computational effort.
Comparing the different vectors models, VPRc can both be evaluated and inverted
fastest. Except for the down-spiraling test signal, it can even outperform the scalar model.
VPRr performs similarly fast as VPRc for the decreasing sine signal but shows worse
performance for the other tested signals, especially for the down-spiraling signal. This
performance loss results from the increased costs for computing new states for the rotational
operator as deﬁned by equation (20). Nevertheless, VPRr proves to be at least competitive
with MVP, even for N = 3, which showed to be insufﬁciently accurate. With increasing N,
the computational costs for MVP increase nearly linearly, as already seen in section 3.1.
Finally, the rightmost columns show the superiority of an Everett-based inversion for SP.
It outperforms the tested Newton-based inversion by a factor of eight or more, depending on
the tested signal.
5. Conclusion and outlook
In this contribution, we compared the widely used Mayergoyz vector Preisach model (MVP)
with two vector Preisach models VPRc and VPRr, which use a rotational operator to model
vector hysteresis. The authors determined appropriate model parameters for a cylindrical
Fe49Co49V2 specimen by least-squares ﬁtting of the model output to data obtained from a
VVSM. All three models proved to be applicable to the measured data. However, the results
obtained by MVP strongly depend on the number N of discrete angular directions, which are
used to resolve the 2D halfspace. For nearly uni-axial excitation, a fairly small number
N  10 sufﬁces but, especially in case of an excitation perpendicular to the current
polarization state, N > 20 might be required. As each direction corresponds to a single scalar
Preisach model, the computation cost roughly scales with N and, thus, becomes
impracticable for large values of N. For 3D setups, this issue gets ampliﬁed by the necessity
to resolve the additional spatial angle u with Nu directions, which in total will lead to N 
Nu scalar models that make up MVP in 3D. The vector models VPRc and VPRr, on the other
hand, can be expected to perform similarly for 2D and 3D setups since they just have to
extend the used rotational operator by a single component. To test the actual applicability of
the models, the authors compared MVP, VPRc and VPRr to additional VVSM
measurements of a FORC-like agnetic ﬁeld that was applied under a stepwise back-andforth rotation of the specimen. Our investigations showed that VPRc and VPRr offer a
computationally cheap alternative to MVP already for 2D setups while providing
comparable (and partially even higher) accuracy. Future work will be dedicated to the
analysis of the 3D case and FE simulations of actual sensors and actuators.
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Figure 6.
Runtime comparsion
between scalar and
vector Preisach
models
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Note
1. Anhysteretic parts are added like in the case of the MVP outside of the integrals.
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Abstract
Purpose – The purpose of this study is to introduce a novel method for the measurement of electromagnetic
material parameters.

Design/methodology/approach – The main idea behind the approach is the fact that for slabs with

elongated shapes, the intensity of the backscattered ﬁeld and the electromagnetic resonance frequency
corresponding to the length of the sample are dependent on the conductivity of the sample’s material.
Findings – It is shown that for a known scattered ﬁeld and resonance frequency, it is possible to formulate
an inverse problem as to the calculation of the conductivity of the sample’s material at the considered
frequencies. To investigate the applicability of the method, demonstrative experiments are performed during
which the micro-Doppler effect is used to increase the measurement accuracy. The idea is extended to the case
of anisotropic samples, with slight modiﬁcations proposed to the experimental setup in the case of signiﬁcant
anisotropy in the investigated material.
Practical implications – The measurement method may prove useful for the investigation of the highfrequency conductive properties of certain materials of interest.
Originality/value – To the best of the authors’ knowledge, this is the ﬁrst time the use of the microDoppler effect is proposed for the purpose of the measurement of material parameters.

Keywords Carbon ﬁber composites, Composite material, Conductivity measurement,
Material parameters, Micro-Doppler effect
Paper type Research paper

1. Introduction
One can hardly imagine engineering practice without an understanding of the physical
properties of the materials encountered; naturally, countless methods of their measurement
have been developed over the centuries.
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A material parameter of particular interest is the electrical conductivity (s ). There are
several methods of its measurement; however, many are limited to lower frequencies
(Bowler and Huang, 2005) because of the errors introduced into the experimental setup by
high-frequency effects, particularly at the contacts. Another group of techniques is
applicable at higher frequencies (Ju et al.,2005; Yuan et al., 2012); generally, one wishes to
forego the need for galvanic contact between the measuring equipment and the inspected
material; however, at high frequencies, these methods generally require either a large
sample compared to the wavelength, or a very precise measurement of electromagnetic ﬁeld
quantities.
A group of materials of particular interest are carbon ﬁber-based materials. In recent
years, because of their favorable physical properties, they found applications in various
ﬁelds of technology. Carbon ﬁber composites are used, for example, in aviation, construction
and automotive technology because of their light weight and favorable mechanical
properties (Artner et al., 2014; Chuang et al., 2017); however, corrosion resistance and good
electrical properties of carbon ﬁber-based structures are taken advantage of in other ﬁelds
as well (Mehdipour et al., 2010; Chen et al., 2004), including wideband antenna applications.
Carbon ﬁber composites have complex electromagnetic properties, with conductive
properties generally being frequency-dependent and anisotropic (Ezquerra et al., 2001; Cao
et al., 2010).
The authors’ interest in investigating high-frequency conducting properties arose during
experiments investigating the scattering from rotating carbon ﬁber-reinforced plastic
propellers for radar-detection applications (Marák et al., 2018). In Marák et al. (2019), it was
shown that while for the purposes of radar applications, carbon ﬁber propellers can be
modeled using a perfect electric conductor model, more thorough investigations revealed
that the resonant frequency and the magnitude of the ﬁeld scattered from elongated objects
such as propellers is dependent on the conductivity of the object’s material.
In this work, we introduce a contactless method of conductivity measurement, based on
the measurement of the ﬁeld scattered from an elongated sample, along with measurement
of the resonant frequency at which the scattered ﬁeld is maximal. Its advantage compared to
other high-frequency methods is the small size of the sample needed and the relative
simplicity of the measurement setup. Candidates for the materials that can be investigated
include the aforementioned carbon ﬁber composites.
Using earlier results concerning scattering from rotating objects (Marák et al., 2018, 2019;
Peto et al., 2018) and numerical model created using the ﬁnite element method (FEM), we
perform simulations on the scattering from elongated samples, and give an analysis on the
accuracy of the method.
Afterward, we investigate scattering from materials with anisotropic conductive
properties and discuss the applicability of the proposed measurement method to the case of
anisotropic samples.
Lastly, we describe experiments performed on two elongated samples; while the
accuracy of the measurement needs to be improved, the results demonstrate the viability of
the method.
2. Principles of the measurement method
2.1 Eﬀects of the material on the scattered ﬁeld
The experimental arrangement was set up to:
 use a ﬁxed-frequency illumination and measure the scattered electric ﬁeld of an
elongated sample of known dimensions; and



use a variable-frequency illumination and ﬁnd the resonant frequency fr of the
sample. This resonant frequency corresponds to the maximum current induced
along the sample, and therefore the maximal scattered ﬁeld.

For a sample of known size and illumination, the scattered ﬁeld can be calculated as a
function of the conductivity of the sample’s material (Figure 1). By measuring the intensity
of the scattered ﬁeld, it is possible to calculate the said conductivity.
The intensity of the ﬁeld scattered from elongated samples manufactured from
conducting materials will exhibit frequency dependence; the resonant frequency, that is, the
frequency at which the scattered ﬁeld is of maximum intensity, also exhibits a dependence
on the sample’s conductivity (Figure 2). If we can measure the said frequency, the
conductivity of the sample can be calculated. An advantage of this approach is the fact that
offset and nonlinearity type instrumentation errors do not have an effect on the results, we
only require the monotonicity of the measurement. The downside is that to ﬁnd the resonant
frequency, to an extent, a precise measurement of ﬁeld intensities is necessary, considering
that the peak in intensity at the resonance frequency is not necessarily very pronounced.
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2.2 Measurement of ﬁeld quantities using the micro-Doppler eﬀect
Measurement of the scattered ﬁeld can be challenging, as there is an additional noise at the
frequency of the excitation (f) caused by scattering from the environment (Marák et al.,
2018). This problem can be circumvented by, e.g., making use of the micro-Doppler effect
(Chen, 2019), which is the frequency shift caused by the nonuniform motion (such as rotation
or vibration) of the scatterer. For example, the scattered ﬁeld of a rotating object will contain
discrete frequency components (Van Bladel, 2012; Cooper and Wilcox, 1980; Cooper and
Strauss, 1982):

||E s r|| / ||E i|| [m]

10–1

10–2

100

101

102

103

104

[S/m]

Notes: Ei and Es indicate the intensities of the
incident plane wave and the scattered field, and r
denotes the distance from the sample at which the
scattered field is calculated. The dotted red lines
ignify the interval of measured intensities which
correspond to a given conductivity value with
±10% deviation from the nominal value

Figure 1.
Dependence of the
intensity of the
backscattered ﬁeld on
the conductivity of an
elongated sample
(with shape and
dimensions according
to Figure 6 at the
illuminating
frequency of
f = 637 MHz)
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Figure 2.
Dependence of the
resonant frequency
on the conductivity of
an elongated sample

Notes: The dotted red lines signify the interval of
measured intensities which correspond to a given
conductivity value with ±10% deviation from the
nominal value

Es ðr; tÞ ¼

X

Esm ðrÞej2p ð f þmF Þt ;

(1)

m2Z

where Es denotes the complex time function of the electric ﬁeld, f is the frequency of the
incident ﬁeld and F is the frequency (revolution per second) of the sample’s rotation.
Speciﬁcally, when the wave vector of the incident wave is parallel to the angular velocity
vector of a rotating elongated slab, and the illuminating frequency is near the resonant
frequency of the sample, the backscattered ﬁeld can be calculated as (Marák et al., 2018):
1
Ebs ðr; tÞ ¼ Ebs
ej2p ð f 2F Þt
4 0
(2)
1
1 bs j2p ft
j2p ð f þ2F Þt
E
þ Ebs
e
þ
e
;
4 0
2 0
where Ebs
0 is the intensity of the backscattered ﬁeld from a motionless sample.
As frequencies other than f are not burdened by unwanted echoes from the environment
(and it is reasonable to assume that there is no signiﬁcant difference between material
properties at f and f þ kF, where k is a small integer, as F is several orders of magnitude
smaller than f), for appropriately chosen m, it is easier to locate the maximum of the
scattered intensity:
fr ¼ arg max jjEsm ðfÞjj:
(3)
f

jjEsm ð f Þjj

and calculating fr, it is then possible to deduce the value of the
By measuring
sample’s conductivity (s ). It stands to mention that for a rotating, elongated object made of
an isotropic material, jjEsm ð f Þjj is proportional to the scattered ﬁeld for the motionless
scatterer, and as such, it will have its maximum at the same frequency, 8m 2 Z (Marák
et al., 2018). Essentially, as the source of radiation at frequencies fm = f þ mF, m = 0 must
be the sample (excluding the generally small parts of the rotating mechanism), and the
rotation acts as a ﬁlter eliminating noise from the miscellaneous scattering from

environment. A sketch of a possible experimental arrangement is shown in Figure 4, while a
measured scattering spectrum from a rotating object is illustrated in Figure 3.
In addition to the resonant frequency, the intensity of the scattered ﬁelds at a given
frequency also contains information about the conductivity of the sample. Typically, for a
small scatterer, it is difﬁcult to measure the exact value of the scattered ﬁeld intensity;
however, this can be circumvented by using a reference sample of a known conductivity, in
addition to exploiting the micro-Doppler effect mentioned above. As seen in Figure 1, at
higher conductivities (s  104 S/m), the intensity of the scattered ﬁeld is practically
constant, which means that a sample coated with a conducting metal (e.g. copper) can be
used as reference, regardless of the exact value of its conductivity.
A possible variation of the experimental arrangement would consist of performing a
reference measurement on a sample of a known, high conductivity, then substituting a
sample manufactured of the investigated material. Analyzing the properties of the ﬁelds
scattered from the different samples can then provide information about the material of the
sample.
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3. Considerations on anisotropic scatterers
3.1 Anisotropic media
As some materials of interests can be composite materials (e.g. carbon ﬁber composites, a
typical material of propellers of small-sized unmanned aerial vehicles), it is worthwhile to
investigate the effects of anisotropy on the scattered ﬁeld. Generally, in a linear, anisotropic
conducting medium, the relation between the electric ﬁeld and current density can be
written in the following form:
J ¼ R  E;

(4)

where J is the electric current density, E is the electric ﬁeld intensity, and:

Note: It can be seen that the peak corresponding to
frequency f0 is much higher due to miscellaneous
scattering from the environment, however, the source
of other frequency components must be the rotating
scatterer

Figure 3.
Discrete spectrum of
scattering from a
rotating object
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Figure 4.
Experimental
instrumentation for
high-frequency
conductivity
measurement

Note: The antenna used acts as both the transmitter
and the receiver

2

s xx

6
R¼6
4 s yx

s zx

s xy

s xz

3

s yy

7
s yz 7
5

s zy

s zz

(5)

is a symmetric, second-order tensor called the conductivity tensor. In isotropic media, the
tensor reduces to a scalar s , and we get the usual form of the microscopic Ohm’s law:
J ¼ s  E:

(6)

It should be noted that, in the general case, material parameters can exhibit frequencydependent properties, that is, R ¼ Rð f Þ, where f is the frequency of the excitation.
Consider a material with a diagonal conductivity tensor with respect to axes x, y and z:
2
3
s xx 0
0
6
7
R¼6
(7)
0 7
4 0 s yy
5
0
0 s zz :
From this material, one can manufacture elongated slabs along an arbitrary x0 axis, deﬁned
by a rotation by angle a around the z axis, as shown in Figure 5. In the new x0 ; y0 ; z
coordinate system, the tensor of conductivity will then have the form:
2
3
s xx cos2 a þ s yy sin2 a ðs yy  s xx Þcos a sin a 0
6
7
6
7
R0 ¼ 6 ðs yy  s xx Þ cos a sin a s yy cos2 a þ s xx sin2 a
(8)
7;
0
4
5
s zz
0
0
as can be shown using tensor transformation identities (Joshi, 1995).

In the following, we show that in certain situations, it is possible to substitute an
isotropic material of conductivity s
~ , which, in terms of scattering properties, is equivalent to
an anisotropic material manufactured according to Figure 5.
3.2 Isotropic equivalent
Let us investigate a hypothetical anisotropic material which, with respect to axes x, y and z,
has the conductivity tensor:
2
3
50 0
0
6
7 1
7
(9)
R¼6
4 0 500 0 5Sm :
0
0 500
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Let us then consider an elongated slab manufactured along a certain x0 axis, as shown in
Figure 5. When illuminated with a wave linearly polarized in the x0 direction, of a
wavelength roughly corresponding to double the slab’s length, currents induced along
the slab will have a direction quite accurately corresponding to the longitudinal direction.
For the shape of the investigated sample (with dimensions outlined in Figure 6) this result
is conﬁrmed by FEM simulation; the net effect of the currentso axes l manufactured
according to due.g. the direction of the scattered far ﬁeld. The intensity of the
backscattered ﬁeld from an anisotropic slab with parameters s xx = 50 S/m, s yy = s zz =
500 S/m, a ¼ p4 , and from a slab with the corresponding ﬁtted isotropic conductivity of
s~ ¼ 90 S/m, calculated using the FEM, is shown in Figure 7. The dimensions of the slab
correspond to Figure 6.

Figure 5.
Slab manufactured of
an anisotropic
material

Figure 6.
Dimensions of the
measured samples in
millimeters; this
geometry was also
used during the
numerical
simulations
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Taking this result in consideration, in the context of similar experiments, it is
appropriate to model the anisotropic material of such elongated slabs with an isotropic
conductivity s
~ , with its value deﬁned by the criterion of equivalent scattered electric
far ﬁelds. For the sample with the conductivity tensor deﬁned in equation (9) and
dimensions outlined in Figure 6, the value of s
~ as a function of parameter a is plotted in
Figure 8.
A consequence of these results is the fact that while analyzing the experimental results
yields a single parameter (s
~ ), this parameter is related to the tensor of permittivity for
~  s xx and for a ¼ p2 ; s
~  s yy .
anisotropic materials (R0 ). For example, for a = 0, we get s
With an appropriate regression method, it may be possible to determine the anisotropic
conductive parameters of composites from measuring a few small samples with appropriate
orientation (a).
The limitations of this approximation are the cases when the polarization of the incident
wave is signiﬁcantly different than x0 ; in these cases, anisotropic properties introduce
differences, as components of the incident electric ﬁeld in the y0 direction also induce
longitudinal currents on the sample. This means that we cannot model scattering for a

Figure 7.
Frequency response
of a slab of
anisotropic
conductivity and a
slab of the same size
with a ﬁtted isotropic
conductivity
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Dependence of the
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conductivity s
~ on
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general polarization using an isotropic approximation (such as the experiment described in
Section 2).
Nevertheless, other experimental arrangements are possible; one possible measurement
setup has the sample vibrating in the direction identical to the wave vector of the incident
wave. Furthermore, when the longitudinal conductivity of a given sample (for example a
carbon ﬁber propeller) is of interest, and it is known a priori that its conductivity in
azimuthal directions is smaller (which can sometimes be assumed from knowledge of the
ﬁber structure, as in the case of carbon ﬁber propellers), application of the isotropic
approximation can still be considered.
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4. Demonstrative experiments
To assess the feasibility of the experimental method, we performed scattering
measurements on two elongated conducting samples; a sketch of the experimental setup is
shown in Figure 4, while a photograph is included in Plate 1. A sketch of the samples is
shown in Figure 6. They were prepared using a 3D printer using a conductive ﬁlament with
a surface resistivity estimated at 1  103X10  103 by the manufacturer (Philament, 2018),
with inﬁll percentages at 100 and 10 per cent, respectively, for samples 1 and 2 (a
photograph of the samples used is shown in Plate 2).
For illumination and detection, we used a log-periodic antenna. The waveform was
chosen to be a continuous wave illumination, as to best correspond to the theory and make
direct validation possible before further reﬁnements of the measurement method. For an

Plate 1.
Photograph of the
experimental
arrangement; the
rotating sample is
mounted on a wooden
frame

Plate 2.
Photograph of the
samples used during
the demonstrative
experiments, next to a
carbon ﬁberreinforced plastic
drone propeller
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illumination frequency ranging from 580-650 MHz, we measured the backscattered ﬁeld
from the rotating samples; the received signal is processed by a spectrum analyzer. The
results of the measurements are shown in Figure 9.
Inspecting the results, it is clear that as expected, sample 1 clearly has a stronger
scattered ﬁeld, implying a higher conductivity. However, at this point, the resonance
frequencies cannot be obtained from the measured results, and the accuracy of the
experiment will need to be improved in the future, however, the predicted phenomenon is
clearly observable and the setup provides a proof of concept for the proposed measurement
method. Further efforts will be concentrated on improving the experimental setup to
increase accuracy; possible ways to do so include performing the measurements in an
anechoic chamber, using an antenna with optimal characteristics in the investigated
frequency band, and better processing of the measured results (e.g. if the intensity of the
illumination and the frequency of the samplee frequency can be kept constant, the accuracy
of the ﬁeld intensities’ measurement can be improved by averaging the recorded values over
a longer period of time).
5. Conclusion
We propose an experimental principle for investigating high-frequency conductive
properties, based on measuring the backscattered ﬁeld from an elongated sample, and
measuring the resonant frequency at which the intensity of this scattered ﬁeld is maximal.
To ﬁlter out miscellaneous scattering from the environment, we can take advantage of the
micro-Doppler effect, as the scattered spectrum of a rotating or vibrating object contains
discrete frequency components near the illuminating frequency; this way, we ﬁlter out the
noise from miscellaneous scattering from walls and other objects, thereby improving
the sensitivity of the measurement. We perform simulations as to the accuracy of the
measurement method as a function of the ﬁeld and frequency measurements’ accuracy; it is
found that the method works best at lower conductivity values (as shown in Figures 1 and
2). An advantage of this method is the fact that it presents a possibility of measuring highfrequency conductive properties from relatively small sized samples.
The method is extended for anisotropic materials; through an example, it is shown that
in certain conﬁgurations, anisotropic conductive properties of elongated samples can be

Figure 9.
Received power at
frequency (f2F),
corresponding to the
ﬁrst peak in the
scattering spectrum
of the rotating sample
s
in (1)]
[E2

received power[dB]
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–108
–110
–112
sample 1
sample 2

–114
560
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600

620

640

660
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Note: The blue crosses correspond to sample 1 with
an infill percentage of 100%, while the red circles to
sample 2 at 10%

modeled by an isotropic conductivity (Figure 8). Furthermore, by performing measurements
for samples with different orientations with respect to the material microstructure (Figure 5),
it may be possible to draw conclusions as to the anisotropic properties of the investigated
material.
Lastly, we perform demonstrative experiments to serve as a proof of concept and
investigate the feasibility of the measurement method. Performed on two samples with
different conductive properties, our experiments are able to distinguish between the
scattered ﬁeld intensities; however, the accuracy of the measurement needs to be improved,
speciﬁcally to make it possible to discern the resonance frequencies.
In the future, our aim will be to assemble an experimental setup capable of accurately
measuring the scattered ﬁeld and resonant frequency of small samples. To increase
accuracy, we plan to perform the experiments in an anechoic chamber, investigate the effect
of changes in the experimental arrangement on the measurement results, and test the
method on different material samples.
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