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Abstract

Purpose – The purpose of the study is to obtain and analyze vibro-acoustic characteristics.
Design/methodology/approach – A unified analysis model for the rotary composite laminated plate and
conical–cylindrical double cavities coupled system is established. The related parameters of the unified model
are determined by isoparametric transformation. The modified Fourier series are applied to construct
the admissible displacement function and the sound pressure tolerance function of the coupled systems. The
energy functional of the structure domain and acoustic field domain is established, respectively, and the
structure–acoustic coupling potential energy is introduced to obtain the energy functional. Rayleigh–Ritz
method was used to solve the energy functional.
Findings – The displacement and sound pressure response of the coupled systems are acquired by
introducing the internal point sound source excitation, and the influence of relevant parameters of the coupled
systems is researched. Through research, it is found that the impedance wall can reduce the amplitude of the
sound pressure response and suppress the resonance of the coupled systems. Besides, the composite laminated
plate has a good noise reduction effect.
Originality/value – This study can provide the theoretical guidance for vibration and noise reduction.

Keywords Unified analysis model, Composite laminated plate, Rotary acoustic cavity, Plate-cavity coupled

system, Vibro-acoustic characteristics

Paper type Research paper

1. Introduction
Rotary laminated plate structures based on fiber reinforced composite materials have been
widely applied in aerospace, marine and other fields. In engineering practice, it is inevitable to
produce the coupled system between rotary composite laminated plate and acoustic cavities.
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Taking the submarine as an instance, the two cabins inside the hull of the submarine can be
regarded as a rotary acoustic cavity coupled system, and the two cabins are separated by the
cabin door composed of composite laminated plate. Noise in each cabin causes the variation of
sound pressure, which leads to the vibration of the cabin door. Meanwhile, this vibration also
contributes to noise, forming the composite laminated plate and double acoustic cavities
coupled system. To compare the vibro-acoustic characteristics of structure–acoustic coupled
system containing rotary composite laminated plate and acoustic cavity coupled system, it is
important to conduct in-depth research on the vibro-acoustic characteristics of the rotary
composite laminated plate and conical–cylindrical double acoustic cavities coupled system
and reveal the vibro-acoustic couplingmechanism,which can provide the theoretical basis for
structural optimization and low noise design.

The acoustic field characteristics of acoustic cavity coupled system under different
conditions have been investigated by many scholars in recent years. Tanaka et al. (2012)
derived the eigenpairs, which verified the validity by an experiment of coupled rectangular
cavity, and investigated the fundamental properties of the eigenpairs derived. Moores et al.
(2018) demonstrated an acoustical analog of a circuit quantum electrodynamics system that
leverages acoustic properties to enable strong multimode coupling in the dispersive regime,
and the operating frequencies where this emission rate is suppressed are identified.
Unnikrishnan Nair et al. (2010) proposed a simplified modeling approach for numerical
simulation of a coupled cavity-resonator system, and the influence of damping and resonator
volume fraction on the coupled system performance is shown. A high-order doubly
asymptotic open boundary for modeling scalar wave propagation in two-dimensional
unbounded media was presented by Birk et al. (2016), which can handle domains with
arbitrary geometry by using a circular boundary to divide these into near field and far field.
Through modal energy analysis (MODENA), Zhang et al. (2016) defined a dimensionless
coupling quotient, which is equal to the ratio of the gyroscopic coupling coefficient and the
critical coefficient at modal frequencies. Chen et al. (2017) presented a domain decomposition
method to predict the acoustic characteristics of an arbitrary enclosure made up of any
number of sub-spaces and revealed the effect of coupling parameters between sub-spaces on
the natural frequencies and mode shapes of the overall enclosure. Based on the energy
principle in combination with a 3D modified Fourier cosine series approach, Shi et al. (2018)
studied the modeling and acoustic eigen analysis of coupled spaces with a coupling aperture
of variable size. It can be seen from the existing literature that the current research on acoustic
cavity coupled system is mostly for rectangular cavity. However, the research on the acoustic
characteristic model of the rotary acoustic cavity is rarely involved, let alone the research on
the modeling of rotary acoustic cavity coupled system. At the same time, most of the
investigations are based on the coupling mechanism analysis between acoustic cavities,
while no analysis model has been established specifically.

Unlike the acoustic cavity coupled system, the coupling of rotary composite laminated
plate and conical–cylindrical double acoustic cavities belongs to structure–acoustic coupling.
Many scholars have researched the couplingmechanism of structure–sound coupled system.
On the foundation of these investigations, the models of sectional structure–sound coupled
system are established, and the vibro-acoustic characteristics of the coupled system are
analyzed. Van Genechten et al. (2011) presented a newly developed hybrid simulation
technique for coupled structural–acoustic analysis, which applies a wave-basedmodel for the
acoustic cavity and a direct or modally reduced finite element (FE) model for the structural
part. By invoking the energy distribution approach, De Rosa et al. (2012) proposed a
similitude for the analysis of the dynamic response of acoustic–elastic assemblies and
discussed the FE modeling of a flexural plate coupled to an acoustic room and an infinite
cylinder containing a fluid. Wang et al. (2015) developed a coupled smoothed finite element
method (S-FEM) to deal with the structural–acoustic problems consisting of a shell
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configuration interacting with the fluid medium; numerical examples of a cylinder cavity
attached to a flexible shell and an automobile passenger compartment were conducted to
illustrate the effectiveness and accuracy of the coupled S-FEM for structural–acoustic
problems. Shu et al. (2014) proposed a level set-based structural topology optimization
method for the optimal design of coupled structural–acoustic system with a focus on interior
noise reduction. Some scholars have also studied the vibro-acoustic coupling characteristics
of the composite laminated plate–double cavity coupled system and obtained some
achievements. Larbi et al. (2012) demonstrated the theoretical formulation and the FE
implementation of vibro-acoustic problemswith piezoelectric composite structures connected
to electric shunt circuits. Sarig€ul and Karag€ozl€u (2014, 2018) presented the results of modal
structure–sound coupling analysis for rectangular plates with different composite
parameters and compared with the performance of isotropic plate systems. Ferreira et al.
(2014), Carrera et al. (2018) and Cinefra et al. (2021) established a theoretical model of
rectangular composite laminated plate and constructed a rectangular cavity model based on
the FE formula of sound field under standard pressure. In the existing literature, the research
object of the composite laminated plate-cavity coupled system is mostly concentrated on the
rectangular composite laminated plate-cavity coupled system, while the rotary composite
laminated plate-cavity coupled system is rarely studied, much less the rotary composite
laminated plate and conical–cylindrical double acoustic cavities coupled system.

In view of the shortcomings of existing research, the vibro-acoustic characteristics
analysis of the rotary composite laminated plate and conical–cylindrical double acoustic
cavities coupled system are conducted in this paper. First, the expressions of admissible
displacement function and sound pressure function of laminated plate are constructed.
Second, the energy functional of the structure domain and sound field domain is established,
respectively, and the coupling potential energy is added to acquire the energy functional of
the whole coupled system. Then, Rayleigh–Ritz method is applied to gain the equation of the
vibro-acoustic characteristics of the system. Finally, based on the fast convergence and
accuracy of the model, the effect mechanism of relevant parameters on the vibro-acoustic
characteristics is analyzed, and the response of the coupled system is investigated by
introducing internal point force and point source excitation.

2. Unified analysis model of the coupled systems
2.1 Model description
Figure 1 demonstrates the rotating cross-section geometrical parameters and coordinate
system of the conical–cylindrical acoustic cavity coupled system and rotary composite
laminated plate and conical–cylindrical double cavities coupled system. As shown in
Figure 1a, the coordinate of conical–cylindrical acoustic cavity coupled system is composed
of two local coordinate systems (o–s1, θ1, r1) and (o–s2, θ2, r2). R1 and R2 separately represent
the short radius and long radius of conical cavity 1, and α and L1 are the cone-apex angle and
the length of generatrix of conical cavity 1.R2 andR3 denote the inner radius and outer radius
of cylindrical cavity 2, and the height of cylindrical cavity 2 is marked as L1. Thickness of the
acoustic cavity coupled system is represented as H. Compared with the coupled system in
Figure 1a, the rotary composite laminated plate and conical–cylindrical double acoustic
cavities coupled system add a composite plate between the two acoustic cavities. It can be
found from Figure 1b that the coordinate of rotary composite laminated plate and conical–
cylindrical double cavities coupled system is composed of three local coordinate systems
(o–s1, θ1, r1), (o–s2, θ2, r2) and (o–s3, θ3, r3).Lp is the thickness of composite laminated plate, and
other geometric parameters have the same meanings as in Figure 1a. The shapes of rotary
acoustic cavity coupled system at different rotation angles are given in Figure 2. The
parameter ϑ is introduced here to express the rotation angles of coupled systems, and
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whether rotation angles are 2π is related to the number of acoustic walls in the coupled
systems. In order to study the vibro-acoustic characteristics of the coupled systems, a
monopole point sound source Q is placed.

In Figure 3, the general boundary conditions on the edge of rotary composite laminated
plate are represented by introducing three groups of linear springs ku, kv, kw along u, v, w
directions and two groups of torsion springs Kr and Kθ, which are continuously distributed
along the boundary. u, v and w denote r, θ and s directions, respectively. kuθ0, k

v
θ0, k

w
θ0, K

r
θ0 and

Kθ
θ0 are introduced to represent the five groups of boundary springs at the boundary θ 5 0,

and the boundary springs at θ 5 ϑ, r5 0 and r5 H can also be expressed in a similar way.
When the rotation angle ϑ5 2π, the coupling boundary shown in Figure 3b is generated for
the rotary composite laminated plate. Three groups of linear coupling springs kuc, kvc and kwc
and two groups of torsion springs Krc and Kθc are uniformly set on the coupling boundary
(θ5 0 and θ5 2π). Therefore, the coupling of the rotating composite laminated plate can be
realized.

2.2 Related parameter of unified model
To ensure that the systems can be coupled during the modeling process, the parallelogram
section in conical acoustic cavity is necessary to be transformed into a square section. It can
be found from Figure 4 that the plane ros coordinate system is transformed to plane ξoη
coordinate system by iso-parametric transformation, where each vertex in plane ξoη
coordinate system has been determined as (0, 0), (1, 0), (1, 1) and (0, 1).

Using the four-node coordinate transformation in the FE method, the coordinate
transformation equations are as follows:�

r

s

�
¼
X4
i¼1

Niðξ; ηÞ
�
rðiÞ
sðiÞ

�
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in which (r(i), s(i)) and (ξ(i), η(i)) separately denote the coordinate of the ith vertex in the plane ros
coordinate system and plane ξoη coordinate system, and Ni (ξ, η) is the shape function of the
ith vertex of the plane ros coordinate system.

The specific coordinate system transformation process is expressed in the matrix form:�
v

vξ
v
vη

	T
¼ J

�
v

vr
v
vs

	T
(3)

J ¼

2
6664
vr

vξ

vs

vξ

vr

vη
vs

vη
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7775 (4)
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Equation (3) is frequently expressed in the inverse form:�
v

vr
v
vs

	T
¼ J−1

�
v

vξ
v
vη

	T
(6)

J−1 ¼
�
J11 J12
J21 J22

	
¼ 1

jJ j

2
6664

vs

vη
�vs

vξ

�vr

vη
vr

vξ

3
7775 (7)

where jJ j is the determinant of the Jacobian matrix.
Table 1 shows the related parameters between the local coordinate systems of conical and

cylindrical acoustic cavity and the coordinate system of double curvature cavity element
(α, β, z). In addition, the Lame coefficient of the cavity and the value range of the
corresponding coordinate axis are also given:

2.3 Construction of admissible displacement and sound pressure functions
Based on the first-order shear deformation theory (FSDT) and two-dimensional modified
Fourier series theory, the admissible displacement function of rotary composite laminated
plate is established. The admissible sound pressure functions of conical and cylindrical
cavities are constructed by three-dimensional modified Fourier series. The expression is the
superposition of a cosine function and six sines and cosines functions. The specific
expressions can be written as follows (Zhang et al., 2019, 2020a, b):

uðr; θ; tÞ ¼ e−jωt

 
ΦM

u ðr; θÞ þ
X2
Nq¼1

ΦNq

u ðr; θÞ
!
Amn (8)

vðr; θ; tÞ ¼ e−jωt

 
ΦM

v ðr; θÞ þ
X2
Nq¼1

ΦNq

v ðr; θÞ
!
Bmn (9)

wðr; θ; tÞ ¼ e−jωt

 
ΦM

w ðr; θÞ þ
X2
Nq¼1

ΦNq

w ðr; θÞ
!
Cmn (10)

Cavity type
Related parameter
Parameter type Specific parameter

Conical acoustic cavity Coordinate
relation

α1 ¼ η1, β1 ¼ θ1z1 ¼ ξ1

Transformation jJ1j ¼ L1H cos α, J 111 ¼ 1=H, J121 ¼ tan α=H, J 112 ¼ 0,

J 122 ¼ 1=L1$cos α
Lame coefficient Hα1 ¼ 1, Hβ1 ¼ r1 ¼ R2 þ ðR1 −R2Þ$ηþ H$ξ, Hz1 ¼ 1
Value range 0≤Lα1 ≤ 1, 0≤Lβ1 ≤ϑ1, 0≤Lz1 ≤ 1

Cylindrical acoustic
cavity

Coordinate
relation

α2 ¼ s2, β2 ¼ θ2, z2 ¼ r2

Transformation jJ2j ¼ 1, J 211 ¼ J 222 ¼
ffiffiffi
2

p
=2, J 212 ¼ J221 ¼ 0

Lame coefficient Hα2 ¼ 1, Hβ2 ¼ r2, Hz2 ¼ 1
Value range 0≤Lα2 ≤L2, 0≤Lβ2 ≤ϑ2, 0≤Lz2 ≤H

Table 1.
Parameters related to
conversion between

rotary acoustic cavities
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frðr; θ; tÞ ¼ e−jωt

 
ΦM

fr
ðr; θÞ þ

X2
Nq¼1

ΦNq

fr
ðr; θÞ

!
Dmn (11)

fθðr; θ; tÞ ¼ e−jωt

 
ΦM

fθ
ðr; θÞ þ
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!
Emn (12)

p1ðr1; θ1; s1; tÞ ¼ e−jωt

 
PΩ

1 ðr1; θ1; s1Þ þ
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P
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P
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2 ðr2; θ2; s2Þ
!
Gmtnt lt (14)

in which u (r, θ, t), v (r, θ, t) and w (r, θ, t) separately represent the admissible displacement
function of the surface in the r, θ and z directions of the rotary composite laminated plate, and
frðr; θ; tÞ and fθðr; θ; tÞ denote the lateral rotation in the r and θ directions, respectively.
pn (n5 1, 2) is the expression of the admissible sound pressure function for the nth cavity in
the coupled system. The displacement supplement polynomials of rotary composite
laminated plate can be expressed as ΦM and ΦNq (Nq 5 1, 2), and the sound pressure
supplement polynomials of the nth cavity are written as Pn

Ω and Pn
Θq (Θq 5 1, 2, . . . ,6).

While Amn, Bmn, Cmn, Dmn and Emn represent the unknown two-dimensional Fourier
coefficient vectors and unknown three-dimensional Fourier coefficient vectors. These
parameters can be expressed as follows:
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8>>>>>>>>>>>>><
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9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

T

(31)

where λαm¼mπ=α, λβn¼nπ=β, λαnmt
¼mtπ=αn, λ

αn
nt
¼ntπ=αn, λ

αn
lt
¼ ltπ=αn (n 5 1, 2).

2.4 Stress–strain and displacement relationship
The normal strain and shear strain at any point on the composite laminated plate can be
defined by the changes of strain and curvature in midplane:

(
εr ¼ ε0r þ zχr
εθ ¼ ε0θ þ zχθ

8>><
>>:

γrθ ¼ γ0rθ þ zχrθ
γrz ¼ γ0rz
γθz ¼ γ0θz

(32)

where ε0r, ε
0
θ, γ

0
rθ, γ

0
rz and γ0θz are the strain components on the middle surface of the laminated

plate, and χr, χθ and χrθ are the curvature variation components on the middle surface. The
specific expressions are as follows:

ε0r ¼
vu

vr
ε0θ ¼

vv

rvθ
þ u

r

γ0rθ ¼
vv

vr
þ vu

rvθ
� v

r
γ0rz ¼

vw

vr
þ fr γ0θz ¼ fθ

χr ¼
vfr

vr
χθ ¼

vfθ

rvθ
þ fr

r
χrθ ¼

vfθ

vr
þ vfr

rvθ
� fθ

r

(33)

According to Hooke’s law, the corresponding stress–strain relationship at the k-layer can be
obtained as follows:

8>>>><
>>>>:

σr

σθ

τrθ
τrz
τθz

9>>>>=
>>>>;

¼

Qk
11 Qk

12 Qk
16

Qk
21 Qk

22 Qk
26

Qk
44 Qk

45

Qk
54 Qk

55

Qk
61 Qk

62 Qk
66

2
666666664

3
777777775

8>>>><
>>>>:

εr
εθ
γrθ
γrz
γθz

9>>>>=
>>>>;

(34)

where the stiffness coefficients of laminated plate can be denoted byQk
ij (i, j5 1, 2, . . ., 6), and

they can be acquired from the following equations:
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Qk
11 Qk

12 Qk
16

Qk
21 Qk

22 Qk
26

Qk
44 Qk

45

Qk
54 Qk

55

Qk
61 Qk

62 Qk
66

2
666666664

3
777777775
¼ T

Qk
11 Qk

12

Qk
21 Qk

22

Qk
44

Qk
55

Qk
66

2
6666664

3
7777775
TT (35)

In Equation (35), T is the transformation matrix, which is defined as follows, where θ is the
included angle between the main direction and the r direction of the layer, namely, the layer
laying direction:

T ¼

2
66664

cos2 θ sin2 θ �2 sin θ cos θ
sin2 θ cos2 θ 2 sin θ cos θ

cos θ sin θ
�sin θ cos θ

sin θ cos θ �sin θ cos θ cos2 θ � sin2 θ

3
77775 (36)

in which Qk
ij (i, j 5 1, 2, . . ., 6) denotes the material coefficient of the k-layer of plate, and its

value can be obtained by the engineering constant:

Qk
11 ¼

E1

1� μ12μ21
Qk

12 ¼
μ12E2

1� μ12μ21
¼ Qk

21 Qk
22 ¼

E2

1� μ12μ21

Qk
44 ¼ G23 Qk

55 ¼ G13 Qk
66 ¼ G12

(37)

The forces and torques applied to the laminated plate are obtained by integrating the stresses
in the plane. From one layer of laminated plate to another layer, the thickness is integrated to
obtain the following equation:

2
6666664

Nr

Nθ

Nrθ

Mr

Mθ

Mrθ

3
7777775
¼

2
6666664

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

3
7777775

ε0r
ε0θ
γ0rθ
χr
χθ
χrθ

2
666666664

3
777777775

(38)

�
Qθ

Qr

	
¼ κs

�
A44 A45

A45 A55

	"
γ0θz
γ0rz

#
(39)

Aij ¼
XNL

k¼1

Qk
ijðZkþ1 � ZkÞ Bij ¼ 1

2

XNL

k¼1

Qk
ij

�
Z 2
kþ1 � Z 2

k

�
Dij ¼ 1

3

XNL

k¼1

Qk
ij

�
Z 3
kþ1 � Z 3

k

�
(40)

where Nr, Nθ and Nrθ are the resultant forces in the plane,Mr,Mθ andMrθ represent bending
and torsional torque and Qθ, Qr denote the resultant forces of horizontal shear. Shear
correction factor which can guarantee the strain energy caused by transverse shear stress is
expressed as κs, and NL represents the number of layers.
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2.5 Energy equation and solution procedure
The Lagrange equation of t the conical–cylindrical acoustic cavity coupled system and rotary
composite laminated plate and conical–cylindrical double cavities coupled system can be
expressed as follows:

LP ¼ TP � UP � UP�coupling � USP �WP&C1 �WP&C2 þWF (41)

LC1 ¼ TC1 � UC1 � UC1�coupling �WC1&P �WC1&C2 þWC1−wall þWQ1
(42)

LC2 ¼ TC2 � UC2 � UC2�coupling �WC2&P �WC2&C1 þWC2−wall þWQ2
(43)

where TP and TCn (n5 1, 2) are the total kinetic energy of the rotary composite plate and the
nth acoustic cavity in the coupled systems, respectively. UP and UCn separately denote the
total potential energy in the plate and the nth acoustic cavity. UP�coupling and UCn�coupling

represent the coupling potential energy of the composite laminated plate and acoustic cavities
when rotation angle ϑ5 2π. The boundary spring potential energy of plate can be expressed
as USP.WP&C1,WP&C2 WC1&P andWC2&P are the coupling potential energy generated when the
composite plate is coupled with acoustic cavity 1 and acoustic cavity 2, andWP&C1 ¼ WC1&P,
WP&C2 ¼ WC2&P.WCn−wall represents the impedance potential energy caused by the impedance
wall of the nth acoustic cavity in the coupled systems.WC1&C2 andWC2&C1 denote the coupling
potential energy between acoustic cavity 1 and acoustic cavity 2, in whichWC1&C2 ¼ WC2&C1.
WF is the work done by harmonic point force F on the composite laminated plate, andWQn

is
the work done by the monopole point sound source in the nth acoustic cavity of the coupled
systems.

For the two coupled systems, partial energy equations do not exist completely: (1) the
conical–cylindrical acoustic cavity coupled system: LP ¼ 0, WP&C1

¼ WC1&P ¼ 0,
WP&C2

¼ WC2&P ¼ 0; (2) the rotary composite laminated plate and conical–cylindrical
double cavities coupled system: WC1&C2

¼ WC2&C1
¼ 0.

The total kinetic energy of the rotating composite laminated plate and the nth acoustic
cavity represented by TP and TCn

can be written as follows:

TP ¼ 1

2
ω2

Z H

0

Z
ϑ

0

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

I0

h
A

2
mn þ B2

mn þ C
2
mn

i 
ΦM þ

X2
Nq¼1

ΦNq

!2

þ

2I1½AmnDmn þ BmnEmn�
 
ΦM þ

X2
Nq¼1

ΦNq

!2

þ

I2
�
D2

mn þ E2
mn

� 
ΦM þ

X2
Nq¼1

ΦNq

!2

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ðr þ R2Þdrdθ (44)

I0 ¼
XNl

k¼1

Z Zkþ1

Zk

ρkdz I1 ¼
XNl

k¼1

Z Zkþ1

Zk

ρk$zdz I2 ¼
XNl

k¼1

Z Zkþ1

Zk

ρk$z2dz (45)
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Fmtnt lt$jJ1j$Hα1Hβ1Hz1dα1dβ1dz1

(46)
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Gmtnt lt$jJ2j$Hα2Hβ2Hz2dα2dβ2dz2

(47)

in which Nl represents the number of layers of rotary composite laminated plate. Zk is the
coordinate value of bottom surface thickness of k-layer, and Zk þ 1 is the coordinate value of
upper surface thickness. The material density of k-layer can be expressed as ρk, and ρCn
denotes the density of acoustic media in nth acoustic cavity.
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The specific expressions of the total potential energy UP and UCn
are as follows:

UP ¼ Ustretch þ Ubend þ Us�b ¼ 1

2

Z H

0

Z
ϑ

0

(
Nrε0r þ Nrε0r þ Nrθγ

0
rθ þMrχrþ

Mθχθ þMrθχrθ þ Qrγ
0
rz þ Qθγ

0
θz

)
rdrdθ (48)

Ustretch¼1
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ðrþR2Þdrdθ
(49)
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In the formula, the total potential energy of rotary composite laminated plate includes tensile
potential energy Ustretch, bending potential energy Ubend, tensile and bending coupling
potential energy Us�b, whose expressions have also been given, and cn is the propagation
speed of sound in the acoustic medium of the nth cavity.

As the boundary conditions of the rotary composite laminated plate model established in
this paper are determined by the boundary springs, the boundary spring potential energy
USP will be generated, and the expressions are as follows:

USP ¼ U θ
SP þ Ur

SP (54)
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When 0 < ϑ < 2π, the impedance wall dissipation energy of the nth sound cavity in the
coupled systems is as follows:

WC1−wall ¼ −
1

2jωZr

ZZ
Sr

X6
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P
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WC2−wall ¼ −
1
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WCn−wall ¼ Wn
wall1

þWn
wall2

þWn
wall3

þWn
wall4

þWn
wall5

þWn
wall6

(59)
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where j represents a pure imaginary number. Sr denotes the area of the rth uncoupled
acoustic wall, and the corresponding acoustic wall impedance value is expressed by Zr.

When ϑ 5 2π, the coupling potential energy of the middle plate UP�coupling and the nth
acoustic cavity of the coupled systems UCn�coupling can be written as follows:

UP�coupling ¼
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UC1�coupling¼ 1
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The coupling potential energy between acoustic cavity 1 and acoustic cavity 2WC1&C2
can be

expressed as follows:

WC1&C2¼

1

ρC2ω
2

Z Lα1

0

Z Lβ1

0

8>>>>>>><
>>>>>>>:

 
vPΩ

2

Hz2vz2
þ
X6
Θq¼1

vP
Θq

2

Hz2vz2

!
z2¼L2

*

 
PΩ

2 þ
X6
Θq¼1

P
Θq

2

!
z2¼L2

F2
mtnt lt

�
 

vPΩ
2

Hz2vz2
þ
X6
Θq¼1

vP
Θq

2

Hz2vz2

!
z2¼L2

*

 
PΩ

1 þ
X6
Θq¼1

P
Θq

1

!
z1¼0

Fmtnt ltGmtnt lt

9>>>>>>>=
>>>>>>>;

jJ2j$Hα2Hβ2dα2dβ2

(63)

WP&C1 andWP&C2 are the coupling potential energy when the laminated plate is coupled with
acoustic cavity 1 and 2, respectively, and the expressions are as follows:
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The expressions of the work WF done by the harmonic point force F on the composite
laminated plate and the work WF done by the monopole point sound source Q in the nth
acoustic cavity in the coupled systems are as follows:

WF ¼
ZZ

S

(�
fuAmn þ fvBmn þ fwCmn

þffrDmn þ ffθ
Emn

� 
ΦM þ

X2
Nq¼1

ΦNq

!)
rdrdθ (66)

fi ¼ Fδðr � r0Þδðθ � θ0Þ (67)
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Qn
s ¼

4πA
jρCncnk

δcðr � reÞδcðθ � θeÞδcðs� seÞ (70)

where fi (i5 uj, vj, wj) is the function of external load distribution, and the action position of
harmonic point force F is (r0, θ0). Q

n
s represents the distribution function of the point sound

source acting on the nth cavity, the amplitude of the point sound source is A (kg/s2) and the
specific position of the point sound source Q is (re, θe, se). δ and δc are two-dimensional and
three-dimensional Dirac functions.

Each energy equation is substituted into Equations (41)–(43). According to Rayleigh–Ritz
method, the partial derivatives of the unknown two-dimensional and three-
dimensional Fourier coefficients are obtained in the Lagrange equation, and the results are
equal to zero:
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vPmn

� vUP

vPmn

� vUP�coupling

vPmn
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vPmn
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¼ 0 (71)
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vLC2

vGmtnt lt

¼ vTC2
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� vUC2

vGmtnt lt

� vUC2�coupling
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� vWP&C2
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þ vWC2−wall

vGmtnt lt

þ vWQ2

vGmtnt lt
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(73)

Pmn ¼ ½Amn Bmn Cmn Dmn Emn �T (74)

Transform Equation (71)–(73) into matrix form:�
Kp � ω2Mp

�
Pmn þ CC1&PFmtnt lt � CC2&PGmtnt lt ¼ F (75)�

Kc1 � ωZc1 � ω2Mc1

�
Fmtnt lt þ ω2CP&C1Pmn þ CC1&C2Gmtnt lt ¼ Q1 (76)�

Kc2 � ωZc2 � ω2Mc2

�
Gmtnt lt � ω2CP&C2PmnþCC2&C1Fmtnt lt ¼ Q2 (77)

in which Kp and Kcn respectively represent the stiffness matrix of the rotary composite
laminated plate and the nth acoustic cavity in the coupled systems, andMp,Mcn are the mass
matrices. The impedance matrix of the nth acoustic cavity in the coupled systems is denoted
by Zcn. CCn&P is the vibro-acoustic coupling matrix between the nth cavity and the composite
laminated plate in coupled systems, and CP&Cn ¼ CCn&P.

When F and Qn are equal to zero, Equations (75)–(77) can be combined to obtain the
natural frequency and mode solving equations of the coupled systems. To facilitate the
solution, the equations need to be converted into linear equations for solving:

ðR� ωSÞG ¼ 0 (78)
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R ¼

2
6666664

0 Kp 0 0 0 0
Kp 0 CC1&P 0 �CC2&P 0
0 0 0 Kc1 0 0
0 0 Kc1 �Zc1 CC1&C2 0
0 0 0 0 0 Kc2

0 0 CC2&C1 0 Kc2 �Zc2

3
7777775

(79)

S ¼

2
6666664

Kp 0 0 0 0 0
0 Mp 0 0 0 0
0 0 Kc1 0 0 0
0 �CP&C1 0 Mc1 0 0
0 0 0 0 Kc2 0
0 CP&C2 0 0 0 Mc2

3
7777775

(80)

G ¼ ½Pmn ωPmn Fmtnt lt ωFmtnt lt Gmtnt lt ωGmtnt lt �T (81)

Finally, the eigen solution ω is the natural frequency of the coupled systems, and the
eigenvector G is the corresponding mode. By substituting harmonic point force and
monopole point sound source into Equations (78)–(81), the steady-state response of the
coupled systems can be obtained.

3. Numerical discussion and result analysis
According to the unified analysis model of the conical–cylindrical acoustic cavity coupled
system and rotary composite laminated plate and conical–cylindrical double cavities coupled
system, numerical discussion and result analysis are carried out to further research the vibro-
acoustic characteristics. This section mainly verifies the convergence and accuracy of the
coupled system model, analyzes the influence factors on natural frequency of the coupled
systems under free vibration and studies the steady-state response analysis of the coupled
systems under the action of harmonic point force and point sound source excitation. In this
section, the boundary conditions of the composite laminated plate in the coupled system are
represented by artificial virtual spring boundary technology, which can simulate complex
boundary conditions. The spring stiffness settings of each boundary condition are presented
in Table 2. Table 3 shows the material parameters of the composite laminated plate in the
examples. The acoustic medium of acoustic cavities is air, where the density of air is defined
as ρair 5 1.21 kg/m3, and the speed at which sound waves travel through air is defined as
cair 5 340 m/s.

3.1 Unified analysis model validation
The convergence analysis and accuracy verification of the model of the coupled systems
established above will be carried out. Tables 4 and 5 demonstrate the first eight order natural

Boundary conditions
Boundary springs Coupling springs
ku kv kw Kr Kθ kuc kvc kwc Krc Kθc

Free (F) 0 0 0 0 0 0 0 0 0 0
Simple (S) 5e11 5e11 5e11 0 0 5e11 5e11 5e11 0 0
Clamped (C) 5e11 5e11 5e11 5e11 5e11 5e11 5e11 5e11 5e11 5e11
Elastic 1 (E1) 0 0 0 2.5e3 2.5e3 0 0 0 2.5e3 2.5e3
Elastic 2 (E2) 1e6 1e6 1e6 1e6 1e6 1e6 1e6 1e6 1e6 1e6

Table 2.
Boundary spring
stiffness values
corresponding to
different boundary
conditions
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frequencies of the coupled systems obtained by the proposed method with different
truncation values, and the numerical results are compared with the FE simulation results.Mp

and Np are the truncation values of the laminated plate, andMc, Nc and Qc are the truncation
values of acoustic cavities. The acoustic walls of cavities in this example are all rigid walls,
and the boundary conditions of the rotary plate are set as C-C-C-C. The geometric parameters
of the coupled systems in Tables 4 and 5 are as follows: R0 5 0.5 m, R1 5 1m, R2 5 1.5 m,
H 5 0.5 m, α 5 π/6, L2 5 1.5 m, hp 5 0.02 m, ϑ 5 π/2. The material used is [Glass/epoxy j
Boron/epoxy], and the layering angle is [0 jπ/2]. It can be seen from Tables 4 and 5 that when
Mc 3 Nc 3 Qc 5 5 3 5 3 5 and Mp 3 Np 5 10 3 10, the natural frequencies of each order
basically complete convergence. In contrast to the FE simulation results, the maximum error
of the natural frequency is less than 0.1%, indicating the accuracy of the proposed method.
Therefore, it is reliable to select truncation values Mc 3 Nc 3 Qc 5 5 3 5 3 5 and
Mp 3 Np 5 10 3 10 in the numerical calculation of present method.

When the rotation angle of the coupled systems ϑ 5 2π, the rotary composite laminated
plate and acoustic cavities in the systems will generate additional coupling potential energy,
exerting an influence on the vibro-acoustic characteristics of the systems. Therefore, the
accuracy of the proposed method is verified again as shown in Table 6. The acoustic walls of
cavities in this example are all rigid walls, and the boundary conditions of the rotary plate are
set as S-S-S-S. The geometric parameters of the coupled systems in Table 6 are as follows:
R05 0.7 m, R15 1.4 m, R25 2.1 m,H5 0.7 m, α5 π/6, L25 2.5 m, hp5 0.03 m. The material
used is [Glass/epoxy jBoron/epoxy jGlass/epoxy], and the layering angle is [π/4 j 0 jπ/4]. The
maximum error between the numerical calculation results and the FE simulation results in
Table 6 is less than 1%, which indicates that present method still has well accuracy when the
rotation angle ϑ 5 2π.

3.2 Free vibration analysis
In this section, the free vibration of the conical–cylindrical acoustic cavity coupled system
and rotary composite laminated plate and conical–cylindrical double cavities coupled system
is conducted to investigate the effects of related parameters on the vibro-acoustic
characteristics of the coupled systems. Figure 5 shows the variations of natural
frequencies of the coupled systems with different rotation angles. The acoustic walls of
cavities in this example are all rigid walls, and the boundary conditions of the rotary plate are

Material ρplate (kg/m
3)

Elastic engineering constant
E1 (GPa) E2 (GPa) G23 (GPa) G12 (GPa) G13 (GPa) μ12

Glass/epoxy 1,810 38.6 8.3 4.14 4.14 4.14 0.26
Boron/epoxy 2,000 204.0 18.3 5.5 5.5 5.5 0.23

Source(s): Ramkumar and Ganesan (2009)

Mc 3 Nc 3 Qc

Mode number
1 2 3 4 5 6 7 8

3 3 3 3 3 73.606 91.299 127.067 136.443 172.670 176.672 205.789 205.903
4 3 4 3 4 73.572 91.297 127.058 136.410 172.626 176.668 205.790 205.892
5 3 5 3 5 73.572 91.297 127.058 136.410 172.626 176.668 205.790 205.892
6 3 6 3 6 73.572 91.297 127.058 136.410 172.626 176.668 205.790 205.892
FEM 73.575 91.297 127.060 136.410 172.630 176.670 205.790 205.890

Table 3.
Material parameters

applied for the plate in
the numerical

calculation

Table 4.
Analysis of natural

frequency convergence
of conical–cylindrical

acoustic cavity coupled
system
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Analysis of natural
frequency convergence
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laminated plate and
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double cavities coupled
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set as S-S-C-C. The determined geometric parameters are as follows: R0 5 0.6 m, R1 5 1.2 m,
R2 5 1.7 m, H5 0.5 m, α5 π/4, L2 5 2m, hp 5 0.024 m. The material used is [Glass/epoxy j
Boron/epoxy], and the layering angle is [�π/4 jπ/4]. As shown in Figure 5, the natural
frequency of the same order decrease with the increase of rotation angle ϑ. However, the
situation changes when the rotation angle ϑ 5 2π. Taking the rotary composite laminated
plate and conical–cylindrical double cavities coupled system as an instance, Table 7 gives the
first eight natural frequencies of the coupled system with various rotation angles. It can be
found fromTable 7 that the natural frequency at ϑ5 2π is basically the same as that at ϑ5 π.
In the case of coupling of the two acoustic walls, a closed loop will be formed, and repeated
modes will be generated, resulting in continuous expansion of the natural frequencies of each
order. These conditions explain why the natural frequency rises again when ϑ 5 2π in
Figure 5.

System type Method
Mode number

1 2 3 4 5 6 7 8

Cone–cylinder Present 33.182 33.182 47.200 59.918 59.918 64.703 64.703 86.115
FEM 33.183 33.183 47.204 59.920 59.920 64.701 64.701 86.118

Cone–plate–cylinder Present 31.081 31.311 39.149 39.152 62.059 66.339 67.719 74.426
FEM 31.074 31.100 39.066 39.170 62.034 62.091 67.690 73.946

The conical-cylindrical acoustic cavity 
coupled system

The rotary composite laminated plate and conical-
cylindrical double cavities coupled system
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ϑ

Mode number
1 2 3 4 5 6 7 8

π/4 84.953 149.439 169.809 171.897 180.560 193.876 223.370 226.293
π/2 74.921 84.917 94.274 113.247 149.379 169.133 171.665 180.493
3π/4 49.971 63.493 84.906 98.525 99.807 124.060 130.987 149.368
π 37.484 47.798 74.907 84.901 92.815 94.270 112.224 113.199
5π/4 29.986 38.305 59.949 75.919 84.897 89.848 90.051 103.915
3π/2 24.995 31.956 49.966 63.492 74.908 84.892 88.509 94.267
7π/4 21.429 27.402 42.826 54.561 64.223 81.189 84.894 85.581
2π 37.478 37.626 47.795 47.904 74.897 79.243 84.880 92.769

Table 6.
Accuracy analysis of

the conical–cylindrical
acoustic cavity coupled

system and rotary
composite laminated
plate and conical–
cylindrical double
cavities coupled

system at rotation
angle of 2π

Figure 5.
The variation curve of
the natural frequency

of the coupled systems
with different rotation

angles

Table 7.
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For the conical–cylindrical acoustic cavity coupled system and rotary composite laminated
plate and conical–cylindrical double cavities coupled system, it is necessary to analyze the
effects of conical cavity cone-apex angle α and cylindrical cavity height L2 on the natural
frequency of the coupled systems. The variations of natural frequencies of the coupled
systems with different cone-apex angle α and height L2 are presented in Figure 6.
The acoustic walls of cavities in this example are all rigid walls, and the boundary conditions
of the rotary plate are set as S-S-C-C. The determined geometric parameters are as follows:
R0 5 0.5 m, R1 5 1m, R2 5 1.5 m, H 5 0.5 m, ϑ 5 π/2, hp 5 0.018 m. The material used is
[Glass/epoxy j Boron/epoxy], and the layering angle is [�π/2 jπ/2]. As can be seen from
Figure 6, the natural frequency of the coupled system degrades with the decrease of cone-
apex angle α and the increase of height L2.

Compared with the conical–cylindrical acoustic cavity coupled system, the rotary
composite laminated plate and conical–cylindrical double cavities coupled system is also
affected by the relevant parameters of the composite laminated plate. The first eight natural
frequencies of the coupled system under different boundary conditions are shown in Table 8.
The acoustic walls of cavities in this example are all rigid walls. The geometric parameters of
the coupled system in Table 8 are as follows: R0 5 0.5 m, R1 5 1m, R2 5 1.5 m, H 5 0.5 m,
α5 π/6, L25 1.5 m, hp5 0.02 m, ϑ5 π/2. The material used is [Glass/epoxy j Boron/epoxy],
and the layering angle is [0 jπ/2]. It can be found fromTable 8 that the natural frequency of the
coupled system calculated by present method is basically consistent with the FE simulation
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results with different boundary conditions, which again proves the accuracy of the proposed
method. Meanwhile, the natural frequency of the coupled system increases with the increase
of the stiffness value of boundary springs, and the calculation results of elastic boundary 1
(E1) and elastic boundary 2 (E2) also verify the reliability of this conclusion.

Besides boundary conditions, the thickness of the plate is also necessary to be studied
parameterized. Figure 7 shows the influence trend of laminated plate thickness hp on the
natural frequency of the coupled system with different size conditions. The acoustic walls of
cavities in this example are all rigid walls, and the boundary conditions of the rotary
composite laminated plate are set as C-C-C-C. The determined geometric parameters are as
follows: α5 π/6, L25 1.5 m, ϑ5 π/2. The material used is [Glass/epoxy j Boron/epoxy], and
the layering angle is [0 jπ/2]. As can be seen from Figure 7, the natural frequency of the
coupled system shows an upward trend with the increase of hp.

3.3 Steady state response analysis
In this section, the displacement response and sound pressure response of the conical–
cylindrical acoustic cavity coupled system and rotary composite laminated plate and conical–
cylindrical double cavities coupled system under the excitation of point sound source are
researched. Figures 8 and 9 demonstrate the displacement and sound pressure response
curves of the coupled systems under monopole point sound source excitation at various
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Boundary
conditions Method

Mode number
1 2 3 4 5 6 7 8

FSFS Present 18.331 49.650 86.875 93.362 107.675 113.762 143.158 159.908
FEM 19.886 51.845 87.101 95.609 108.430 113.720 143.210 157.040

FCFC Present 55.957 83.038 87.549 107.606 113.702 129.403 143.319 169.696
FEM 55.560 83.867 88.011 107.970 113.710 131.490 143.390 169.960

SCSF Present 86.974 107.536 113.191 142.690 169.688 172.991 203.186 206.154
FEM 87.005 107.450 113.260 143.830 169.340 173.060 202.680 206.700

SCSC Present 86.986 107.541 113.211 142.753 169.693 173.034 203.211 206.379
FEM 87.009 107.470 113.260 143.850 169.360 173.070 202.730 206.730

CCCC Present 87.002 107.549 113.279 142.829 169.704 173.096 203.249 206.822
FEM 87.021 107.520 113.320 142.900 169.610 173.110 203.100 206.870

E1E1E1E1 Present 15.273 27.781 32.861 61.821 77.825 87.728 107.738 113.822
E2E2E2E2 Present 35.894 58.401 66.374 82.787 87.768 106.134 107.745 114.854

Figure 7.
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system with different
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observation points. The acoustic walls, boundary condition, geometric parameters, materials
used and layering angle of the coupled systems are consistent with those in Tables 4 and 5.
The action position of point sound source is at (0.77 , 0.69, 0.29 m) in cavity 1, observation
point 1 is located at (0.91 , 0.35, 0.38 m) in cavity 1, observation point 2 is located at (1.35 , 0.38,
0.48 m) in cavity 2, observation point 3 is located at (1.13 m, 0.65 m) on the surface of

observation point 1 (0.91m, 0.35m, 0.38m) observation point 2 (1.23m, 0.76m, 0.64m)
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composite laminated plate, observation point 4 is located at (0.16 , 0.85, 0.56 m) in cavity 1,
observation point 5 is located at (1.00 , 0.91, 0.64 m) in cavity 2 and observation point 6 is
located at (1.23 , 0.41, 0.86 m) in cavity 2. It can be seen from Figures 8 and 9 that the response
curve obtained by the proposedmethod is consistent with the results of FE simulation, which
proves the accuracy of the displacement and sound pressure response analysis model of the
coupled systems under the excitation of point sound source.

The sound pressure response of the coupled systems under the excitation of a point sound
source with different impedance value of the acoustic walls is presented in Figure 10. All the
six acoustic walls in the coupled systems are impedance walls, and the impedance values of
the acoustic walls are rigid, Z15 ρcc0 (100 – j) and Z25 ρcc0 (30 – j). The boundary condition,
geometric parameters, materials used and layering angle of the coupled systems are
consistent with those in Tables 4 and 5. The action position of point sound source is at (0.80 ,
0.71, 0.25 m) in cavity 1, observation point 1 is located at (0.85 , 0.42, 0.33 m) in cavity 1 and
observation point 2 is located at (1.15 , 0.45, 0.52 m) in cavity 2.

As shown in Figure 10, the amplitude of the sound pressure response is reduced, and the
effect of resonance suppression is achieved when the acoustic wall is changed to the
impedance wall, whose influence increases with the increase of the impedance value.
However, the variation of acoustic walls in the coupled systems does not affect the waveform
of the response.
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In the rotary composite laminated plate and conical–cylindrical double cavities coupled
system, if the point source excitation and the observation point are not in the same cavity, the
sound pressure response of the coupled system will be affected by the laminated plate
between the two cavities. To investigate the influence mechanism on the thickness of plate,
Figure 11 gives the sound pressure response curves of the observation points in the upper
conical cavity under the excitation of the point sound source in the lower cylindrical cavity
with different thicknesses of the laminated plate, where hp5 0mdenotes that there is no plate
between the two acoustic cavities, and the system is cylindrical-conical acoustic cavity
coupled system. The acoustic walls, boundary condition, geometric parameters, materials
used and layering angle of the coupled systems are consistent with those in Tables 4 and 5.
The action position of point sound source is at (1.23 , 0.41, 0.86 m) in cavity 2, observation
point 1 is located at (0.77 , 0.69, 0.29 m) in cavity 1 and observation point 2 is located at (0.91 ,
0.35, 0.38 m) in cavity 1. It is not difficult to know from Figure 11 that the amplitude of sound
pressure response curves at the same observation point decreases with the increase of the
plate thickness, especially the difference between the sound pressure response and the sound
pressure response of the composite laminated plate is apparent. The results show that the
composite laminated plate in the coupled system has an impact on the noise reduction, and
the effect increases with the increase of the thickness of composite laminated plate.

4. Conclusion
A unified analysis model of the rotary composite laminated plate and conical–cylindrical
double cavities coupled system is constructed in this investigation. First, the admissible
displacement and sound pressure functions of the rotary laminated plate and acoustic cavity
are presented. Second, the energy functional of the laminated plate structure domain and
cavity sound field domain is proposed. Then, the coupling potential energy between the
cavities and the plate-double cavities is introduced to obtain the total energy functional of the
coupled systems. Finally, the energy functional is solved by the Rayleigh–Ritz method.
The free vibration and steady-state response of the coupled systems are studied by the
numerical results of examples, and the following significant conclusions are obtained:

(1) The unified analysis model established in this paper has good convergence and
accuracy when the truncation values Mc 3 Nc 3 Qc 5 5 3 5 3 5 and
Mp 3 Np 5 10 3 10.

(2) Under the condition of free vibration, the natural frequency of the rotary composite
laminated plate and conical–cylindrical double cavities coupled system increases
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with the increase of the rotation angle, the spring stiffness, thickness of the plate and
cone-apex angle of the conical acoustic cavity. It decreases with the height of the
cylindrical acoustic cavity increasing.

(3) In the conical–cylindrical acoustic cavity coupled system and rotary composite
laminated plate and conical–cylindrical double cavities coupled system, the
impedance wall can reduce the amplitude of the sound pressure response and
suppress the resonance of the coupled systems. The effect of the impedance wall
increases with the increase of the impedance value but has no effect on the waveform
of the response. In the rotary composite laminated plate and conical–cylindrical
double cavities coupled system, the composite laminated plate has a good noise
reduction effect and increases with the increase of the plate thickness.
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