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Abstract
The author investigates realized comoments that overcome the drawback of conventional ones and derive the
following findings. First, the author proves that (even generalized) geometric implied lower-order comoments
yield neither geometric realized third comoment nor fourth moment. This is in contrast to previous studies that
produce geometric realized third moment and arithmetic realized higher-order moments through lower-order
implied moments. Second, arithmetic realized joint cumulants are obtained through complete Bell polynomials
of lower-order joint cumulants. This study’s realizedmeasures are unbiased estimators and they can, therefore,
overcome the drawbacks of conventional realized measures.

Keywords Realized joint cumulants, Realized comoments, Log returns, Implied moments,

Aggregation property

Paper type Research paper

1. Introduction
The framework suggested by Andersen et al. (2003) produces low-frequency variance from
high-frequency returns. This so-called realized variance is defined as a sum of squares of sub-
periodical returns. Kraus and Litzenberger (1976) and Dittmar (2002) demonstrate the
relationship between higher-order moments and expected returns, and the concept of the
realized variance has been extended to realized higher-order moments. In many studies,
including those of Amaya et al. (2015), Sim (2016), Kim (2016), Mei et al. (2017), Kinateder and
Papavassiliou (2019), and Ahmed and Al Mafrachi (2021) [1], a realized kth order moment is
defined as a sum of kth orders of sub-periodical returns. However, according to Amaya et al.
(2015) and Bae and Lee (2021), these conventional realized higher-order moments can reflect
neither the volatility of volatility nor cross-period relation among sub-periodical returns and
are, therefore, flawed. Several studies attempt to resolve these problems by providing
unbiased realized moments, and such research is summarized in Table 1.

The revised realized moments are developed based on Neuberger’s (2012) Aggregation
Property, through which the author presents arithmetic and geometric realized third
moments using changes in prices and implied variances [2]. Bae and Lee (2021) extend the
arithmetic realizedmoments in two folds. One is the extension ofmoments to comoments, and
the other is an extension of the order from three to four. Furthermore, Fukasawa and
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Matsushita (2021) provide arithmetic moments of general orders. However, to the best of the
author’s knowledge, geometric comoments, geometric moments above the third order and
arithmetic comoments above the fourth order have not yet been developed.

The current study attempts to complete Table 1. Our first target is the geometric realized
moments and comoments. Many financial studies use geometric returns (log-returns) because
they have useful features such as time-additivity. Accordingly, Neuberger (2012) proposes
geometric realized third moment. To find the missing geometric measures in the
aforementioned table, we extend information set to include lower order moments because
all the revised moments are obtained through the lower order moments. However, unlike the
aforementioned studies, the current research demonstrates that (even generalized) implied
variance and covariance do not yield realized third comoment, although they yield realized
covariance. Moreover, we reveal that (even generalized) implied third moment does not yield
realized fourth moments.

Our second target is the arithmetic realized comoments for general orders. We previously
mentioned the usefulness of the log-returns, and as shown in Table 1, arithmetic realized
comoments up to the fourth-order are developed. However, arithmetic returns are also aswell-
used as geometric returns, and financial studies require the estimation of higher-order
comoments. For example, Rubinstein (1973) extends the traditional Capital Asset Pricing
Model (CAPM)

E½ri� ¼ rf þ λE½ðrM � E½rM �Þðri � E½ri�Þ�
with λ ¼ 1

σ2
M

E½rM − rf � to

E½ri� ¼ rf þ
X∞
l¼2

λlE
h
ðrM � E½rM �Þl−1ðri � E½ri�Þ

i
;

and Chung et al. (2006) and Hung (2008) demonstrate that comoments above the fourth order
are priced. Accordingly, we attempt to identify the realized comoment above the fourth-order
under the arithmetic sense. To do so, we extend Fukasawa andMatsushita’s (2021) arithmetic
realized cumulants [3]. While Neuberger (2012) and Bae and Lee (2021) attempt to obtain all
functions satisfying the Aggregation Property given information set, Fukasawa and
Matsushita (2021) present a rule among realized cumulants. Adopting their methodology, we
obtain arithmetic realized joint cumulants through complete Bell polynomials of lower-order
joint cumulants. Our realized measures are unbiased estimators and they can, therefore,
overcome the drawbacks of conventional realized measures.

The rest of the paper is organized as follows. Neuberger’s (2012) Aggregation Property is
reviewed, and generalized geometric moments are defined in section 2. The non-existence of
geometric higher order moments and comoments is demonstrated in section 3. Joint

Order Arithmetic realized moments Geometric realized moments

Panel A. Realized moments
3 Neuberger (2012) Neuberger (2012)
4 Bae and Lee (2021) -
Above 4 Fukasawa and Matsushita (2021) -

Panel B. Realized comoments
3 Bae and Lee (2021) -
4 Bae and Lee (2021) -
Above 4 - -

Table 1.
Revised realized
moments and
comoments
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cumulants are explained and arithmetic realized joint cumulants outlined in section 4. Finally,
concluding remarks are presented in section 5.

2. Preliminary: aggregation property and generalized geometric realized
moments
Consider a martingale process St and a partition ft0; t1; . . . ; tNg on ½0;T� such that
0 ¼ t0 ≤ t1 ≤ t2 ≤ . . . ≤ tN ¼ T. Equation (1) holds for k ¼ 2.

E0

h
ðST � S0Þk

i
¼ E0

"XN
j¼1

�
Stj � Stj�1

�k#
(1)

Owing to this relation,
PN

j¼1ðStj − Stj− 1
Þ2 is referred to as realized second moment or

realized variance. However, Equation (1) does not hold for the higher-order (k≥ 3), which
makes obtaining realized higher-order moments non-straightforward. To solve this
problem, Neuberger (2012) proposes the aggregation property that generalizes
Equation (1) as follows.

Definition 2.1. Aggregation property

Let X ¼ ðXt; 0≤ t ≤TÞ be an adapted vector-valued stochastic process defined on a
filtration. A function g on a vector-valued process X satisfies the AP (aggregation property) if

Er½gðXu � XrÞ� ¼ Er½gðXu � XtÞ� þ Er½gðXt � XrÞ�; ∀ðr; t; uÞ 0≤ r≤ t ≤ u≤T: (2)

Owing to the law of the iterated expectations, when a function g satisfies the AP, we have

E0½gðXT � X0Þ� ¼ E0

"XN
j¼1

g
�
Xtj � Xtj�1

�#
: (3)

In this regard,
PN

j¼1gðXtj −Xtj− 1
Þ can be called a realized E0½gðXT −X0Þ�.

To develop the realized moments of log returns, Xt needs to contain log prices st ¼ lnSt,
and additional arguments can contribute to constructing the abundant functions that satisfy
the AP. For example, Neuberger (2012) uses Δs and ΔvN that are changes in log price st and
specific generalized variance vNt , respectively. Furthermore, he demonstrates that eΔs − 1,Δs,
ΔvN , eΔsðΔvN þ 2ΔsÞ, and their linear combination satisfy the APwhen the stock price St is a
martingale. Thus, the following form satisfies the AP.

gN
�
Δs;ΔvN

� ¼ −12
�
eΔs � 1

�þ 6Δs� 3ΔvN þ 3eΔs
�
ΔvN þ 2Δs

�
¼ 3ΔvN

�
eΔs � 1

�þ 6
�
ΔseΔs � 2eΔs þ Δsþ 2

�
(4)

Moreover, the martingale property yields Et ½gN ðlnST − lnSt ; v
N
T − vNt Þ� ¼ Et½KðlnST − lnStÞ�

for KðxÞ ¼ 6ðxex − 2ex þ xþ 2Þ ¼ x3 þ Oðx4Þ. Thus, Neuberger (2012) refers to,XN
j¼1

gN
�
lnSj � lnSj−1; v

N
tj
� vNtj−1

�
(5)

as a realized third moment of log return lnST − lnS0. However, the study presents neither any
realized comoments nor realized fourthmoments. It may be resolved by additional information of
their lower-order implied comoments of log returns. According to Neuberger (2012), implied
variance contributes to constructing the realized third moment for both arithmetic and log
returns. Similarly, Bae and Lee (2021) show that realized comoments for the arithmetic returns
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require lower-order moments and comoments. Thus, implied covariance and variances of log
returns may contribute to the realized third comoment of log returns, and implied variance and
third moment of log returns may contribute to the realized fourth moment of log returns.

To consider covariation, we use two martingale processes S1;t and S2;t, and their log
values are s1;t and s2;t, respectively. For the variant functions satisfying the AP, we allow
flexibility on the forms of implied comoments, and we define generalized comoments as
follows [4].

Definition 2.2. (Implied) generalized (k, l)-comoment

We refer to Et½f k;lðs1;T − s1;t; s2;T − s2;tÞ� as a generalized (k, l)-comoment at time twhen f k;l is

an analytic function such that f k;l ða;bÞ
akbl

→ 1 as ða; bÞ→ ð0; 0Þ. For convenience, we call it a

generalized (kþ l)-moment and replace f k;l with f kþl if k or l is zero.
Equipped with the above log prices processes and implied comoments, we

investigate higher-order realized comoments. Consider a partitioned vector
process x ¼ ðs1; s2;mÞ, where m is a vector process of comoments. When a function
g satisfies

E0

"XN
j¼1

g
�
xtj � xtj�1

�# ¼ E0

�
gk;lr ðs1;T � s1;0; s2;T � s2;0Þ

�
(6)

with a function gk;lr ð$; $Þ such that

gk;lr ðs1;T � s1;0; s2;T � s2;0Þ≈ ðs1;T � s1;0Þkðs2;T � s2;0Þl ; (7)

E0½
PN

j¼1 gðxtj − xtj− 1
Þ� is close to ordinary comoment. Thus, a realized comoment is defined

as follows.

Definition 2.3. Realized (k,l)-comoment

For a partitioned vector process x ¼ ðs1; s2;mÞ including a vector process mt, let us callXN
j¼1

g
�
xtj � xtj�1

�
(8)

a realized (k, l)-comoment if a function g satisfies the AP and is decomposed as follows

gðxτ � xtÞ ¼ fðxτ � xtÞ þ gk;lr ðs1;τ � s1;t; s2;τ � s2;tÞ; (9)

where f is a function that satisfies Et½fðxT − xtÞ� ¼ 0, and gk;lr is a function such that that
g
k;l
r ða;bÞ
akbl

→ 1 as ða; bÞ→ ð0; 0Þ. For convenience, we refer to Equation (8) as a realized (kþ l)-
moment if k or l is zero.

Note that when a function g satisfies the AP and has the decomposition in Equation (9),
we have

E0

"XN
j¼1

g
�
xtj � xtj�1

�# ¼ E0½gðxT � x0Þ� ¼ E0

�
gk;lr ðs1;T � s1;0; s2;T � s2;0Þ

�
: (10)

Thus, it is close to the standard comoment when gk;lr ðs1;T − s1;0; s2;T − s2;0Þ≈
ðs1;T − s1;0Þk ðs2;T − s2;0Þl.
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3. Nonexistence of geometric realized higher-order comoments
Based onDefinition 2.2, wedenote the generalized 2-moment for the asset i∈ f1; 2gas viwith its
underlying function f 2ð$Þ. In addition, let us denote the generalized comoment as vc with its
underlying function f 1;1ð$; $Þ. We first investigate the function satisfying the AP given the
information set x that includes log prices (s1, s2), variances (v1, v2) and covariance (vc) as follows.

Proposition 3.1. An analytic function g satisfies the AP on the vector valued process
x ¼ ðs1; s2; v1; v2; vcÞ if and only if g is represented as follows:

gðΔs1;Δs2;Δv1;Δv2;ΔvcÞ ¼ h1
�
eΔs1 � 1

�þ h2Δs1 þ h3
�
eΔs2 � 1

�þ h4Δs2
þ h5Δv1 þ h6Δv2 þ h7Δvc þ h8ðΔv1 � 2Δs1Þ2
þ h9ðΔv2 � 2Δs2Þ2 þ h10ðΔv1 � 2Δs1ÞðΔv2 � 2Δs2Þ
þ h11e

Δs1ð2Δvc � Δv2 þ 2Δs2Þ þ h12e
Δs2ð2Δvc � Δv1 þ 2Δs1Þ

þ h13e
Δs1ðΔv1 þ 2Δs1Þ þ h14e

Δs2ðΔv2 þ 2Δs2Þ
(11)

for some constants h1; � � � ; h14, which satisfy one of the following five conditions:

(1) h12 ¼ h13 ¼ h14 ¼ 0, f 1;1ðΔs1;Δs2Þ ¼ Δs2ðeΔs1 − 1Þ and f 2ðΔsÞ ¼ 2ðeΔs −Δs − 1Þ,
(2) h11 ¼ h13 ¼ h14 ¼ 0, f 1;1ðΔs1;Δs2Þ ¼ Δs1ðeΔs2 − 1Þ and f 2ðΔsÞ ¼ 2ðeΔs −Δs − 1Þ,
(3) h11 ¼ h12 ¼ h13 ¼ h14 ¼ 0 and f 2ðΔsÞ ¼ 2ðeΔs −Δs − 1Þ,
(4) h8 ¼ h9 ¼ h10 ¼ h11 ¼ h12 ¼ 0 and f 2ðΔsÞ ¼ 2ðΔseΔs −Δsþ 1Þ,
(5) h8 ¼ h9 ¼ h10 ¼ h11 ¼ h12 ¼ h13 ¼ h14 ¼ 0.

The proof is provided in Appendix 1.
Proposition 3.1 uses the information of implied covariance vc in addition to the variation of

a single process in Neuberger (2012). It makes it possible to obtain new terms that satisfy the
AP: the 10th term ðΔv1 − 2Δs1ÞðΔv2 − 2Δs2Þ with conditions (1), (2) and (3), the 11th term
eΔs1ð2Δvc −Δv2 þ 2Δs2Þ with condition (1), and 12th term eΔs2ð2Δvc −Δv1 þ 2Δs1Þ with
condition (2). These new terms are generalizations of ðΔv1 − 2Δs1Þ2 and eΔs1ðΔv1 þ 2Δs1Þ
observed in Neuberger (2012) in that the new terms become these when we set S2;t to be
identical to S1;t. The new terms may contribute to constructing new realized comoments, and
Corollary 3.2 states the result.

Corollary 3.2. When the information set is given by x ¼ ðs1; s2; v1; v2; vcÞ, there is not a
realized (2,1)-comoment but a realized (1,1)-comoment.

The proof is in Appendix 1.
According to Corollary 3.2, we could not obtain realized (2,1)-comoment even when we have

all its lower-ordermoment and comoment. This result is in contrast to Neuberger (2012) and Bae
and Lee (2021), who obtain the realized third moment under both the arithmetic and log return
and realized third comoment under the arithmetic return through their lower-order moments.
Instead, Corollary 3.2 shows that Δvc with Δv1 or Δv2 produces the realized (1,1) comoment
through

gðΔs1;Δs2;Δv2;ΔvcÞ ¼ −Δvc þ 1

2
Δv2 þ 1

2
eΔs1ð2Δvc � Δv2 þ 2Δs2Þ � Δs2

¼ �eΔs1 � 1
��

Δvc � 1

2
Δv2
	
þ �eΔs1 � 1

�
Δs2;

(12)
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or
gðΔs1;Δs2;Δv2;ΔvcÞ ¼

�
eΔs2 � 1

��
Δvc � 1

2
Δv1
	
þ �eΔs2 � 1

�
Δs1: (13)

Now, let us investigate functions satisfying the AP when the information includes higher-
ordermoments for the single security. They are log price (s), implied secondmoment ðm2Þand
implied third moment ðm3Þ, where the underlying function for the kth moment is denoted
by f kð$Þ.

Proposition 3.3. An analytic function g on a vector valued process x ¼ ðs;m2;m3Þhas the
Aggregation Property on the vector valued process x if and only if g is
represented as follows:

gðΔs;Δm2;Δm3Þ ¼ h1
�
eΔs � 1

�þ h2Δsþ h3Δm2 þ h4Δm3

þ h5ðΔm2 þ aΔm3 � 2ΔsÞ2 þ h6ðΔm2 þ aΔm3 þ 2ΔsÞeΔs (14)

for some constants h1; � � � ; h6 and a, which satisfy one of the following three conditions:

(1) h5 ¼ h6 ¼ 0.

(2) h6 ¼ 0 and f 2ðΔsÞ þ af 3ðΔsÞ ¼ 2ðeΔs −Δs − 1Þ for the constant a.
(3) h5 ¼ 0 and f 2ðΔsÞ þ af 3ðΔsÞ ¼ 2ðΔseΔs − eΔs þ 1Þ for the constant a.

The proof is provided in Appendix 1.
Proposition 3.3 shows that three terms are satisfying the AP and containing m3; the 4th,

5th and 6th terms in Equation (14). The AP of the 4th termΔm3 is trivial because it is a (non-
transformed) given process. Except for the 4th term,Δm3 always appears withΔm2 and a as
Δm2 þ aΔm3 with specific forms of f 2ðΔsÞ þ af 3ðΔsÞ, which satisfies the condition of a
generalized second moment. Proposition 3.3 is therefore equivalent to a result under
information set x ¼ ðs; ~m2Þ with a generalized second moment ~m2 ¼ m2 þ am3 that is

obtained from ~f
2 ¼ f 2 þ af 3. It implies that the additional information of m3 to the

information set does not produce any non-trivial function satisfying the AP. Related to this,
Corollary 3.4 indicates that there is no realized fourth moment.

Corollary 3.4. When the information set is given by x ¼ ðs;m2;m3Þ, there is no realized 4-
moment.

The proof is similar to that for Corollary 3.4.

4. Arithmetic realized joint cumulants
According to section 3, there is some skepticism about the geometric realized higher-order
comoments. However, as mentioned in section 1, financial studies state the importance of the
higher-order comoments even above the fourth-order. Different from geometric comoments,
arithmetic ones up to the fourth-order are available (recall Table 1). This section provides an
investigation of the arithmetic comoments of general orders. Strictly speaking, our goal is to
present realized joint cumulants. Because these are lesser-known, let us see their definitions.

Definition 4.1. Cumulants and joint cumulants

The lth cumulant of a random variable Y is defined by

κlðY Þ ¼ vl

vul
lnE½expðuY Þ�






u¼0

: (15)
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The joint cumulant of random variables Y1;Y2; . . . ;Yl is defined by

κðY1;Y2; . . . ;YlÞ ¼ vl

vu1vu2 � � � vul lnE
"
exp

 Xl

i¼1

uiYi

!#





u1¼���¼ul¼0

: (16)

Recent studies such as Khademalomoom et al. (2019), Ahmed and Al Mafrachi (2021) and Cui
et al. (2022) deal with the first six moments. Accordingly, the first six cumulants κlðY Þ are
described in the second column of Table 2. The cumulants are kinds of normalized moments
because κlðY Þ ¼ 0 for l ≥ 3 when Y follows a normal distribution. Moreover, a cumulant is a
joint cumulant of an identical random variable with itself. In other words,

κlðY Þ ¼ κðY1; . . . ;YlÞ; for Y1 ¼ � � � ¼ Yl ¼ Y : (17)

Moreover, for any constant number a, we have

κlðYM þ aY Þ ¼
Xl

k¼0

ak
�
l

k

	
κl−k;kðYM ;Y Þ; (18)

where κl−k;kðYM ;Y Þ ¼ κðYM ; � � � ;YM ;Y ; � � � ;Y Þwith l − kYMs and kYs, and κl−k;kðYM ;Y Þ
is linked to the comoment E½Y l−k

M Yk�. For example, κ0;1ðYM ;Y Þ, . . . and κ5;1ðYM ;Y Þ are
described in the third column of Table 2.

Fukasawa and Matsushita (2021) present the relationships between cumulants and the
AP, and the result is summarized as follows.

E0

"XN
j¼1

BL

�
Xtj � Xtj�1

�# ¼ E0½BLðXT � X0Þ� ¼ 0κLðSTÞ; ½5� (19)

where BL is the Lth complete Bell polynomial defined as

BLðy1; � � � ; yLÞ ¼ vL

vuL
exp

 XL
l¼1

ul

l!
yl

!





u¼0

; (20)

and Xt ¼ ðSt;M
ð2Þ
t ;M

ð3Þ
t ; . . . ;M

ðL−1Þ
t ; 0Þwith M

ðlÞ
t ¼ tκlðSTÞ. Equation (19) implies thatXN

j¼1

BL

�
Xtj � Xtj�1

�
(21)

is an unbiased estimator of 0κLðSTÞ. Therefore, it can overcome drawbacks of conventional
realized moments. Accordingly, the authors name Equation (21) the realized Lth cumulant.
For illustration, the realized cumulants of orders 2–6 are presented in Table 3. As stated in
Neuberger (2012), Amaya et al. (2015), and Bae and Lee (2021), when l is not two, each

summand requires additional terms more than ðΔStjÞl. For example, ΔM ð2Þ
tj
ΔStj can reflect

leverage effect when l 5 3, and ΔM ð2Þ
tj
ðΔStjÞ2 can reflect volatility structure when l 5 4.

By extending Fukasawa and Matsushita (2021), we provide realized joint cumulants in
Proposition 4.2.

Proposition 4.2. For martingale processes S1;t and S2;t, let us define cM
real
L−1;1ðS1; S2Þ as

follows

cMreal
L−1;1ðS1; S2Þ ¼

XN
j¼1

XL−1
k¼1

�
L� 1
k

	
BL−k

�
ΔM ð1;0Þ

tj
; � � � ;ΔM ðL−k;0Þ

tj

�
ΔM ðk−1;1Þ

tj
(22)
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l
κ l
ðY

Þ
κ l
−
1;
1
ðY

M
;Y

Þ
1

E
½Y

�
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�
2
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�
E
½b Y M

b Y�
3

E
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�
E
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½b Y M

b Y�
N
o
te
(s
):
T
h
e
se
co
n
d
co
lu
m
n
p
re
se
n
ts
cu
m
u
la
n
ts
of
a
ra
n
d
om

v
ar
ia
b
le
Y
.T

h
e
th
ir
d
co
lu
m
n
p
re
se
n
ts
jo
in
t
cu
m
u
la
n
ts
κ l
−
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e
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Table 2.
The first six cumulants
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1
ðΔ

S
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Þ2

3
P N j¼

1
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S
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þ
3Δ

M
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with ΔM ðl−k;kÞ
tj

¼ M
ðl−k;kÞ
tj

−M
ðl−k;kÞ
tj−1

and M
ðl−k;kÞ
t ¼ tκl − k;kðS1;T ; S2;TÞ. Then, we have

E0

h
cMreal

L−1;1ðS1; S2Þ
i
¼ 0κL�1;1ðS1;T ; S2;TÞ: (23)

Proof is provided in Appendix 2.
Based on Proposition 4.2, we canmeasure the relationship between S1 and S2 well through

cMreal
L−1;1ðS1; S2Þ. Because of Equation (23), it is an unbiased estimator of 0κL− 1;1ðS1;T ; S2;TÞ.

Therefore, it can overcome drawbacks of conventional measures. For illustration, detailed
forms of cMreal

l−1;1ðS1; S2Þ up to order six are presented in Table 4. Like the result of Table 3, it
shows that the fifth joint cumulant cMreal

4;1 ðS1; S2Þ requires more than
PN

j¼1ðΔS1;tjÞ4ΔS2;tj. For
example, it additionally requires

PN
j¼1ΔM

ð4;0Þ
tj

ΔS2;tj, which is related to covariation between

the second asset return and the kurtosis of the first asset return. Similarly, cMreal
5;1 ðS1; S2Þ

requires more than
PN

j¼1ðΔS1;tjÞ5ΔS2;tj.

5. Concluding remarks
Neuberger (2012), Bae and Lee (2021), and Fukasawa andMatsushita (2021) demonstrate that
realized third geometricmoments and realized arithmeticmoments of any orders are obtained
by combining their lower-order impliedmoments and comoments. Extending the information
set is therefore a natural trial to yield the higher order moments and comoments. Unlike
previous studies, we show that geometric lower-order implied comoments do not yield
geometric realized fourth moment and third comoment but yield geometric realized
covariance only. The main reason for the non-existence is that the extension of the geometric
information set does not produce additional non-trivial terms; the productions are only
transformations of Neuberger (2012). Although this approach does not yield a meaningful
measure, presenting this result can prevent the same trial and error for other scholars.

Furthermore, we yield the arithmetic realized lth joint cumulants, which are linked to

E½ðS1;T − S1;0Þl−1ðS2;T −S2;0Þ�. Several financial theories apply them; for example, the extended

CAPM includes E½ðrM −E½rM �Þl−1ðri −E½ri�Þ� for l ≥ 2. Given the drawbacks of conventional
realized comoments, we believe that empirical studies can use our measure in the future.

Depending on combinations of assets, there are other joint cumulants such as

E½ðrM −E½rM �Þl−2ðri −E½ri�Þ2� or E½ðrM −E½rM �Þl−3ðri −E½ri�Þ3�. We do not investigate
them because they currently seem irrelevant to financial studies. However, we may obtain
them as proof of Proposition 4.2 when the financial studies require them.

Notes

1. They use the realized moments for various purposes. Amaya et al. (2015) and Sim (2016) show that
realized third moments can explain stock returns. Kim (2016) investigates the forecasting power of
implied moments about realized moments. Mei et al. (2017) show realized third and fourth moments
are related to future volatility. Kinateder and Papavassiliou (2019) show that realized fourth moment
can predict sovereign bond returns during a crisis. Ahmed andAlMafrachi (2021) show that realized
moments up to the fifth-order can explain cryptocurrency returns.

2. Implied moments can be obtained from options (Bakshi and Madan, 2000; Bakshi et al., 2003; Kang
et al., 2009; Neuberger, 2012).

3. Cumulants are normalized moments. See section 4 for details.

4. The rest of this section is preliminary of section 3 that proves the non-existence of the geometric
realized comoments. Therefore, readers that are only interested in the form of the realized
comoments should move to section 4.
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5. A left superscript t of κmeans a time-t conditional one. For example, tκLðY Þ ¼ vL

vuL
lnEt ½expðuY Þ�






u¼0

:

6. The ten coefficients, b0; � � � ; b5; b12; b14; b23; b25;and b26 are replaced with d5; � � � ; d14. More precisely,
ðd5; d8; d12; d13Þ replace ðb1; b4; b12; b25Þ, ðd6; d9; d11; d14Þ replace ðb2; b3; b14; b26Þ, d10 replaces b23, and
d7 replaces b0, given b3 and b12.
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Appendix 1

Proofs for Propositions and Corollaries in Section 3
Beginnings of the proofs for Propositions 3.1 and 3.3 are identical. We denote them as common property
A as follows:

Common property A: A common necessary condition of g that satisfies the aggregation property.
Consider a vector-valued process fðlnS1ðtÞ; lnS2ðtÞ;MðtÞÞ : t ¼ 0; 1; 2g. In addition, let

ðlnS1; lnS2;MÞ : ð0; 0;mÞ →

8>>>>><>>>>>:

ðs1;1; s2;1; αÞ →

�
s1;1 þ η1; s2;1 þ η2; 0

!�
Pr ¼ π1�

s1;2; s2;2; 0
!�

→

�
s1;2; s2;2; 0

!�
Pr ¼ π2

..

. ..
. ..

.�
s1;n; s2;n; 0

!�
→

�
s1;n; s2;n; 0

!�
Pr ¼ πn

t : 0 → 1 → 2

(A1)

with
Pn
j¼1

πj ¼ 1,
Pn
j¼1

πj expðsi;jÞ ¼ 1, E½expðηiÞ� ¼ 1, E½f k;lðη1; η2Þ� ¼ αk;l, α ¼ ðα2;0; α1;1; α0;2; α0;3Þ and

m ¼ ðm2;0;m1;1;m0;2;m0;3Þwhere

mk;l ¼ π1E
h
f k;lðs1;1 þ η1; s2;1 þ η2Þ

i
þ
Xn
j¼2

πjf
k;lðs1;j; s2;jÞ; (A2)

and f k;l is a generalizedmoment function such that f k;lð0; 0Þ ¼ 0, lim
ða;bÞ→ð0;0Þ

f k;l ða;bÞ
akbl

¼ 1, f k;lða; bÞ ¼ f l;kðb; aÞ,
and f kðaÞ ¼ f k;0ða; bÞ.

When the process satisfies the aggregation property, we have

E½gðs1;1 þ η1; s2;1 þ η2;�mÞ� ¼ gðs1;1; s2;1; α�mÞ þ E½gðη1; η2;�αÞ� (A3)

with gð0; � � � ; 0Þ ¼ 0. Differentiating Equation (A3) with respect to the (k − 2)th term of m, we obtain

E½gkðs1;1 þ η1; s2;1 þ η2;�mÞ� ¼ gkðs1;1; s2;1; α�mÞ; for k ¼ 3; � � � ; 6; (A4)

where gk is a partial differentiation with respect to the kth term. By substituting ðs1;1; s2;1Þ ¼ ð0; 0Þ and
m ¼ α into Equation (A4), we obtain:

E½gkðη1; η2;�αÞ� ¼ gk

�
0; 0; 0

!�
; for k ¼ 3; � � � ; 6: (A5)

Then, by Lagrangian, we have

gkðs1; s2;MÞ ¼ ak;0 þ Ak;1ðMÞðes1 � 1Þ þ Ak;2ðMÞðes2 � 1Þ þ Ak;3ðMÞ�f 2ðs1Þ þM2;0

�
þ Ak;4ðMÞ�f 1;1ðs1; s2Þ þM1;1

�þ Ak;5ðMÞ�f 2ðs2Þ þM0;2

�
þ Ak;6ðMÞ�f 3ðs1Þ þM3;0

�
(A6)

where ak;0 is a constant and Ak;1; � � � ;Ak;6 are functions of M. If we substitute Equation (A6),
ðs1;1; s2;1Þ ¼ ð0; 0Þ and m ¼ α except for the ðl − 2Þth term into Equation (A4), we obtain:
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Ak;lð−mÞðαl−2 �ml−2Þ ¼ Ak;lð0; � � � ; 0; αl−2 �ml−2; 0; � � � ; 0Þðαl−2 �ml−2Þ: (A7)

Because π, si;j and α are arbitrary, Ak;3ðMÞ; � � � ;Ak;6ðMÞ are constants. Thus, Equation (A7) is can be
rewritten with notations of ak;3; . . . ; ak;6, as follows:

gkðs1; s2;MÞ ¼ ak;0 þ Ak;1ðMÞðes1 � 1Þ þ Ak;2ðMÞðes2 � 1Þ þ ak;3
�
f 2ðs1Þ þM2;0

�
þ ak;4

�
f 1;1ðs1; s2Þ þM1;1

�þ ak;5
�
f 2ðs2Þ þM0;2

�þ ak;6
�
f 3ðs1Þ þM3;0

�
:

(A8)

To investigate Ak;1ðMÞ and Ak;2ðMÞ, let us substitute (A8) into (A4) and differentiate it with respect
to ml. It yields

vAk;1ð−mÞ
vml

¼ vAk;1ðα�mÞ
vml

;
vAk;2ð−mÞ

vml

¼ vAk;2ðα�mÞ
vml

for l ¼ 3; . . . ; 6: (A9)

Therefore, Ak;1ðMÞ and Ak;2ðMÞ are affine functions. Accordingly, (A8) is represented as follows:

gkðs1; s2;MÞ ¼ ak;0 þ ðbk;0 þ bk;1M2;0 þ bk;2M1;1 þ bk;3M0;2 þ bk;4M3;0Þðes1 � 1Þ
þ ðck;0 þ ck;1M2;0 þ ck;2M1;1 þ ck;3M0;2 þ ck;4M3;0Þðes2 � 1Þ
þ ak;3

�
f 2ðs1Þ þM2;0

�þ ak;4
�
f 1;1ðs1; s2Þ þM1;1

�þ ak;5
�
f 2ðs2Þ þM0;2

�
þ ak;6

�
f 3ðs1Þ þM3;0

�
:

(A10)

Proof for Proposition 3.1
(Proof for the first statement)

We use the common property A with restricting the M ¼ ðV1;V2;VcÞwith V1 ¼ M2;0, V2 ¼ M0;2

and Vc ¼ M1;1. Similarly, we use notations m ¼ ðv1; v2; vcÞ and α ¼ ðα1; α2; αcÞ. In addition, f and fc
replace f 2 and f 1;1, respectively. By integrating (A10) with respect to V1, Vc and V2, we can obtain three
different forms of gðs1; s2;V1;V2;VcÞ as follows.

gðs1; s2;V1;V2;VcÞ ¼ a1;0V1 þ
�
b1;0V1 þ 1

2
b1;1V

2
1 þ b1;2V1Vc þ b1;3V1V2

	
ðes1 � 1Þ

þ
�
c1;0V1 þ 1

2
c1;1V

2
1 þ c1;2V1Vc þ c1;3V1V2

	
ðes2 � 1Þ

þ a1;3

�
f ðs1ÞV1 þ 1

2
V 2

1

	
þ a1;4ðfcðs1; s2ÞV1 þ V1VcÞ

þ a1;5ðf ðs2ÞV1 þ V1V2Þ þ g1ðs1; s2;V2;VcÞ:

(A11)

gðs1; s2;V1;V2;VcÞ ¼ a2;0Vc þ
�
b2;0Vc þ b2;1V1Vc þ 1

2
b2;2V

2
c þ b2;3VcV2

	
ðes1 � 1Þ

þ
�
c2;0Vc þ c2;1V1Vc þ 1

2
c2;2V

2
c þ c2;3VcV2

	
ðes2 � 1Þ

þ a2;3ðf ðs1ÞVc þ V1VcÞ þ a2;4

�
fcðs1; s2ÞVc þ 1

2
V 2

c

	
þ a2;5ðf ðs2ÞVc þ VcV2Þ þ g2ðs1; s2;V1;VcÞ:

(A12)
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gðs1; s2;V1;V2;VcÞ ¼ a3;0V2 þ
�
b3;0V2 þ b3;1V1V2 þ b3;2VcV2 þ 1

2
b3;3V

2
2

	
ðes1 � 1Þ

þ
�
c3;0V2 þ c3;1V1V2 þ c3;2VcV2 þ 1

2
c3;3V

2
2

	
ðes2 � 1Þ

þ a3;3ðf ðs1ÞV2 þ V1V2Þ þ a3;4ðfcðs1; s2ÞV2 þ VcV2Þ

þ a3;5

�
f ðs2ÞV2 þ 1

2
V 2

2

	
þ g3ðs1; s2;V1;V2Þ:

(A13)

with some functions g1, g2, and g3. By combining Equations (A11), (A12) and (A13), we obtain

gðs1; s2;V1;V2;VcÞ ¼ b0Vc þ b1V1 þ b2V2 þ ðes1 � 1Þðb3Vc þ b4V1 þ b5V2

þ b6VcV1 þ b7VcV2 þ b8V1V2 þ b9V
2
c þ b10V

2
1 þ b11V

2
2

�
þ ðes2 � 1Þðb12Vc þ b13V1 þ b14V2 þ b15VcV1

þ b16VcV2 þ b17V1V2 þ b18V
2
c þ b19V

2
1 þ b20V

2
2

�
þ b21ðf ðs1ÞVc þ V1Vc þ V1fcðs1; s2ÞÞ
þ b22ðf ðs2ÞVc þ V2Vc þ V2fcðs1; s2ÞÞ
þ b23ðf ðs2ÞV1 þ V1V2 þ f ðs1ÞV2Þ þ b24ð2fcðs1; s2Þ þ VcÞVc

þ b25ð2f ðs1Þ þ V1ÞV1 þ b26ð2f ðs2Þ þ V2ÞV2 þ gsðs1; s2Þ

(A14)

for some constants b1; � � � ; b26 and a function gs such that gsð0; 0Þ ¼ 0.
Based on ðη1; η2Þ, which are in Equation (A1), let us construct ðηp1; ηp2Þ ¼

� ðη1; η2Þ Pr ¼ p

ð0; 0Þ; Pr ¼ 1− p
for

a constant p in [0,1]. For i∈ f1; 2g, we haveE½eη p

i � ¼ 1,E½f ðη p
i Þ� ¼ αipandE½fcðη p

1; η
p
2Þ� ¼ αcp. Then, by

substituting Equation (A14) into (A3) and ðηp1; η p
2Þ into ðη1; η2Þ, we obtain:

0 ¼ pðes11 � 1Þ

0BBB@
b3αc þ b4α1 þ b5α2 þ b6ðαcα1p� α1vc � αcv1Þ
þ b7ðα2αcp� α2vc � αcv2Þ þ b8ðα1α2p� α2v1 � α1v2Þ
þ b9

�
α2
c p� 2αcvc

�þ b10
�
α2
1p� 2α1v1

�þ b11
�
α2
2p� 2α2v2

�
1CCCA

þ pðes21 � 1Þ

0BBB@
b12αc þ b13α1 þ b14α2 þ b15ðαcα1p� α1vc � αcv1Þ
þ b16ðα2αcp� α2vc � αcv2Þ þ b17ðα1α2p� α2v1 � α1v2Þ
þ b18

�
α2
c p� 2αcvc

�þ b19
�
α2
1p� 2α1v1

�þ b20
�
α2
2p� 2α2v2

�
1CCCA

þ pb21

� ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þvc þ f ðs11Þαc þ α1fcðs11; s21Þ
þ ðE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞv1

	
þ pb22

� ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þvc þ f ðs21Þαc þ α2fcðs11; s21Þ
þ ðE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞv2

	
þ pb23

� ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þv1 þ f ðs21Þα1 þ f ðs11Þα2

þ ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þv2

	
þ 2pb24ððE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞvc þ fcðs11; s21ÞαcÞ
þ 2pb25ððE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þv1 þ f ðs11Þα1Þ
þ 2pb26ððE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þv2 þ f ðs21Þα2Þ
� pE½gsðs11 þ η1; s21 þ η2Þ� þ pgsðs1; s2Þ þ pE½gsðη1; η2Þ�

(A15)
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Because (A15) holds for arbitrary p, the coefficient of p2 should be zero.

0 ¼ ðes11 � 1Þ�b6αcα1 þ b7α2αc þ b8α1α2 þ b9α2
c þ b10α2

1 þ b11α2
2

�
þ ðes21 � 1Þ�b15αcα1 þ b16α2αc þ b17α1α2 þ b18α2

c þ b19α2
1 þ b20α2

2

� (A16)

Furthermore, because s11 and s21 are arbitrary, we have:

b6αcα1 þ b7α2αc þ b8α1α2 þ b9α2
c þ b10α2

1 þ b11α2
2 ¼ 0 (A17)

b15αcα1 þ b16α2αc þ b17α1α2 þ b18α2
c þ b19α2

1 þ b20α2
2 ¼ 0 (A18)

Given α1 and α2, we can construct arbitrary αc. Therefore, Equation (A17) yields:

b9 ¼ b6α1 þ b7α2 ¼ b8α1α2 þ b10α2
1 þ b11α2

2 ¼ 0 (A19)

Adopting this logic to Equation (A18) instead of (A17) and to α1 or α2 instead of αc, we can obtain

b6 ¼ b7 ¼ � � � ¼ b11 ¼ 0 and b15 ¼ b16 ¼ � � � ¼ b20 ¼ 0 (A20)

Additionally, because the coefficient of p in Equation (A15) is zero, we have:

0 ¼ ðes11 � 1Þð b3αc þ b4α1 þ b5α2 Þ þ ðes21 � 1Þð b12αc þ b13α1 þ b14α2 Þ
þ b21

� ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þvc þ f ðs11Þαc þ α1fcðs11; s21Þ
þðE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞv1

	
þ b22

� ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þvc þ f ðs21Þαc þ α2fcðs11; s21Þ
þðE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞv2

	
þ b23

� ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þv1 þ f ðs21Þα1 þ f ðs11Þα2

þðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þv2

	
þ 2b24ððE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞvc þ fcðs11; s21ÞαcÞ
þ 2b25ððE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þv1 þ f ðs11Þα1Þ
þ 2b26ððE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þv2 þ f ðs21Þα2Þ
� E½gsðs11 þ η1; s21 þ η2Þ� þ gsðs1; s2Þ þ E½gsðη1; η2Þ�

(A21)

Because vc is arbitrary, the coefficient of vc is zero. Thus, we have

b21ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ þ b22ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ
þ 2b24ðE½fcðs11 þ η1; s21 þ η2Þ� � fcðs11; s21Þ � αcÞ ¼ 0

(A22)

Now, consider a random variable η3 with η3 ¼d η2 and E½fcðη1; η3Þ�≠E½fcðη1; η2Þ�. Then,
b21ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ þ b22ðE½f ðs21 þ η3Þ� � f ðs21Þ � α2Þ

þ 2b24ðE½fcðs11 þ η1; s21 þ η3Þ� � fcðs11; s21Þ � E½fcðη1; η3Þ�Þ ¼ 0
(A23)

By subtracting Equation (A23) from Equation (A22), one can see that b24 ¼ 0 or

E½fcðs11 þ η1; s21 þ η2Þ� ¼ E½fcðs11 þ η1; s21 þ η3Þ� þ E½fcðη1; η2Þ� � E½fcðη1; η3Þ�: (A24)

When we substitute

ðη1; η2; η3Þ ¼
� ðlnð1þ kÞ; lnð1þ kÞ; lnð1� kÞÞ Pr ¼ 1=2
ðlnð1� kÞ; lnð1� kÞ; lnð1þ kÞÞ Pr ¼ 1=2

(A25)
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into Equation (A24) andmultiply both sides of the equation with 1
2k2
, and take the limit with k→ 0, we get

v2fcðx; yÞ
vxvy

¼ 1 (A26)

Hence,

fcðs11; s21Þ ¼ s11s21 þ F1ðs11Þ þ F2ðs21Þ (A27)

for some functions F1 and F2. Then, applying the condition of lim
ðx;yÞ→ð0;0Þ

fcðx;yÞ
xy

¼ 1, we obtain

fcðs11; s21Þ ¼ s11s21. By substituting it into Equation (A22), we obtain the following equation:

b21ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ þ b22ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ þ 2b24ðs11E½η2�
þ s21E½η1�Þ ¼ 0

(A28)

When s11 ¼ 0, Equation (A28) becomes b22ðE½f ðs21 þ η2Þ� − f ðs21Þ − α2Þ þ 2b24s21E½η1� ¼ 0. Because
η1 can be chosen independently on s21 and η2,

b24 ¼ 0: (A29)

The logic between Equations (A22) and (A29) shows that multiplier of E½fcðs11 þ η1;
s21 þ η2Þ� − fcðs11; s21Þ − αc is zero. For alternatives of Equation (A22), as the coefficients of v1 and v2
instead of vc in Equation (A21), the same logic yields

b21 ¼ b22 ¼ 0: (A30)

Because the coefficients of v1 and v2 in Equation (A21) are 0, equations (A29) and (A30) implies:

b23ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ þ 2b25ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ
¼ b23ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ þ 2b26ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ ¼ 0:

(A31)

Substituting s11 ¼ 0 or s21 ¼ 0 into the (A31) yields:

b23ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ ¼ b25ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ
¼ b23ðE½f ðs11 þ η1Þ� � f ðs11Þ � α1Þ ¼ b26ðE½f ðs21 þ η2Þ� � f ðs21Þ � α2Þ ¼ 0

(A32)

Thus,

E½f ðsþ ηÞ� � f ðsÞ � E½f ðηÞ� ¼ 0 or b23 ¼ b25 ¼ b26 ¼ 0: (A33)

Here, according to Neuberger (2012), E½f ðsþ ηÞ� − f ðsÞ −E½f ðηÞ� ¼ 0 is equivalent to

f ðxÞ ¼ 2ðex � 1� xÞ: (A34)

In sum, combining (A21) with (A29), (A30) and (A33) yields

0 ¼ ðes11 � 1Þ ðb3αc þ b4α1 þ b5α2Þ þ ðes21 � 1Þ ðb12αc þ b13α1 þ b14α2Þ
þ b23ð f ðs21Þα1 þ f ðs11Þα2 Þ þ 2b25f ðs11Þα1 þ 2b26f ðs21Þα2

� E½gsðs11 þ η1; s21 þ η2Þ� þ gsðs1; s2Þ þ E½gsðη1; η2Þ�
(A35)

To Equation (A35), multiplying 2=k2, substituting ðη1; η2Þ ¼
� ðlnð1þ kÞ; 0Þ Pr ¼ 1=2
ðlnð1− kÞ; 0Þ Pr ¼ 1=2

, and taking
the limit yields:
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0 ¼ 2b4ðes11 � 1Þ þ 2b13ðes21 � 1Þ þ 4b23ðes21 � 1� s21Þ þ 8b25ðes11 � 1� s11Þ

� v2gsðs11; s21Þ
vs211

þ vgsðs11; s21Þ
vs11

þ v2gsð0; 0Þ
vs211

� vgsð0; 0Þ
vs11

:
(A36)

Similarly, when use ðη1; η2Þ ¼
� ð0; lnð1þ kÞÞ Pr ¼ 1=2
ð0; lnð1− kÞÞ Pr ¼ 1=2

, we can obtain

0 ¼ 2b5ðes11 � 1Þ þ 2b14ðes21 � 1Þ þ 4b23ðes11 � 1� s11Þ þ 8b26ðes21 � 1� s21Þ

� v2gsðs11; s21Þ
vs221

þ vgsðs11; s21Þ
vs21

þ v2gsð0; 0Þ
vs221

� vgsð0; 0Þ
vs21

:
(A37)

Alternatively, let us multiply 1
2k2

to Equation (A35), substitute (A38) and (A39) into Equation (A35), and
subtract the equation obtained by the former substitution from that obtained by the latter; then, by
taking limits, we get (A40).

ðη1; η2Þ ¼
� ðlnð1þ kÞ; lnð1þ kÞÞ Pr ¼ 1=2
ðlnð1� kÞ; lnð1� kÞÞ Pr ¼ 1=2

(A38)

ðη1; η2Þ ¼
� ðlnð1þ kÞ; lnð1� kÞÞ Pr ¼ 1=2
ðlnð1� kÞ; lnð1þ kÞÞ Pr ¼ 1=2

(A39)

0 ¼ b3ðes11 � 1Þ þ b12ðes21 � 1Þ � v2gsðs11; s21Þ
vs11s21

þ v2gsð0; 0Þ
vs11s21

(A40)

Then, the solutions of Equation (A40), (A36) and (A37) are given as

gsðx; yÞ ¼ b3ðex � xÞyþ b12ðey � yÞxþ h1ðxÞ þ h2ðyÞ þ b27xy (A41)

gsðx; yÞ ¼ 2b4ðexx� ex þ xÞ � 2b13ðey � 1Þx� 4b23xðey � y� 1Þ
þ 4b25

�
2exx� 2ex þ x2 þ 4x

�þ exh3ðyÞ þ h4ðyÞ þ b28x
(A42)

gsðx; yÞ ¼ 2b14ðeyy� ey þ yÞ � 2b5ðex � 1Þy� 4b23yðex � x� 1Þ
þ 4b26

�
2eyy� 2ey þ y2 þ 4y

�þ eyh5ðxÞ þ h6ðxÞ þ b29y
(A43)

for some functions h1; � � � ; h6 and constants bi. Therefore, g
sðx; yÞ is a linear combination of exy, eyx, xy,

exx, ex, x2, x, eyy, ey, y2, y and 1. The consistency in the coefficients of exy and eyx requires b5 ¼ −1
2
b3 − 2b23

and b13 ¼ −1
2
b12 − 2b23. Thus, by Equation (A14), (A20), (A29), (A30), (A34), (A41), (A42), (A43) and

gsð0; 0Þ ¼ 0, g and gs are given by

gðs1; s2;V1;V2;VcÞ ¼ b0Vc þ b1V1 þ b2V2

þ
�
b3Vc þ b4V1 �

�
1

2
b3 þ 2b23

	
V2

	
ðes1 � 1Þ

þ
�
b12Vc �

�
1

2
b12 þ 2b23

	
V1 þ b14V2

	
ðes2 � 1Þ

þ b23ð2ðes2 � s2 � 1ÞV1 þ V1V2 þ 2ðes1 � s1 � 1ÞV2Þ
þ b25ð4ðes1 � s1 � 1Þ þ V1ÞV1 þ b26ð4ðes2 � s2 � 1Þ þ V2ÞV2 þ gsðs1; s2Þ;

(A44)

gsðs1; s2Þ ¼ d1ðes1 � 1Þ þ d2s1 þ d3ðes2 � 1Þ þ d4s2 þ 4b23s1s2 þ 4b25s
2
1

þ 4b26s
2
2 þ b3e

s1s2 þ b12e
s2s1 þ ð2b4 þ 8b25Þes1s1 þ ð2b14 þ 8b26Þes2s2:

(A45)
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(A44) and (A45) can be arranged as

g s1; s2;V1;V2;Vcð Þ ¼ d1 es1 � 1ð Þ þ d2s1 þ d3 es2 � 1ð Þ þ d4s2 þ d5V1 þ d6V2 þ d7Vc

þ d8 V1 � 2s1ð Þ2 þ d9 V2 � 2s2ð Þ2 þ d10 V1 � 2s1ð Þ V2 � 2s2ð Þ
þ d11e

s1ð2Vc � V2 þ 2s2Þ þ d12e
s2ð2Vc � V1 þ 2s1Þ

þ d13e
s1 V1 þ 2s1ð Þ þ d14e

s2 V2 þ 2s2ð Þ

(A46)

where d5 ¼ b1 − b4 þ 1
2
b12 − 4b25, d6 ¼ b2 þ 1

2
b3 − b14 − 4b26, d7 ¼ b0 − b3 − b12, d8 ¼ b25, d9 ¼ b26,

d10 ¼ b23, d11 ¼ 1
2
b3, d12 ¼ 1

2
b12, d13 ¼ b4 þ 4b25 and d14 ¼ b14 þ 4b26 [6].

Substituting these into equation (A3) yields the following:

0 ¼ 2d8ð � v1 � 2s11 þ α1Þðα1 þ 2E½η1�Þ þ 2d9ð � v2 � 2s21 þ α2Þðα2 þ 2E½η2�Þ
þ d10ðð � v1 � 2s11 þ α1Þðα2 þ 2E½η2�Þ þ ð � v2 � 2s21 þ α2Þðα1 þ 2E½η1�ÞÞ
þ ðes11 � 1Þðd13ðα1 � 2E½η1eη1 �Þ þ d11ð2αc � 2E½η2eη1 � � α2ÞÞ
þ ðes21 � 1Þðd14ðα2 � 2E½η2eη2 �Þ þ d12ð2αc � 2E½η1eη2 � � α1ÞÞ

(A47)

Since coefficients of v1 and v2 are zero, E½f ðηÞ� ¼ E½ − 2η� or d8 ¼ d9 ¼ d10 ¼ 0. In addition, because
s11 and s21 are arbitrary,

0 ¼ d13ðα1 � 2E½η1eη1 �Þ þ d11ð2αc � 2E½η2eη1 � � α2Þ (A48)

0 ¼ d14ðα2 � 2E½η2eη2 �Þ þ d12ð2αc � 2E½η1eη2 � � α1Þ (A49)

Conditions of Equations (A47)-(A49) can be fulfilled with one of following five cases.

(1) If d11 is not zero, for some constants k1 and k2, we have

fcðη1; η2Þ ¼ η2e
η1 þ 1

2
f ðη2Þ þ

d13

2d11
ð2η1eη1 � f ðη1ÞÞ þ k1ðeη1 � 1Þ þ k2ðeη2 � 1Þ: (A50)

Then d13
2d11

ð2η1eη1 − f ðη1ÞÞ þ k1ðeη1 − 1Þ ¼ 0 and 1
2 f ðη2Þ þ k2ðeη2 − 1Þ ¼ −η2 because fcðx;yÞ

xy
→ 1 as

ðx; yÞ→ ð0; 0Þ. Accordingly, k2 ¼ −1 because f ðxÞ
x2

→ 1 as x→ 0. This implies that k1 ¼ d13 ¼ 0.

Therefore, fcðη1; η2Þ ¼ η2ðeη1 − 1Þ, f ðηÞ ¼ 2ðeη − η − 1Þ. Then, d12 ¼ d14 ¼ 0.

(2) Similarly, ifd12 is not zero, fcðη1; η2Þ ¼ η1ðeη2 − 1Þ, f ðηÞ ¼ 2ðeη − η − 1Þandd11 ¼ d13 ¼ d14 ¼ 0

Alternatively, when d11 ¼ d12 ¼ 0, Equations (A47)-(A49) implies there are three more conditions as
follows:

(3) d11 ¼ d12 ¼ d13 ¼ d14 ¼ 0, f ðηÞ ¼ 2ðeη − η − 1Þ, with arbitrary function fc.

(4) d8 ¼ d9 ¼ d10 ¼ d11 ¼ d12 ¼ 0, f ðηÞ ¼ 2ðηeη − eη þ 1Þ, with arbitrary function fc.

(5) d8 ¼ d9 ¼ d10 ¼ d11 ¼ d12 ¼ d13 ¼ d14 ¼ 0, with arbitrary functions f and fc.

(Proof for the second statement)
For the proof of the sufficiency of Equation (6) for theAP, we show that the function g in Equation (6)

satisfies the SAP (strong aggregation property): Et ½gðXu −XrÞ� ¼ Et ½gðXu −XtÞ� þ Et ½gðXt −XrÞ�,
which is stronger condition than the AP of Equation (2). The SAP of the first seven terms in the equation
is obvious. The 10th term is a generalization of the 8th and the 9th term and all these three terms do not
vanish only if f ðηÞ ¼ 2ðeη − η − 1Þ. Thus, SAP of 10th term implies the SAP of 8th and 9th terms. For
convenience, let

Gu;t ¼ f1;u;tf2;u;t (A51)

with
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fi;u;t ¼ ðVi;u � Vi;t � 2ðsi;u � si;tÞÞ for i∈ f1; 2g (A52)

and

Vi;t ≡Et½2ðesi;T−si:t � ðsi;T � si:tÞ � 1Þ� ¼ Et½−2ðsi;T � si:tÞ� ¼ Et½Vi;u � 2ðsi;u � si;tÞ�
for i∈ f1; 2 :g

(A53)

Then, we have

Et½Gu;0� ¼ Et

��
f1;u;t þ f1;t;0

��
f2;u;t þ f2;t;0

�� ¼ Et

�
f1;u;tf2;u;t þ f1;t;0f2;t;0

�
¼ Et½Gu;t� þ Gt;0:

(A54)

Thus, we have the SAP of 8th and 9th terms as well as the SAP of 10th term.
Additionally, the SAP of the 11th term under the condition (1) implies that of the 12th term under the

condition (2) and the 13th and 14th terms under the condition (4). Thus, we finish this proof by showing
Equation (A55).

Et½Fu;0� ¼ Et½Fu;t� þ Ft;0; 0≤ t ≤ u≤T; (A55)

where

Fu;t ¼ Et

�
es1;u−s1:t

�bVu � bVt þ 2ðs2;u � s2:tÞ
	

(A56)

and bVt ≡ 2Et½ðs2;T � s2;tÞðes1;T−s1:t � 1Þ � ðes2;T−s2:t � ðs2;T � s2:tÞ � 1Þ�: (A57)

Equation (A57) is represented as:bVt ¼ Et½2es1;T−s1:t ðs2;T � s2;tÞ�
¼ Et½2es1;T−s1:u es1;u−s1:t ðs2;T � s2;uÞ� þ Et½2es1;u−s1:t ðs2;u � s2;tÞ�
¼ Et

�
es1;u−s1:t

�bVu þ 2ðs2;u � s2;tÞ
	

:

(A58)

It implies

Et½Fu;t� ¼ Et

�
es1;u−s1:t

�bVu þ 2ðs2;u � s2:tÞ
	
� es1;u−s1:t bVt


¼ 0 (A59)

and

Et½Fu;0� ¼ Et

�
es1;u−s1:0

�bVu � bV 0 þ 2ðs2;u � s2:0Þ
	

¼ Et

�
es1;u−s1:t es1;t−s1:0

�bVu þ 2ðs2;u � s2:tÞ � bV 0 þ 2ðs2;t � s2:0Þ
	

¼ Et

�
es1;t−s1:0

�bVt � bV 0 þ 2ðs2;t � s2:0Þ
	

¼ Ft;0:

(A60)

Due to Equations (A59) and (A60), Equation (A55) holds.
-
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Proof for Corollary 3.2
If a function is a realized (k,1)-comoment element for k∈ f1; 2g, Equation (11) should be decomposed as

gðΔs1;Δs2;Δv1;Δv2;ΔvcÞ ¼
�
eΔs1 � 1

�
f1ðΔv1;Δv2;ΔvcÞ þ

�
eΔs2 � 1

�
f2ðΔv1;Δv2;ΔvcÞ

þ grðΔs1;Δs2Þ
(A61)

such that grðΔs1;Δs2Þ ¼ OððΔs1ÞkΔs2Þ because of the restrictions E½eΔs1 � ¼ 1 and E½eΔs2 � ¼ 1. ðΔv1Þ2
cannot be a part of ðeΔs1 − 1Þf1ðΔv1;Δv2;ΔvcÞ or ðeΔs2 − 1Þf2ðΔv1;Δv2;ΔvcÞ, as well as grðΔs1;Δs2Þ,
because it is only in h8ðΔv1 − 2Δs1Þ2; thus, we have h8 ¼ 0. In a similar manner, by considering ðΔv2Þ2 and
Δv1Δv2, we have h9 ¼ h10 ¼ 0. Accordingly, eΔs1Δs2 and eΔs2Δs1 are only cross-terms between Δs1 and
Δs2. Therefore, none of condition (3), (4) or (5) can generate a realized (k,1)-comoment element for k∈ f1; 2g.

Under the condition (1) in Proposition 3.1, eΔs1Δs2 is the only cross-term betweenΔs1 andΔs2. In the
remaining terms, we have h5 ¼ 0, h6 ¼ h11, and h7 ¼ −2h11 to separate Δv1, Δvc, and Δv2 from
grðΔs1;Δs2Þ. Then, the remaining term h1ðeΔs1 − 1Þ þ h2Δs1 þ h3ðeΔs2 − 1Þ þ h4Δs2 þ 2h11e

Δs1Δs2 is
at most OðΔs1Δs2Þ as ðΔs1;Δs2Þ→ ð0; 0Þ when h1 ¼ h2 ¼ h3 ¼ 0 and h4 ¼ −2h11. It cannot be of
Oðs21s2Þ, and it is a realized (1,1) comoment when h4 ¼ −1.

In a similar manner, under condition (2), the function is at most is at mostOðs1s2Þ, and it is a realized
comoment when h1 ¼ h3 ¼ h4 ¼ h6 ¼ h8 ¼ h9 ¼ h10 ¼ 0, h2 ¼ h7 ¼ −1, h5 ¼ h12 ¼ 1=2.

-

Proof for Proposition 3.3
(Proof for the first statement)

We use the common property A by omitting all terms related to the second security. Thus, g is a
function of s1,M2 andM3 whereM2 ¼ M2;0 andM3 ¼ M3;0. By integrating (A10) with respect toM2 and
M3, we can obtain two different forms of the function g:

gðs1;M2;M3Þ ¼ a1;0M2 þ
�
b1;0M2 þ 1

2
b1;1M

2
2 þ b1;4M3M2

	
ðes1 � 1Þ

þ a1;3

�
M2f

2ðs1Þ þ 1

2
M 2

2

	
þ a1;6M2

�
f 3ðs1Þ þM3

�þ g1ðs1;M3Þ
(A62)

and

gðs1;M2;M3Þ ¼ a2;0M3 þ
�
b2;0M3 þ b2;1M2M3 þ 1

2
b2;4M

2
3

	
ðes1 � 1Þ

þ a2;3M3

�
f 2ðs1Þ þM2

�þ a2;6

�
f 3ðs1ÞM3 þ 1

2
M 2

3

	
þ g2ðs1;M2Þ

(A63)

with some functions g1 and g2. By combining (A62) and (A63), we obtain

gðs1;M2;M3Þ ¼ a1M2 þ a2M3

þ �a3M2 þ a4M3 þ a5M
2
2 þ a6M2M3 þ a7M

2
3

�ðes1 � 1Þ
þ a8

�
M 2

2 þ 2M2f
2ðs1Þ

�þ a9
�
M 2

3 þ 2f 3ðs1ÞM3

�
þ 2a10

�
M2M3 þ f 2ðs1ÞM3 þ f 3ðs1ÞM2

�þ gsðs1Þ

(A64)

for some constants a1; � � � ; a10 and a function gs such that gsð0Þ ¼ 0. Using the η1 in Equation (A1), let us

construct ηp ¼
�
η1 Pr ¼ p

0 Pr ¼ 1− p
for a constant p in [0,1]. Then, by substituting Equation (A64) into (A3)

and replacing ηwith ηp, we obtain:
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0 ¼ p

0BBBBBBBBBBB@

ðes1;1 � 1Þ
�
a3α2 þ a4α3 � 2a5m2α2

þa6ð−m2α3 �m3α2Þ � 2a7m3α3

	
þ 2a8

��
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�
m2 þ α2f

2ðs1;1Þ
�

þ 2a9
��
f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�
m3 þ α3f

3ðs1;1Þ
�

þ 2a10

 �
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�
m3 þ α3f

2ðs1;1Þ
þ�f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�
m2 þ α2f

3ðs1;1Þ

!
− E½gsðs1;1 þ η1Þ� þ gsðs1;1Þ þ E½gsðη1Þ�

1CCCCCCCCCCCA
þ p2ðes1;1 � 1Þ�a5α2

2 þ a6α2α3 þ a7α2
3

�

(A65)

Because we can set p arbitrary, coefficients of p and p2 are zero. Therefore, we have

a5α2
2 þ a6α2α3 þ a7α2

3 ¼ 0 (A66)

and 0BBBBBBBB@

ðes1;1 � 1Þ
�
a3α2 þ a4α3 � 2a5m2α2

þ a6ð−m2α3 �m3α2Þ � 2a7m3α3

	
þ 2a8

��
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�
m2 þ α2f

2ðs1;1Þ
�

þ 2a9
��
f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�
m3 þ α3f

3ðs1;1Þ
�

þ 2a10

��
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�
m3 þ α3f

2ðs1;1Þ
þ �f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�
m2 þ α2f

3ðs1;1Þ
	

� E½gsðs1;1 þ η1Þ� þ gsðs1;1Þ þ E½gsðη1Þ�

1CCCCCCCCA
¼ 0: (A67)

Equation (A66) implies that

a5 ¼ a6 ¼ a7 ¼ 0 (A68)

because η1 is an arbitrary random variable with E½eη1 � ¼ 1. Also, in Equation (A67), coefficients of m2

and m3 are zero because we can set arbitrary values for them. Thus, we have:

0 ¼ a8
�
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�þ a10
�
f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�
(A69)

0 ¼ a9
�
f 3ðs1;1 þ η1Þ � f 3ðs1;1Þ � α3

�þ a10
�
f 2ðs1;1 þ η1Þ � f 2ðs1;1Þ � α2

�
(A70)

There are three cases that satisfy both (A69) and (A70). We call them condition A.1 as follows:

Condition A.1

(1) ∃f 3 such that ∀ðs1; η1Þ, f 3ðs1;1 þ η1Þ − f 3ðs1;1Þ − α3 ¼ 0 and a8 ¼ a10 ¼ 0,

(2) ∃ða; f 2; f 3Þ such that ∀ðs1;1; η1Þ, f 2ðs1;1 þ η1Þ − f 2ðs1;1Þ − α2 þ aðf 3ðs1;1 þ η1Þ − f 3ðs1;1Þ − α3Þ
¼ 0 with a10 ¼ a8a and a9 ¼ a2a8,

(3) a8 ¼ a9 ¼ a10 ¼ 0.

First, we check the condition in A.1.(1). Substituting η1 ¼
�
lnð1þ kÞ; Pr ¼ 0:5
lnð1− kÞ; Pr ¼ 0:5

into

2
k2
ðf 3ðs1;1 þ η1Þ − f 3ðs1;1Þ − α3Þ ¼ 0, using lim

x→0

f 3ðxÞ
x3

¼ 1, and taking the limit for k→ 0 yield:�
f 3
�00ðs1;1Þ � �f 3�0ðs1;1Þ ¼ 0 (A71)
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Thus, f 3ðs1;1Þ ¼ b1e
s1;1 þ b2 for some constants b1 and b2. However, there are no b1 and b2 that makes

lim
x→0

f 3ðxÞ
x3

¼ 1. Therefore, condition A.1 (1) is impossible.

Second, let us check condition A.1.(2). Substituting f aðxÞ ¼ f 2ðxÞ þ af 3ðxÞ and η1 ¼�
lnð1þ kÞ; Pr ¼ 0:5
lnð1− kÞ; Pr ¼ 0:5

into f 2ðs1;1 þ η1Þ − f 2ðs1;1Þ − α2 þ aðf 3ðs1;1 þ η1Þ − f 3ðs1;1Þ − α3Þ ¼ 0, using

lim
x→0

f 2ðxÞ
x2

¼ 1 and lim
x→0

f 3ðxÞ
x3

¼ 1, and taking the limit for k→ 0 yield:

ðf aÞ00ðs1;1Þ � ðf aÞ0ðs1;1Þ � 2 ¼ 0 (A72)

Thus, we have f aðs1;1Þ ¼ b1e
s1;1 þ b2 − 2s1;1 for some constants b1 and b2. Because of the conditions

lim
x→0

f 2ðxÞ
x2

¼ 1 and lim
x→0

f 3ðxÞ
x3

¼ 1, f 2 has the following form:

f 2ðsÞ ¼ 2ðes � s� 1Þ � af 3ðsÞ: (A73)

Substituting (A68), (A73), and Condition A.1 (2) into (A67) yields:

E½gsðs1;1 þ η1Þ� � gsðs1;1Þ � E½gsðη1Þ� ¼ ðes1;1 � 1Þða3α2 þ a4α3Þ
þ 4a8ðα2 þ aα3Þðes1;1 � s1;1 � 1Þ (A74)

Equation (A74) with a8 ¼ 0 satisfies (A67) with (A68) and condition A.1 (3). Therefore, Equation (A74) is

a general equation for gs. Again, by letting η1 ¼
�
lnð1þ kÞ; Pr ¼ 0:5
lnð1− kÞ; Pr ¼ 0:5

and taking the limit, we can

obtain a differential equation:

ðgsÞ0 � ðgsÞ00 þ 2a3ðes � 1Þ þ 8a8ðes � s� 1Þ ¼ const: (A75)

Using gsð0Þ ¼ 0, gs is represented as follows:

gsðsÞ ¼ a9sþ a10ðes � 1Þ þ 4a8s
2 þ ð8a8 þ 2a3Þses (A76)

with additional constants a9 and a10. Substituting it into (A64) yields:

gðs;M2;M3Þ ¼ a1M2 þ a2M3 þ ða3M2 þ a4M3Þðes � 1Þ þ a8ðM2 þ aM3 � 2sÞ2

þ 4a8ðM2 þ aM3Þðes � 1Þ þ a9sþ a10ðes � 1Þ þ ð8a8 þ 2a3Þses (A77)

or

gðs;M2;M3Þ ¼ d1M2 þ d2M3 þ d3M3e
s þ d4ðM2 þ aM3 � 2sÞ2 þ d5ðM2 þ aM3 þ 2sÞes

þ d6sþ d7ðes � 1Þ
(A78)

where d1 ¼ a1 − a3, d2 ¼ a2 − a4, d3 ¼ a4 − aa3, d4 ¼ a8, d5 ¼ a3 þ 4a8, d6 ¼ d9 and d7 ¼ d10. Then,
substituting these into (A3) yields

d4ð4s1;1 þ 2ðm2 þ am3 � α2 � aα3ÞÞðE½2η1� þ α2 þ aα3Þ þ ðes1;1 � 1Þðd5ðE½2η1eη1 �
� α2 � aα3Þ � d3α3Þ ¼ 0

(A79)

Because s1 is arbitrary, we have the following cases.

Condition A.2

(1) d3 ¼ d4 ¼ d5 ¼ 0

(2) d3 ¼ d5 ¼ 0 and E½2η1� þ α2 þ aα3 ¼ 0
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(3) d4 ¼ 0 and E½2η1eη1 � − α2 − hα3 with h ¼ aþ d3=d5.

Recall that E½eη1 − 1� ¼ 0, αk ¼ E½f kðη1Þ� and f 2ðη1Þþaf 3ðη1Þ
η2
1

→ 1 for η1 → 0. Therefore, when condition A.2
(2) holds, we obtain f 2ðΔsÞ þ af 3ðΔsÞ ¼ 2ðeΔs −Δs − 1Þ. Next, condition A.2 (3) is equivalent to
d3 ¼ d4 ¼ 0 with

E½2η1eη1 � � α2 � aα3 ¼ 0; (A80)

which implies that

f 2ðΔsÞ þ af 3ðΔsÞ ¼ 2
�
ΔseΔs � eΔs þ 1

�
: (A81)

Rearranging the above equations yields the equation and the condition of Proposition 3.1. This implies
that Equation (14) is a candidate for a function with the aggregation property.

(Proof for the second statement)
Similar to Proposition 3.3, it is enough to show the SAP of Equation (14) holds. The SAP of the first

four terms in the equation is obvious. Proofs for the 5th and 6th terms in this proposition are similar to
those of the 10th and 11th terms in Proposition 3.1, respectively.

-

Appendix 2

Proof for Proposition 4.2
Let us set St ¼ S1;t þ aS2;t and Xt ¼ ðM ð1Þ

t ; . . . ;M
ðL−1Þ
t ; 0Þ with M

lð Þ
t ¼ tκ

l
STð Þ. Then, according to

Fukasawa and Matsushita (2021),

E0

XN
j¼1

BL Xtj � Xtj�1

� �" #
¼ E0 BL XT � X0; 0ð Þ½ � ¼ κ0L STð Þ: (A82)

According to Equation (18), M
ðlÞ
t is decomposed to

Pl
k¼0a

k

�
l

k

	
M

ðl−k;kÞ
t for M

ðl−k;kÞ
t ¼

tκl − k;kðS1;T ; S2;TÞ. In other words, the right hand side of Equation (A82) can be represented asXL
k¼0

ak
�
L

k

	
0κL�k;kðS1;T ; S2;TÞ: (A83)

For convenience, we denote the summand of the left hand side of Equation (A82) as BLðΔXÞ. By the
definition of BL, we can arrange it as follows.

BLðΔXÞ ¼ vL

vuL

 
exp

 XL�1

i¼1

ΔM ðiÞu
i

i!

!!





u¼0

¼ vL

vuL

 
exp

 XL�1

i¼1

Xi

j¼0

aj

 
i

j

!
ΔM ði�j;jÞu

i

i!

!!





u¼0

¼ vL

vuL

 
exp

 XL�1

i0¼1

ΔM ði0;0Þu
i0

i0!
þ a

XL�1

i1¼1

i1ΔM ði1�1;1Þu
i1

i1!
þ O

�
a2
�!!






u¼0

¼ vL

vuL

 
exp

 XL�1

i0¼1

ΔM ði0;0Þu
i0

i0!

!!





u¼0

þ a
XL−1
i1¼1

 
L

i1

!
i1ΔM ði1−1;1Þ v

L�i1

vuL�i1

 
exp

 XL�1

i0¼1

ΔM ði0 ;0Þu
i0

i0!

!!





u¼0

þ O
�
a2
�

¼ BL

�
ΔM ð1;0Þ; � � � ;ΔM ðL−1;0Þ; 0

�
þ aL

XL−1
i1¼1

 
L� 1

i1 � 1

!
ΔM ði1−1;1ÞBL−i1

�
ΔM ð1;0Þ; � � � ;ΔM ðL−i1 ;0Þ

�
þ O

�
a2
�

(A84)
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Because a is arbitrary, the coefficient of a of the left hand side of Equation (A82) is equal to the coefficient
of a of the right hand side of Equation (A82). Therefore, by Equations (A82), (A83) and (A84), we have

0κL�1;1ðS1;T ; S2;TÞ ¼ E0

"XN
j¼1

XL−1
i1¼1

�
L� 1
i1 � 1

	
ΔM ði1−1;1ÞBL−i1

�
ΔM ð1;0Þ;ΔM ð2;0Þ; � � � ;ΔM ðL−i1 ;0Þ

�#
:

(A85)

-
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