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Abstract

Purpose – In the present paper, the authors will discuss the solvability of a class of nonlinear anisotropic
elliptic problems (P), with the presence of a lower-order term and a non-polynomial growth which does not
satisfy any sign condition which is described by an N-uplet of N-functions satisfying the Δ2-condition, within
the fulfilling of anisotropic Sobolev-Orlicz space. In addition, the resulting analysis requires the development of
some new aspects of the theory in this field. The source term is merely integrable.
Design/methodology/approach –An approximation procedure and some priori estimates are used to solve
the problem.
Findings – The authors prove the existence of entropy solutions to unilateral problem in the framework of
anisotropic Sobolev-Orlicz space with bounded domain. The resulting analysis requires the development of
some new aspects of the theory in this field.
Originality/value – To the best of the authors’ knowledge, this is the first paper that investigates the
existence of entropy solutions to unilateral problem in the framework of anisotropic Sobolev-Orlicz space with
bounded domain.

Keywords Anisotropic elliptic equation, Entropy solution, Sobolev-Orlicz anisotropic spaces

Paper type Research paper

1. Introduction
Let Ω be a bounded domain of RN ðN ≥ 2Þ. The aim behind this paper is the study of
boundary value problems for a class of nonlinear anisotropic elliptic equations. More
specifically, we consider the unilateral elliptical operators whose nonlinearity is given by a
vector of N-functions like
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ðPÞ AðuÞ þ
XN
i¼1

biðx; u;∇uÞ ¼ f in Ω;

u ≥ ζ a:e in Ω;

8><
>:

where AðuÞ ¼PN
i¼1

ð σiðx; u;∇uÞ Þxi is a Leray–Lions operator defined in �W
1

M ðΩÞ (defined as

the adherence space C∞

0 ðΩÞ) into its dual (see assumptions (19), (20), (21) in Section 3);M(t)5
(M1(t), . . ., MN(t)) are N-uplet Orlicz functions that satisfy Δ2�condition; the obstacle ζ is a

measurable function that belongs to L∞ðΩÞ \ �W
1

MðΩÞ; and for the i ¼ 1; . . . ;N ; biðx; s; ξÞ:
Ω3R3RN

→R are Carath�eodory functions (measurable with respect to x in Ω for every

(s, ξ) in R3RN , and continuous with respect to (s, ξ) in R3RN for almost every x in Ω) that
does not satisfy any sign condition and the growth which is described by the vector
N-function (M1(t), . . ., MN(t)) (see assumption (22)). As well as f ∈ L1(Ω).

For several years great effort has been devoted to the study of nonlinear elliptic equations
with an operator which was described by polynomial growth. For example, in the classical
Sobolev space, Boccardo and Gallouêt in [1], proved the existence of a weak solution of ðPÞ in
the casef≡ g≡ 0. B�enilan in [2] presented the idea of entropy solutions which were adjusted
to the Boltzmann condition. For a deeper comprehension of these types of equations in this
field, we refer the reader to [3–10] and references therein.

Next, in the Orlicz space, Benkirane and Bennouna in [11] demonstrated the existence of
entropy solutions to the following nonlinear elliptic problem:

−div aðx; u;∇uÞ þ divðfðuÞÞ ¼ f ;

where f∈ ðC0ðRÞÞN and f ∈ L1(Ω). For more results, we refer the reader to [12–24] and
references therein.

And in the anisotropic Sobolev-Orlicz space, there are few results dealing with this topic.
We will mention recent papers, and we are starting by the pertinent works of Korolev and
Cianchi [25, 26] who proved the embeddings of this space. Then, Benslimane, Aberqi and
Bennouna in [27] studied the existence and uniqueness of the solution in the following
problem in an unbounded domain

ðPÞ AðuÞ þ
XN
i¼1

biðx; u;∇uÞ ¼ f ðxÞ in Ω;

u ¼ 0 on vΩ

8><
>:

where AðuÞ ¼PN
i¼1

ð aiðx; u;∇uÞ Þxi is a Leray-Lions operator defined from �W
1

BðΩÞ into its

dual, B(θ)5 (B1(θ), . . .,BN(θ)) areN-uplet Orlicz functions that satisfy theΔ2�condition, and

for i ¼ 1; . . . ;N ; biðx; u;∇uÞ : Ω3R3RN
→R are the Carath�eodory functions that do not

satisfy any sign condition and the growth described by the vector N-function B(θ). After that,
Kozhevnikova in [28] established the existence of entropy solutions in an unbounded domain
to the following problem:

XN
i¼1

ð aiðx;∇uÞ Þxi ¼ a0ðx; uÞ in Ω;

uðxÞ ¼ ψðxÞ on vΩ;

8><
>:

where Ω is an arbitrary domain in RN ; N ≥ 2,
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a0ðx; s0Þ ¼ a0ðx;ψÞ þ bðx; s0Þ;
with a0(x, ψ ) ∈ L1(Ω), the function b(x, s0) satisfies the Carath�eodory condition and decreases
in s0 ∈R; bðx;ψÞ ¼ 0 for all x in Ω; therefore, for any x∈Ω; s0 ∈R

bðx; s0Þ ðs0 � ψÞ > 0:

The author supposed two other conditions: the first one is

sup
j s0 j≤k

j bðx; s0Þ j ¼ GkðxÞ∈L1;locðΩÞ;

the second one, δ0 > 0 such as

bðx;ψ±δ0Þ∈L1ðΩÞ:
For more results we refer the reader to [29–32] and the references therein.

This type of operator arises in a quite natural way in many different contexts, such as the
study of fluid filtration in porous media, constrained heating, elasticity, electro-rheological
fluids, optimal control, financial mathematics and other domains, see [33–36] and the
references therein.

As far we know, no previous research has investigated the existence of entropy solutions
to unilateral problem ðPÞwith the second term as an operator with growth described by an n-
uplet of N-functions satisfying theΔ2�condition, within the fulfilling of anisotropic Sobolev-
Orlicz space with bounded domain, the function biðx; u;∇uÞ does not satisfy any sign
condition and the source f is merely integrable. Hence, motived by the aforementioned papers,
our main work is to obtain the existence Theorem for unilateral problems corresponding to
ðPÞ via an approximation procedure and some priori estimates.

The rest of this paper is organized as follows: In Section 2, we give some definitions and
fundamental properties of anisotropic Sobolev-Orlicz spaces. In Section 3, we give our
assumptions on data and the definition of entropy solutions to ðPÞ. In Section 4, we will show
the existence of entropy solutions, with the functions biðx; u;∇uÞ; i ¼ 1; . . . ;N which does
not satisfy any sign condition. Finally, in the Appendix.

2. Definitions and preliminary tools
In this section, we recall the most important and relevant properties and notations about of
anisotropic Sobolev-Orlicz space which we will need in our analysis of the problem ðPÞ.
A comprehensive presentation of Sobolev- Orlicz anisotropic space can be found in the work
of M.A Krasnoselskii and Ja. B. Rutickii [25, 37].

Definition 1. We say that M : Rþ
→Rþ is a N-function if M is continuous, convex, with

M(t) > 0 for t > 0, MðtÞ
t

→ 0 when t→ 0 and MðtÞ
t

→∞ when t→∞.

This N-function M admits the following representation: MðtÞ ¼
R t

0
bðsÞ ds, with b : Rþ

→Rþ
which is an increasing function on the right with b(0)5 0 in the case t > 0 and b(t)→∞ when
t → ∞.

Its conjugate is noted by MðtÞ ¼
R t

0
qðsÞ ds with q also satisfies all the properties already

quoted from b, with

MðtÞ ¼ sup
μ≥0

ð μ t �MðμÞ Þ; t > 0: (1)

The Young’s inequality is given as follows:

∀t; μ > 0 t μ≤MðμÞ þMðtÞ: (2)
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Definition 2. The N-function M(t) satisfies the Δ2�condition if ∃c > 0, t0 > 0 such as

Mð2 tÞ≤ cMðtÞ t ≥ t0: (3)

This definition is equivalent to ∀k > 1, ∃ c(k) > 0 such as

Mðk tÞ≤ cðkÞMðtÞ for t ≥ t0: (4)

Definition 3. The N-function M(t) satisfies the Δ2�condition as long as there exist positive
numbers c > 1 and t0 ≥ 0 such as for t ≥ t0 we have

t bðtÞ≤ cMðtÞ: (5)

Also, each N-function M(t) satisfies the inequality

Mðμþ tÞ≤ cMðtÞ þ cMðμÞ t; μ≥ 0: (6)

We consider the Orlicz space LM(Ω) provided with the norm of Luxemburg given by

k u kM ; Ω ¼ inf k > 0

� Z
Ω
M

j uðxÞ j
k

� �
dx≤ 1

� �
: (7)

According to [37] we obtain the inequalitiesZ
Ω
M

j uðxÞ j
k u kM ; Ω

 !
dx≤ 1; (8)

and

k u kM ; Ω ≤

Z
Ω
Mðj u jÞ dxþ 1: (9)

Moreover, the H€older’s inequality holds and we have for all u ∈ LM(Ω) and v∈L
M
ðΩÞZ

Ω
uðxÞ vðxÞ dx

����
����≤ 2 k u kM ;Ω : k v kM ; Ω: (10)

In [25, 37], if P(t) and M(t) are two N-functions such as P(t) � M(t) and meas Ω < ∞, then
LM(Ω) ⊂ LP(Ω). Furthermore,

k u kP;Ω ≤A0 ðmeasΩ Þ k u kM ;Ω u∈LMðΩÞ: (11)

And for all N-functions M(t), if meas Ω < ∞, then L∞(Ω) ⊂ LM(Ω) with

k u kM ;Ω ≤A1 ðmeasΩ Þ k u k
∞;Ω u∈LM ðΩÞ: (12)

Also for all N-functions M(t), if meas Ω < ∞, then LM(Ω) ⊂ L1(Ω) with

k u k1;Ω ≤A2 k u kM ;Ω u∈LM ðΩÞ: (13)

We define for allN-functionsM1(t), . . .,MN(t) the space of Sobolev-Orlicz anisotropic �W
1

M ðΩÞ
as the adherence space C∞

0 ðΩÞ under the norm

k u k�W
1

M ðΩÞ ¼
XN
i¼1

k uxi kMi ; Ω: (14)
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Definition 4. A sequence { um } is said to converge modularly to u in �W
1

M ðΩÞ if for some
k > 0 we have Z

Ω
M

j um � u j
k

� �
dx→ 0 as m→∞: (15)

Remark 1. Since M satisfies theΔ2�condition, then the modular convergence coincides with
the norm convergence.

Proposition 1.

θM 0ðtÞ ¼ MðM 0ðtÞ Þ þ MðtÞ t > 0; (16)

with M0 is the right derivative of the N-function M(t).

Proof. By (2) we take μ 5 M0(t), then we obtain

M 0ðtÞ t ≤MðtÞ þ MðM 0ðtÞÞ;
and by Ch. I [37] we get the result. ,
Since Ω is a bounded domain in RN . The following Lemmas are true:

Lemma 1. [8] For all u∈ �W
1

LM
ðΩÞ with meas Ω < ∞, we haveZ

Ω
M

j u j
λ

� �
dx≤

Z
Ω
Mð j∇u j Þ dx;

where λ 5 diam(Ω) is the diameter of Ω.

Note by hðtÞ ¼ QN
i¼1

B−1
i ðtÞ
t

� 	 1
N

and we assume that
R 1
0
hðtÞ
t

dt converge. So, we consider the

N-functions M*(z) defined by ðM*Þ−1ðzÞ ¼ R j z j
0

hðtÞ
t

dt .

Lemma 2. [26] Let u ∈ �W
1

M ðΩÞ. IfZ
∞

1

hðtÞ
t

dt ¼ ∞; (17)

then, �W
1

M ðΩÞ⊂LM*ðΩÞ and k u kM* ;Ω ≤
N − 1
N

k u k�W
1

M ðΩÞ.

If Z
∞

1

hðtÞ
t

dt ≤ ∞;

then, �W
1

M ðΩÞ⊂L∞ðΩÞ and k u k
∞;Ω ≤ β k u k�W

1

M ðΩÞ, with β ¼
R
∞

0

hðtÞ
t

dt.

In the following, we will assume that for each N-function MiðzÞ ¼ R j z j
0 biðtÞ dt obeys the

further condition:

lim
α→∞

inf
θ > 0

biðα θ Þ
biðαÞ ¼ ∞ i ¼ 1; . . . ;N : (18)

Remark 2. The Following function:

MðzÞ ¼ j z jb ð j lnjzj j þ 1 Þ;
with b > 1 check the Δ2-condition and (18).
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3. Assumptions on data and definition of solution
Statement of the problem: Suppose they have non-negative measurable functions f,
w ∈ L1(Ω) and positive constants a and ~a such as:

XN
i¼1

σiðx; s; ξÞ � σiðx; s; ξ0Þð Þ : ðξi � ξ0iÞ > 0; (19)

XN
i¼1

σiðx; s; ξÞ : ξi ≥ a
XN
i¼1

MiðjξijÞ � fðxÞ; (20)

XN
i¼1

j σiðx; s; ξÞ j ≤ ~a
XN
i¼1

M
−1

i MiðjξjÞ þ wðxÞ; (21)

and XN
i¼1

j biðx; s; ξÞ j ≤ hðxÞ þ lðsÞ :
XN
i¼1

MiðjξjÞ; (22)

with MðtÞ the complementary of M(t), h(x) ∈ L1(Ω) and l : R →Rþ a positive continuous
function such as: l ∈ L1ðRÞ \ L∞ðRÞ.

3.1 Definition of entropy solutions:

Definition 5. Ameasurable function u is said to be an entropy solution for the problem ðPÞ, if
u∈ �W

1

M ðΩÞ such that u ≥ ζ a.e. in Ω and

XN
i¼1

R
Ω
σiðx; u;∇uÞ :∇ðu� vÞ dxþ

XN
i¼1

R
Ωbiðx; u;∇uÞ : ðu� vÞ dx

þ
R
Ω
m :Tmðu� ζÞ− : sg 1

m
ðuÞ : ðu� vÞ dx

≤

R
Ω
f ðxÞ : ðu� vÞ dx ∀v∈Kζ \ L∞ðΩÞ;

where, Kζ ¼ f u∈ �W
1

M ðΩÞ such as u≥ ζ a:e: in Ω g; for m∈N* sgmðsÞ ¼ TmðsÞ
m

. We define

the truncation at height m, TmðuÞ : R→R by

TmðuÞ ¼ u if j u j≤m;
m if j u j > m:

�

4 . Main result
In this section, we will show the existence of our problem ðPÞ. We will assume that fm→ f in

L1(Ω), m → ∞, j fm(x) j ≤ j f(x) j and for i ¼ 1; . . . ;N ; σmi ðx; um;∇umÞ : ð �W
1

M ðΩÞ Þ
N

→

ð �W−1

M ðΩÞ Þ
N

being Carath�eodory functions with

σmi ðx; u;∇uÞ ¼ σiðx;TmðuÞ;∇uÞ;

and bm

i ðx; um;∇umÞ : Ω3R3RN
→R again being Carath�eodory functions not satisfying

any sign condition, with
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bmðx; u;∇uÞ ¼ bðx; u;∇uÞ
1þ 1

m
j bðx; u;∇uÞ j;

and j bmðx; u;∇uÞ j ¼ j bðx;TmðuÞ;∇uÞ j≤m for all m∈N*; (23)

Consider the penalized equations:

Pmð Þ :
XN
i¼1

R
Ω
σmi x;um;∇umð Þ :∇ðum� vÞ dxþ

XN
i¼1

R
Ω
bm

i ðx;um;∇umÞ :ðum� vÞ dx

þ
R
Ω
m :Tm um� ζð Þ− :sg 1

m
ðumÞ :ðum� vÞ dx¼

R
Ω
f mðxÞ :ðum� vÞ dx ∀v∈ �W

1

M ðΩÞ:

Theorem 1. Let’s assume that conditions (19)–(22) and (18) hold true, then there exists at
least one solution of the approximate problem ðPmÞ:
Proof. See Appendix. ,
Now, we will show some results in the form of propositions that will be useful for the
demonstration of existence Theorem 2, see below.

Proposition 2. (see [27]) Suppose that conditions (19)–(22) are satisfied, and let ðumÞm∈N be a

sequence in �W
1

BðΩÞ such as.

ðaÞ um * u in �W
1

M ðΩÞ;
ðbÞ σmðx; um;∇umÞ is bounded in L

M
ðΩÞ;

ðcÞ
R
Ω

σmðx; um;∇umÞ − σmðx; um;∇u χKÞð Þ :∇ð um − u χK Þ dx→ 0 as K → þ ∞ (χK the

characteristic function of ΩK 5 {x ∈Ω; j ∇u j ≤ K }).
Then:

Mð j∇um j Þ→Mð j∇u j Þ in L1ðΩÞ:

Proposition 3. (see [31]) Let’s assume that conditions (19)–(22) and (18) hold true, then the
generalized solution of the problems ðPmÞ satisfies the following estimate:Z

Ω
Mð j∇TKðumÞ j Þ ≤ c ¼ cðKÞ ; K > 0:

Proposition 4. (see [31]) Suppose that conditions (19)–(22) and (18) are satisfied, and let
ðumÞm∈N be a solution of the problem ðPmÞ, then there exists ameasurable function u such as ∀
K > 0, we have for all subsequence noted again un,
(a) um → u a.e in Ω,
ðbÞTKðumÞ * TKðuÞ weakly in �W

1

M ðΩÞ;
ðcÞTKðumÞ→TKðuÞ strongly in �W

−1

M ðΩÞ:
Proposition 5. Suppose that conditions (19)–(22) and (18) are satisfied, and let ðumÞm∈N be a
solution of the problem ðPmÞ, then for any K > 0, we have

(1) σmðx;TKðumÞ;∇TKðumÞÞ is bounded in �W
1

M ðΩÞ;

(2) M( j ∇TK(um) j) → M( j ∇TK(u) j) is strongly in L1(Ω),
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Proof. 1Þ

k σmðx;TKðumÞ;∇TKðumÞÞ kM ;Ω ¼
XN
i¼1

k σm
i ðx;TKðumÞ;∇TKðumÞÞ kMi ;Ω

≤
XN
i¼1

R
Ω
Mið j∇TKðumÞ j Þ dx þ kw k1 þ N ;

from Proposition 3 we obtain:

k σmðx;TKðumÞ;∇TKðumÞÞ kM ;Ω ≤ cðKÞ þ kw k1 þ N :

Hence, σm(x, TK(um), ∇TK(um)) is bounded in �W
1

M ðΩÞ .
2Þ Showing that M(j∇TK(um)j) → M(j∇TK(u)j) strongly in L1(Ω) that’s why,

let’s introduce the following functions of a variable K defined as hjðKÞ ¼
1 ifjK j≤ j;
0 ifjK jPjþ 1;
jþ 1þ jK j if j < jK j < jþ 1;

8<
: with j as a non-negative real parameter, ΩK 5

{ x∈Ω: j∇TK(u(x)) j≤K} andwe note that χK is a characteristic function ofΩK. It’s clear that
ΩK ⊂ΩKþ1 and meas(Ω \ΩK)→ 0 sinceK→∞ shows that the following assertions are true.

Assertion 1.

lim
j→∞

lim
m→∞

Z
f Ω: j<j K j<jþ1 g

σmðx; um;∇umÞ :∇um dx ¼ 0:

Assertion 2.

TKðumÞ→TKðuÞ modular convergence in �W
1

M ðΩÞ:

Proof of assertion 1. Let

v ¼ um þ expðGðjumjÞÞ :T1ðum � TjðumÞÞ;
with GðsÞ ¼

R s

0

lðtÞ
a

dt as a test function in ðPmÞ then we get:

XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ :∇ðexpðGðjumjÞÞ :T1ðum � TjðumÞÞÞ dx

þ
XN
i¼1

R
Ω
bm

i ðx; um;∇umÞ : expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx

¼
R
Ω
f mðxÞ : expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx;

by (20) and (22) we obtain:
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XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ : expðGðjumjÞÞ :∇ðT1ðum � TjðumÞÞÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx

≤

R
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx;

since f,f∈L1(Ω), l ∈L1ðRÞ \ L∞ðRÞ, expðGð±∞ÞÞ≤ exp
k lðumÞ kL1ðRÞ

a

� 	
and by proposition 4

we obtain

lim
m→∞

lim
j→∞

Z
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx ¼ 0:

Hence,

lim
m→∞

lim
j→∞

XN
i¼1

Z
f Ω: j<jum j<jþ1 g

σm
i ðx; um;∇umÞ :∇um dx ¼ 0;

and

lim
m→∞

lim
j→∞

Z
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ :T1ðum � TjðumÞÞ dx ¼ 0:

Proof of assertion 2. Let j ≥ K > 0, we consider

v ¼ um þ expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ;

as a test function in ðPmÞwe obtain:
XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ :∇ðexpðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞÞ dx

þ
XN
i¼1

R
Ω
bm

i ðx; um;∇umÞ : expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx

¼
R
Ω
f mðxÞ : expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx;

by (20) and (22) we have:
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XN
i¼1

R
f jum j≤K g

σm
i ðx;TKðumÞ;∇TKðumÞÞ : ð∇TKðumÞ �∇TKðuÞÞ : expðGðjumjÞÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞexpðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx

≤

R
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx

þ
XN
i¼1

R
f Ω: K<jum j<jþ1 g

j σm
i ðx;Tjþ1ðumÞ;∇Tjþ1ðumÞÞ j : j∇TKðumÞ j : expðGðjumjÞÞ dx

þ
XN
i¼1

R
f Ω: K<jum j<jþ1 g

σm
i ðx; um;∇umÞ :∇um : jTKðumÞ � TKðuÞ j : expðGðjumjÞÞ dx;

(24)

and since TK(um) * TK(u) is weakly in �W
1

M ðΩÞ, we have:Z
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx→ 0;

and Z
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞexpðGðjumjÞÞ : ðTKðumÞ � TKðuÞÞ : hjðumÞ dx→ 0;

since j σm
i ðx;Tjþ1ðumÞ;∇TjðumÞÞ j is bounded in L

M
ðΩÞ, then there exist ~σm ∈L

M
ðΩÞ such

that

j σm
i ðx;Tjþ1ðumÞ;∇Tjþ1ðumÞÞ j * ~σm in L

M
ðΩÞ; (25)

XN
i¼1

R
fΩ:K<jum j<jþ1 g

jσmi ðx;Tjþ1ðumÞ;∇Tjþ1ðumÞÞ j : j∇TKðumÞ j :expðGðjumjÞÞ dx

≤exp
k l kL1ðRÞ

a

� �
:
XN
i¼1

R
fΩ:K<jum j<jþ1 g

jσmi ðx;Tjþ1ðumÞ;∇Tjþ1ðumÞÞ j : j∇TKðumÞ j dx

→exp
k l kL1ðRÞ

a

� �
:
XN
i¼1

R
fΩ:K<jum j<jþ1 g

~σm : j∇TKðuÞ j dx¼ 0 withm→∞;

(26)

according to Assertion 1, we get:
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XN
i¼1

R
fΩ:K<jum j<jþ1 g

σm
i ðx;um;∇umÞ :∇um : jTKðumÞ�TKðuÞ j :expðGðjumjÞÞ dx

≤2K : exp
k l kL1ðRÞ

a

� �
:
XN
i¼1

R
fΩ:K<jum j<jþ1 g

σm
i ðx;um;∇umÞ :∇um dx→0 with j→∞;

(27)

combine (24)–(27) we obtain:

XN
i¼1

R
Ω
σm
i ðx;TKðumÞ;∇TKðumÞÞ�σm

i ðx;TKðumÞ;∇TKðuÞÞ
� 


:ð∇TKðumÞ�∇TKðuÞÞdx→0

withm→∞:

(28)

According to Proposition 2 we conclude that

Mðj∇TKðumÞjÞ→Mðj∇TKðuÞjÞ inL1ðΩÞ:

Proposition 6. (See [31]) Suppose that the conditions (19)–(22) and (18) are true, and

uj; u∈ �W
1

M ðΩÞ
k uj k�W

1

M ðΩÞ ≤ c ; j ¼ 1; . . . ;∞ (29)

uj → u in LM ðΩÞ; (30)

with M(z) is a N-function. Let’s assume the following functions:

AjðxÞ ¼
XN
i¼1

σm
i ðx; uj;∇ujÞ � σmi ðx; u;∇uÞ

� �
∇ðuj � uÞ

þ
XN
i¼1

bm

i ðx; uj;∇ujÞ � bm

i ðx; u;∇uÞ
� � ðuj � uÞ;

j 5 1, � � � satisfying the conditionZ
Ω
AjðxÞ dx → 0; j → ∞: (31)

Then, there exists a sequence of natural numbers J ⊂N such that as j → ∞, j ∈ J

σm
i ðx; uj;∇ujÞ * σmi ðx; u;∇uÞ in L

Mi
ðΩÞ i ¼ 1; . . . ;N : (32)

Theorem 2. Under assumptions (19)–(22), the problem ðPÞhas at least one entropy solution.
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Proof of Theorem 2. We divide our proof in six steps:

Step 1: A priori estimate of { um }. We consider the following test function:

v ¼ um þ η expðGðjumjÞÞT1ðum � TjðumÞÞ;

with η small enough, we get:

XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ :∇ expðGðjumjÞÞT1ðum � TjðumÞÞ½ � dx

þ
XN
i¼1

R
Ω
bm

i ðx; um;∇umÞ : expðGðjumjÞÞT1ðum � TjðumÞÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞT1ðum � TjðumÞÞ

≤

R
Ω
f mðxÞ : expðGðjumjÞÞT1ðum � TjðumÞÞ dx;

according to (20) and (22) we obtain:

XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ : expðGðjumjÞÞ∇T1ðum � TjðumÞÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞT1ðum � TjðumÞÞ

≤

R
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞT1ðum � TjðumÞÞ dx;

since f, h, f ∈ L1(Ω), l ∈L1ðRÞ \ L∞ðRÞ, expðGð±∞ÞÞ≤ exp
k l k

L1ðRÞ
a

� 	
and the fact

T1(um � Tj(um)) → 0 is weakly in �W
1

M ðΩÞ as j → ∞ (proposition 4). We have:Z
Ω

f mðxÞ þ hðxÞ þ fðxÞ : lðumÞ
a


 �
: expðGðjumjÞÞT1ðum � TjðumÞÞ dx→ 0 as m→∞;

then, XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ : expðGðjumjÞÞ :∇T1ðumÞ � TjðumÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ :T1ðumÞ � TjðumÞ dx

≤0:

Hence,

lim
m→∞

lim
j→∞

XN
i¼1

Z
f Ω: K<jumj<jþ1 g

σm
i ðx; um;∇umÞ :∇um dx ¼ 0;
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and

lim
m→∞

Z
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ dx ¼ 0: (33)

Step 2. Convergence of the gradient:

In this step we consider again the following test function:

v ¼ um þ η expðGðjumjÞÞ ðTKðumÞ � TKðuÞÞ hjðumÞ;

with, hjðumÞ ¼ 1− jT1ðum −TjðumÞÞ j ¼
1 if fjumj≥ jg;
0 if fjumj≥ jþ 1g;
jþ 1− jumj if fj < jumj < jþ 1g;

8<
: and

jTK(um) � TK(u)j at the same sign when um ∈{ jumj > K} where j ≥ K > 0 and η are small
enough, we obtain

XN
i¼1

R
Ω
σm
i ðx; um;∇umÞ :∇ðexpðGðjumjÞÞ ðTKðumÞ � TKðuÞÞ hjðumÞÞ dx

þ
R
Ω
m :TKðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ ðTKðumÞ � TKðuÞÞ hjðumÞ dx

þ
XN
i¼1

R
Ω
bm

i ðx; um;∇umÞ : expðGðjumjÞÞ ðTKðumÞ � TKðuÞÞ hjðumÞ dx

≤

R
Ω
f mðxÞ : expðGðjumjÞÞ ðTKðumÞ � TKðuÞÞ hjðumÞ dx;

by (20), (22) and the fact j ≥ K > 0 we have this:

XN
i¼1

R
fjum j≤K g

σmi ðx;TKðumÞ;∇TKðumÞÞ:expðGðjumjÞÞ:∇ðTKðumÞ�TKðuÞÞdx

þ
XN
i¼1

R
Ω
σmi ðx;um;∇umÞ:expðGðjumjÞÞ:ðTKðumÞ�TKðuÞÞ:∇hjðumÞdx

þ
R
Ω
m:Tmðum�ζÞ− :sg 1

m
ðumÞ:expðGðjumjÞÞ:ðTKðumÞ�TKðuÞÞ:hjðumÞdx

≤

R
Ω

f mðxÞþhðxÞþfðxÞ: lðjumjÞ
a


 �
:expðGðjumjÞÞ:ðTKðumÞ�TKðuÞÞ:hjðumÞdx;

(34)

then, by the condition (c) in proposition 4 we have TK(um) → TK(u) weakly in �W
1

M ðΩÞ, and
since f m, h(x), f ∈ L1(Ω) we getZ

Ω
f mðxÞþhðxÞþfðxÞ : lðjumjÞ

a


 �
:expðGðjumjÞÞ :ðTKðumÞ�TKðuÞÞ :hjðumÞ dx→0; (35)

and
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Z
Ω
m :Tmðum� ζÞ− :sg 1

m
ðumÞ :expðGðjumjÞÞ :ðTKðumÞ�TKðuÞÞ :hjðumÞ dx¼ 0;

and

XN
i¼1

R
Ω
σmi ðx;um;∇umÞ :expðGðjumjÞÞ :ðTKðumÞ�TKðuÞÞ :∇hjðumÞ dx

¼
XN
i¼1

R
fΩ: j<jum j<jþ1 g

σm
i ðx;um;∇umÞ :∇um :expðGðjumjÞÞ :ðTKðumÞ�TKðuÞÞ dx

≤2K :exp
k l kL1ðΩÞ

a

� �
:
XN
i¼1

R
fΩ: j<jum j<jþ1 g

σm
i ðx;um;∇umÞ :∇um dx→0 as j→∞;

(36)

combining (34) � (36)

XN
i¼1

Z
f jum j≤K g

σm
i ðx;TKðumÞ;∇TKðumÞÞ :expðGðjumjÞÞ :∇ðTKðumÞ�TKðuÞÞ dx≤eði; j;mÞ;

thus,

XN
i¼1

Z
Ω

σmi ðx;TKðumÞ;∇TKðumÞÞ�σmi ðx;TKðumÞ;∇TKðuÞÞ
� 


:∇ðTKðumÞ

�TKðuÞÞ :expðGðjumjÞÞ dx≤ �
XN
i¼1

Z
Ω
σmi ðx;TKðumÞ;∇TKðuÞÞ :∇ðTKðumÞ

�TKðuÞÞ :expðGðjumjÞÞ dx�
XN
i¼1

Z
f jum j>K g

σmi ðx;TKðumÞ;∇TKðumÞÞ :∇ðTKðumÞ

�TKðuÞÞ :expðGðjumjÞÞ dxþ eði; j;mÞ;

letting i, j, m tend to infinity, we have:

XN
i¼1

Z
Ω

σm
i ðx;TKðumÞ;∇TKðumÞÞ�σm

i ðx;TKðumÞ;∇TKðuÞÞ
� 


:∇ðTKðumÞ

�TKðuÞÞ :expðGðjumjÞÞ dx→0 asm→∞; (37)

which is implied by Proposition 2

Mð j∇umj Þ→Mð j∇uj Þ in L1ðΩÞ: (38)

Hence, we obtain for a subsequence:

∇um →∇u a:e in Ω: (39)

Step 3. The equi-integrability of bmi ðx; um;∇umÞ:
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In this section we will show that:

bm

i ðx; um;∇umÞ→ biðx; u;∇uÞ: (40)

Therefore, it is enough to show that bmi ðx; um;∇umÞ is uniformly equi-integrable.We take the
following test function:

v ¼ um þ η expðGðjumjÞÞ
Z 0

jum j

Z
f jsj>j g

lðsÞ ds dx;

we obtain:

XN
i¼1

R
Ω
σmi ðx; um;∇umÞ :∇ expðGðjumjÞÞ

R 0

jumj

R
f jsj>j g

lðsÞ ds dx

þ
XN
i¼1

R
Ω
bm

i ðx; um;∇umÞ : expðGðjumjÞÞ
R 0

jum j

R
f jsj>j g

lðsÞ ds dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ

R 0

jumj

R
f jsj>j g

lðsÞ ds dx

¼
R
Ω
f mðxÞ : expðGðjumjÞÞ

R 0

jum j

R
f jsj>j g

lðsÞ ds dx;
by (20) and (22) we get:

a
XN
i¼1

R
Ω
Mið j∇umj Þ : expðGðjumjÞÞ :

R
f jum j>j g

lðumÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ

R 0

jumj

R
f jsj>j g

lðsÞ ds dx

≤

R
Ω

f m þ hðxÞ þ fðxÞ : lðjumjÞ
a


 �
: expðGðjumjÞÞ

R 0

jum j

R
f jsj>j g

lðsÞ ds dx

þ
R
Ω
fðxÞ : expðGðjumjÞÞ :

R
f jum j>j g

lðumÞ dx;
which implies:

a
XN
i¼1

Z
Ω
Mið j∇umj Þ : expðGðjumjÞÞ : lðumÞ : χf jum j>j g dx≤ c1

Z 0

jum j
lðumÞ : χf jum j>j g dx:

Therefore,

XN
i¼1

Z
f jum j>j g

lðumÞ :Miðj∇umjÞ dx≤ c2

Z 0

jumj
lðjumjÞ : χf jum j>j g dx:

and

0≤

Z
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ : expðGðjumjÞÞ

Z 0

jum j

Z
f jsj>j g

lðsÞ ds dx≤ c3; (41)

and since l ∈L1ðRÞ \ L∞ðRÞwe deduce that:
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lim
j→∞

sup
m∈f 1;...;N g

XN
i¼1

Z
f jum j g

lðjumjÞ :Miðj∇umjÞ dx ¼ 0;

by (37) and (31) we conclude (30)

Step 4. Passing to the limit

Let w∈ �W
1

M ðΩÞ \ L∞ðΩÞwe take the following test function:

v ¼ um � ηTjðum � wÞ;
and jumj�kwk∞ < jum � wj ≤ j. Then, {jum � wj ≤ j}⊂{jumj ≤ j þ kwk∞} we obtain:XN

i¼1

R
Ω
σmi ðx; um;∇umÞ :∇Tjðum � wÞ dxþ

XN
i¼1

R
Ωb

m

i ðx; um;∇umÞ :Tjðum � wÞ dx

þ
R
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ :Tjðum � wÞ dx

≤

R
Ω
f mðxÞ :Tjðum � wÞ dx;

which implies that:XN
i¼1

R
Ω
σmi ðx; um;∇umÞ :∇Tjðum � wÞ dx

¼
XN
i¼1

R
Ω

σm
i ðx;Tjþkwk∞ðumÞ;∇Tjþkwk∞ðumÞÞ � σm

i ðx;Tjþkwk∞ðumÞ;∇wÞ
� 


3 ∇Tjþkwk∞ðum � wÞ : χf jum−wj<j g dx

þ
XN
i¼1

R
Ω
σm
i ðx;Tjþkwk∞ðumÞ;∇wÞ∇Tjþkwk∞ðum � wÞ : χf jum−wj<j g dx;

by Fatou’s Lemma we get:

lim
m→∞

inf
XN
i¼1

R
Ω
σmi ðx;Tjþkwk∞ðumÞ;∇wÞ∇Tjþkwk∞ðum � wÞ : χf jum−wj<j g dx

¼
XN
i¼1

R
Ω
σmi ðx;Tjþkwk∞ðuÞ;∇wÞ∇Tjþkwk∞ðu� wÞ : χf ju−wj<j g dx;

and the fact thatXN
i¼1

σmi ðx;Tjþkwk∞ðumÞ;∇Tjþkwk∞ðumÞÞ *
XN
i¼1

σmi ðx;Tjþkwk∞ðuÞ;∇Tjþkwk∞ðuÞÞ (42)

weakly in �W
1

M ðΩÞ. And since Tj(um � w) * Tj(u � w) weakly in �W
1

M ðΩÞ, and by (39) we
obtain: XN

i¼1

Z
Ω
bm

i ðx; um;∇umÞTjðum � wÞ dx→
XN
i¼1

Z
Ω
biðx; u;∇uÞTjðu� wÞ dx;
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and Z
Ω
f mðxÞTjðum � wÞ dx→

Z
Ω
f ðxÞTjðu� wÞ dx;

andZ
Ω
m :Tmðum � ζÞ− : sg 1

m
ðumÞ :Tjðum � wÞ dx→

Z
Ω
m :Tmðu� ζÞ− : sg 1

m
ðuÞ :Tjðu� wÞ dx;

which completes the proof of Theorem 2.

Remark 3. For the demonstration of the uniqueness solution to this problem ðPÞ in

unbounded domain is obtained in [31] with the operator biðx; u;∇uÞ : Ω3R3RN
→R are

strictly monotonic, at least for a broad class of lower order term, and in [27] with the operator

biðx; u;∇uÞ : Ω3R3RN
→R for i 5 1, . . ., N are contraction Lipschitz continuous

functions which do not satisfy any sign condition, and

XN
i¼1

σiðx; ξ;∇ξÞ � σiðx; ξ0;∇ξ0Þ½ � : ð∇ξ� ∇ξ0Þ dx > 0:
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Appendix
Let

A : �W
1

M ðΩÞ→ ð�W 1

M ðΩÞÞ
0

v→ < AðuÞ; v >¼
R

Ω

XN
i¼1

σiðx; u;∇uÞ : vv
vxi

þ biðx; u;∇uÞ : v
� �

dx

�
R

Ω
f ðxÞ : v dx;

and let denote L
M
ðΩÞ ¼QN

k¼1LMi
ðΩÞwith the norm:

k v kL
M
ðΩÞ ¼

XN
i¼1

k vi kMi ;Ω
v ¼ ðv1; . . . ; vN Þ∈L

M
ðΩÞ:

where MiðtÞ are N-functions satisfying the Δ2�conditions.

Sobolev-space �W
1

M ðΩÞ is the completion of the space C∞

0 ðΩÞ.
σðx; s; ξÞ ¼ σ1ðx; s; ξÞ; . . . ; σN ðx; s; ξÞð Þ

and

bðx; s; ξÞ ¼ b1ðx; s; ξÞ; . . . ; bN ðx; s; ξÞð Þ:
Let’s show that operator A is bounded. So, for u∈ �W

1

M ðΩÞ, according to (9) and (23) we get:

k σðx; u;∇uÞ kL
M
ðΩÞ ¼

XN
i¼1

k σiðx; u;∇uÞ kL
Mi

ðΩÞ

≤
XN
i¼1

R
Ω
Mið σiðx; u;∇uÞ Þ dxþ N

≤~aðΩÞ : kMðuÞ k1;Ω þ kwk1;Ω þ N :

(43)

Further, for σðx; u;∇uÞ∈L
Mi
ðΩÞ; v∈ �W

1

M ðΩÞ using H€older’s inequality we have:

j<AðuÞ; v>Ω j≤ 2kσðx;u;∇uÞkL
M
ðΩÞ :kvk�W

1

M ðΩÞ
þ2kbðx;u;∇uÞkLM ðΩÞ :kvk�W

1

M ðΩÞ þ c0 :kvk�W
1

M ðΩÞ:
(44)

Thus, A is bounded.
And that A is coercive. So, for u∈ �W

1

M ðΩÞ

< AðuÞ; u >Ω ¼
XN
i¼1

R
Ω
σiðx; u;∇uÞ : vu

vxi
dx þ

XN
i¼1

Z
Ω
biðx; u;∇uÞ : u dx

�
R

Ω
f ðxÞ : u dx:
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Then,

< AðuÞ; u >Ω

k u k�W
1

M ðΩÞ
≥

1

k u k�W
1

M ðΩÞ
: a

XN
i¼1

Z
Ω
Mi

vu

vxi

����
����

� �
dx� c1 � c0

"

�lðuÞ :
XN
i¼1

R
Ω
Mi

vu

vxi

����
����

� �
dx� RΩhðxÞ dx

#

≥
1

k u k�W
1

M ðΩÞ
: ð aðΩÞ � c2 Þ :

XN
i¼1

Z
Ω
Mi

vu

vxi

����
����

� �
dx� c0 � c1

"

�c3 �:

According to (18) we have for all k > 0, ∃ α0 > 0 such that:

bið j uxi j Þ > k bi

j uxi j
k uxi kMi ;Ω

 !
; i ¼ 1; . . . ;N :

We take k uxi kMi ;Ω > α0 i ¼ 1; . . . ;N .
Suppose that k uxi k�W

1

M ðΩÞ → 0 as j → ∞, we can assume that:

k ujx1 kM1 ;Ω þ � � � þ k ujxN kMN ;Ω≥N α0:

According to (9) for c > 1, we have:

j uj j bð j uj j Þ < cMðujÞ;
then, by (2.8) we obtain:

< AðujÞ; uj >Ω

k uj k�W
1

M ðΩÞ
≥
aðΩÞ � c2

N α0

:
XN
i¼1

Z
Ω
Mi

vu

vxi

����
����

� �
dx� c4

N α0

≥
aðΩÞ � c2

N α0

:
XN
i¼1

Z
Ω
j ujxi j bð j ujxi j Þ dx�

c4

N α0

≥
ð aðΩÞ � c2 Þ : k
c N k ujxi kMi

:
XN
i¼1

Z
Ω
j ujxi j bi

j ujxi j
k ujxi kMi ;Ω

 !
dx� c4

N α0

≥
ð aðΩÞ � c2 Þ : k

c N
:
XN
i¼1

Z
Ω
Mi

j ujxi j
k ujxi kMi ;Ω

 !
dx� c4

N α0

≥
ð aðΩÞ � c2 Þ : k

c N
� c4

N α0

;

which shows that A is coercive because k is arbitrary.
And finally thatA is pseudo-monotonic. Following up this assumption and since the space �W

1

M ðΩÞ
is separable, then ∃ðujÞ∈C∞

0 ðΩÞ such as:
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uj * u in �W
1

MðΩÞ; (45)

and
AðujÞ * y in ð �W 1

M ðΩÞ Þ
0
; (46)

according to (45), we have for all subsequences denoted again by uj,

k uj k�W
1

M ðΩÞ ≤ c2; j∈N

ðujÞj∈N is bounded in �W
1

M ðΩÞ, and since �W
1

M ðΩÞ is continuously and compactly injected into LM(Ω)

uj * u weakly in LM ðΩÞ;
uj → u a:e: in Ω; j∈N;

and according to (39), we have:

σmi ðx; uj;∇ujÞ→ σm
i ðx; u;∇uÞ a:e: in Ω; j∈N

and

bm

i ðx; uj;∇ujÞ→ bm

i ðx; u;∇uÞ a:e: in Ω; j∈N

and

m :Tmðuj � ζÞ− : sg 1
m
ðujÞ→m :Tmðu� ζÞ− : sg 1

m
ðuÞ a:e: in Ω; j∈N

from (45) and (46), there exist ~σm in L
M
ðΩÞ such as:

σm
i ðx; uj;∇ujÞ * ~σm; j∈N (47)

and there exist ~b
m
in LM(Ω) such as:

bm

i ðx; uj;∇ujÞ * ~b
m
; j∈N: (48)

By (33) it is clear that for any v∈ �W
1

M ðΩÞ, we get:

< y; v > ¼ lim
j→∞

XN
i¼1

R
Ωσ

m
i ðx; uj;∇ujÞ :∇v dxþ lim

j→∞

XN
i¼1

R
Ωb

m

i ðx; uj;∇ujÞ : v dx

¼ RΩ~σm :∇v dxþ RΩ~bm
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(49)

whereof:
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m
i ðx;uj;∇ujÞ∇uj dx

(
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bm
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∇uj dx þ
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(50)
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By (48), we have: Z
Ω
bmðx; uj;∇ujÞ uj dx →

Z
Ω

~b
m
u dx: (51)

Consequently,

lim
j→∞

sup
XN
i¼1

Z
Ω
σm
i ðx; uj;∇ujÞ∇uj dx ≤

Z
Ω
~σm

∇uj dx: (52)

On the other hand, we have by the condition of monotony:

XN
i¼1

ð σmi ðx; uj;∇uj Þ � σm
i ðx; uj;∇u Þ Þ :∇ðuj � uÞ ≥ 0;

which implies

XN
i¼1

ð σiðx;TmðujÞ;∇ujÞ � σiðx;TjðujÞ;∇uÞ Þ :∇ðuj � uÞ ≥ 0; (53)

then,

XN
i¼1

σiðx;TmðujÞ;∇ujÞ :∇uj ≥
XN
i¼1

σiðx;TmðujÞ;∇uÞ :∇ðuj � uÞ

þ
XN
i¼1

σiðx;TmðujÞ;∇ujÞ :∇u;

and by Step 2, we get:

XN
i¼1

σiðx;TmðujÞ;∇uÞ→
XN
i¼1

σiðx;TmðuÞ;∇uÞin L
M
ðΩÞ;

according to (47), we obtain:

lim
j→∞

inf
XN
i¼1

Z
Ω
σmi ðx; uj;∇ujÞ :∇uj dx ≥

Z
Ω
~σm :∇uj dx: (54)

Therefore, from (52), we have:

lim
j→∞

XN
i¼1

Z
Ω
σm
i ðx; uj;∇ujÞ :∇uj dx ¼

Z
Ω
~σm :∇uj dx; (55)

According to (49), (51) and (54) we get:

< AðujÞ; uj > → < y; u > as j→∞:

Hence, from (55), and (39) we obtain:

lim
j→∞

XN
i¼1

Z
Ω
ð σm

i ðx; uj;∇uj Þ � σm
i ðx; uj;∇u Þ Þ :∇ðuj � uÞ dx ¼ 0:
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By (49) we can conclude that

< y ; u >¼< AðuÞ ; u > ∀ u∈ �W
1

M ðΩÞ:
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