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Abstract

Purpose — The author considers an invariant lightlike submanifold 4, whose transversal bundle tr(7M) is
flat, in an indefinite Sasakian manifold M (c) of constant ¢-sectional curvature ¢. Under some geometric
conditions, the author demonstrates that ¢ = 1, that is, M is a space of constant curvature 1. Moreover, M and
any leaf M’ of its screen distribution S (TM) are, also, spaces of constant curvature 1.
Design/methodology/approach — The author has employed the techniques developed by K. L. Duggal and
A. Bejancu of reference number 7.

Findings — The author has discovered that any totally umbilic invariant ligtlike submanifold, whose
transversal bundle is flat, in an indefinite Sasakian space form is, in fact, a space of constant curvature 1 (see
Theorem 4.4).

Originality/value — To the best of the author’s findings, at the time of submission of this paper, the results
reported are new and interesting as far as lightlike geometry is concerned.

Keywords Lightlike submanifolds, Totally umbilic submanifolds, Invariant submanifolds,

Sasakian manifolds

Paper type Research paper

1. Introduction

Unlike non-degenerate submanifolds, lightlike submanifolds are quite complicated to study.
One of the main reasons is that the tangent and normal bundles of a lightlike submanifold
have, in general, a non-trivial intersection. It follows that one may not be able to use the well-
known structural equations for non-degenerate submanifolds on lightlike submanifolds. In
trying to overcome such difficulties, K. L. Duggal and A. Bejancu published their work [1]on
lightlike submanifolds of semi-Riemannian manifolds. Later, it was updated by K. L. Duggal
and B. Sahin to reference [2]. In the above two books, the authors make use of a non-
degenerate screen distribution on the submanifold, which gives rise to a four-factor
breakdown of the ambient space. Unfortunately, the screen distribution is generally not
unique and up to now there is no preferred technique of finding one. However, with some
geometric conditions, one can secure a unique screen distribution, and some classes of
lightlike submanifolds have been discussed, in the above books, with canonical screens,
like the Monge lightlike hypersurfaces and many more. The foundations set in the books
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above motivated many other scholars to investigate the geometry of lightlike submanifolds.
They include, amongst others, [3-16].

Theory of invariant non-degenerate submanifolds of almost-contact manifolds has
extensively been studied and many interesting results are currently known about them.
Some of the notable results on the topic can be found in references [17-19] and many more
references cited therein. On the other hand, the invariant lightlike submanifolds have not
yet been given the necessary attention. In fact, all the work presently known on this topic
are limited to the scope set by K. L. Duggal and B. Sahin in the paper [20, pp. 4-6] as well as
in the book [2, Chapter 7, p. 318]. Since invariant lightlike submanifolds are a part of many
other general classes of lightlike submanifolds, such as the contact SCR (see [20, p. 11]),
generalised CR [2, p. 334], amongst others, it would be important to understand their
geometries well before any attempt is made to generalise them. The present paper is
dedicated to the study of invariant lightlike submanifolds of indefinite Sasakian manifolds,
whose transversal bundle is flat. The rest of the paper is arranged as follows: in Section 2,
we quote some basics notions on almost-contact manifolds as well as lightlike geometry
required in the rest of the paper. In Section 3, we focus on invariant submanifolds and some
basic results. In Section 4, we discuss invariant submanifolds whose transversal bundles
are flat in indefinite Sasakian space form.

2. Preliminaries L
A (271 + 1)-dimensional semi-Riemannian manifold M = (M, g, ¢, {, n) is said to be an

indefinite Sasakian manifold [21]if it admits an almost-contact structure (@, £, 1), that is ¢ is
a tensor of type (1, 1) of rank 27, ¢ is a unit spacelike vector field and # is a 1-form satisfying

@ =-1+1®L ) =1 nX)=2X,0), ¢=0 rp=0, @21

8(eX, ¢Y) =2(X, Y) = n(Xn(Y), (Vxd)Y =g(X, V){ -n(Y)X, (22
for all X and Y tangent to M. Here, V is the Levi-Civita connection for a semi-Riemannian
metric g. Furthermore, R is the curvature tensor of M. Next, a plane section zin T.M of a
Sasakian manifold M is called a ¢-section if it is spanned by a unit vector X orthogi)nal tol
and ¢X, where X is -a non-null vector field on M. The sectional curvature x(X, ¢X) of a
¢-section is called a ¢-sectional curvature. When ¢ does not depend on the ¢-section at each

point, then ¢ constant in M and M is called a Sasakian space form, denoted by M(c).
Moreover, the curvature tensor R of M satisfies (see [2, Theorem 7.1.3, p. 307))

ARX, Y, Z, W) = (c+3){g(Y, Z2)g(X, W) —g(X, Z)g(Y, W)}
+ (e = D){nX)n(2)g(Y, W) —n(Y)n(Z)g(X, W)
+&X, Zn(Y)m(W) —g(Y, Z)n(X)n(W)
+E(PY, 2)2(X, W) —2(dX, 2)2(9Y, W)
—28(0X, V\g(¢Z, W)} VX, Y, Z, We T(TM) 24)

Let (M, g)beareal (m + n)-dimensional semi-Riemannian manifold, where m > 1and n1,
with g a semi-Riemannian metric of index ¢, such that 1 <g <m + n — 1. It follows that M is
never a Riemannian manifold. Let M be an s-dimensional submanifold of M. For each p € M,
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we consider TyM* = {U, € T,M :3,(Up, X3) =0,VX, € T,M}. If M is a lightlike
submanifold, then there exists a smooth distribution Rad 7,M, called the radical
distribution, such that Rad T,M = T,M n T,M* # {0}, for all p€M. Denote by r the
rank of Rad 7M. If » > 0, then M is called an 7-lightlike submanifold [2, p. 191]. There are four
possible classes of lightlike submanifolds, according to

(1) r-lightlike submanifold, 0 < » < min{mz, n},
(2) co-isotropic submanifold, 1 < » =z < m,

(3) isotropic submanifold, 1 < » = m < n,

(4) totally lightlike submanifold, 1 < » = n = m.

Next, we consider a complementary distribution to Rad 7M in TM, called the screen
distribution and denoted by S(7M ). Such a screen is always secured due to the fact that M is
paracompact. Moreover, S(7M ) is orthogonal to Rad 7M and non-degenerate with respect to
g. Thus, we have the decomposition TM = S(TM) L Rad TM. Obviously, S(TM) is not
unique; however, it is canonically isomorphic to the factor bundle 7M /Rad TM [22]. Let us
consider the vector bundle TM* = , u T,M*.In alightlike case, TM* is not complementary

to TM in TM|,; due to the fact that Rad TM = TM n TM+* is a distribution on M of rank
7 > 1. Next, let us consider a non-degenerate complementary vector bundle S(7M%) to
Rad TM in TM*. Then, TM* = S(TM*) L Rad TM. We call S(TM*) the screen transversal
bundle of M. Furthermore, using the fact that S(7M) is non-degenerate, we have the

decomposition TM = S(TM) LS(TM)*, where S(TM)* is the complementary
orthogonal vector bundle to S(7M) in TM . Note that S(TM*) is a vector subbundle of
S(TM )l, and since both are non-degenerate, we have the orthogonal decomposition
S(TM)* = S(TM*) L S(TM+)*. The theory of lightlike submanifolds largely depends on
the vector bundles S(TM) and S(TM*), a lightlike submanifold is often denoted as

(M, g, S(TM), S(TM*)). The following characterisation result of lightlike submanifolds is
well known:

Theorem 2.1. (Duggal-Sahin [2)). Let (M, g, S(TM), S(TM*)) be an r-lightlike

submanifold of semi-Riemannian manifold (M,g). Suppose U is a coordinate
neighbourhood of M. There exists a complementary vector bundle /tr(7M/), called the

lightlike transversal bundle of Rad 7M in S(TM * )* and a basis of I'(/tr(7M) ) consists of
smooth sections {MNy,..., N,} of S(TMl)‘lu such that g(&,N;) =6 g(Vi,N;) =0,
i, =1,...,7,where {&,...,&,} is a basis of I'(Rad TM).

The above theorem shows that there exists a complementary (but not orthogonal) vector
bundle tr(TM) to TM in TMy, called the transversal bundle, such that tr(7M) =
Ir(TM) L S(TM*) and T]W‘M =TM & tr(M).

From now on, we denote by M an m-dimensional lightlike submanifold instead of
(M, g, S(TM), S(TM*)) and (m + n)-dimensional semi-Riemannian manifold by M. Let
us denote by F(M) the algebra of smooth functions on M and T'(E) the F'(M) module of
smooth sections of a vector bundle E (the same notation for any other vector bundle) over M.
Then, we have

Vy¥ = ViV +h(X, Y), VX, Y €D (TM), 25)
VyU = —ApX + VLU, VX eT(TM), U eT(tr(TM)), 26)



where {VxY, AyX}and {i(X, V), Vi U} belong to I'(TM) and I'(tr(TM)), respectively.
Further, V and V' are linear connections on M and tr(TM), respectively. The second
Sundamental form h is a symmetric F'(M)-bilinear form on I'(7M ) with values in I'(tr(7M)
and the shape operator Ay is a linear endomorphism of I'( 7M ). Moreover, (2.5) and (2.6) lead
to (see [2, pp. 196-198)).

~

VyY = VY + (X, V) +1¥(X, Y), @2.7)
VxN = —AyX + VLN + D*(X, N), 2.8
VW = —ApX + VS W + D/(X, W), 2.9)

for all X, Y el (TM), Nel(ltr(TM)) and W el (S(TM*)). Here, Ay and Ay are
called the shape operators of M. We call I and 7* the lightlike second fundamental form and
the screen second fundamental form, respectively. Furthermore, V! and V° are,
respectively, linear connections on /tr(7M) and S(TM*'), called the lLightlike connection
and the screen transversal connection. Note that IY and D* are Ofsuki connections on
Itr(TM) and S(TM*), respectively. Denote the projection of TM on S(TM) by P. Then,
we have

VxPY = VyPY + (X, PY), Vxé = A X + V{¢, (2.10)

for all X, Y €I'(TM) and £ eT'(Rad TM). Here, V* and A; are, respectively, the linear

connection and shape operator of S(TM). Furthermore, /* and V* stand for the second
fundamental form and a linear connection on Rad TM, respectively. Furthermore, by
using (2.5), (2.7)-(2.10), we obtain

ZH(X,Y), &) +3(Y, (X, &) +g(Y, Vxé) =0, 2.12)
Z(h'(X,PY),N) =g(AyX, PY), Z(H(X, ¢&),& =0, A¢=0, (213

SD’X,N), W)=g(N, Aw, X), Z(VxPY,N)=g(PY, AxX), (2.14)

where X, Yel(TM), éeT(Rad TM)and W e (S(TM*)). In general, the induced
connection V on M is not a metric connection. Since V is a metric connection, by using
(2.7), we get (Vxg)(Y,Z)=g(W(X,Y),Z)+gW(X, 2), Y), for all X,Y,ZeT(TM).
However, it is important to note that V* is a metric connection on S(7M). Denoted by R, R!
and R?, the curvature tensors of M, ltr(TM) and S(TM*), respectively. Then we have (see
[1, p. 171] for more details)

R(X, Y)Z = R(X, Y)Z +A/11(X,Z)Y - Ahl(Y,Z)X +Ah‘(XZ) Y

— Ay X + (VxI)Y, Z) — (Vol) (X, Z) + D'(X, I*(Y, Z))

- N 2.15)
— DY, (X, 2)) + (Vak) (Y, Z) — (Vo) (X, Z)

+ DX, (Y, 2)) - D (Y, (X, Z)),
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R(X, V)N =R (X, Y)N +H (Y, AyX) — (X, AyY) + D(X, D’(Y, N))
—D(Y,D(X,N)) + (VyA) (N, X) = (VxA)(N, Y)
+ApxnY — ApemX + (VxD*)(Y, N) — (VyD')(X, N)
+15(Y, AxX) — I(X, AyY),

(2.16)

RX, Y)W =RX, Y)W +1I'(Y, AwX) — I (X, AyY) + D' (X, D(Y, W))
~D(Y, DX, W) + (VYA (W, X) — (VxA) (W, Y)
+Apx Y = Apy X + (VD) (Y, W) — (VyD) (X, W)
+H(Y, ApX) — (X, AyY),

2.17)
where VI, VIs, VD!, VI¥, (VxA)(Y, N)and (VxA)(Y, W) are given by
(Vi )(Y, Z) = Vi (Y, Z) = H(VxY, Z) = (Y, VxZ), 2.18)
(Vxl*) (Y, Z) = VS8 (Y, Z) — W8 (Vx Y, Z) = IE(Y, VxZ), 2.19)
(VxD')(Y, W) = V4D(Y, W) —U(v W) -D(Y, ViW), (2.20)
(VxD)(Y, N) = VyD*(Y, N) — D*(VxY, N) — D’ (Y, V&N), 2.21)

(VxA)(N, Y) = VxA(N, ¥) — A(
(VxA)(W, V) = VAW, Y) — A(

forallX, Y, Zel(TM), N €T (tr(TM)) and W € T(S(TM*)). Furthermore, we say that
the screen transversal bundle S(7M*) is flat if V° is a flat linear connection. In this case,
the corresponding curvature tensor R vanishes. Similarly, the lightlike transversal bundle
Itr(TM) is flat if V'is a flat linear connection, which also implies that ®' vanishes. Next, we
end this section by defining the parallelism of the connections I and IF.

Definition 2.2. We say that the Otsuki connection I (resp. I¥) is parallel if VI = 0 (resp.
VD =0).
It follows from relations (2.20), (2.21) and Definition 2.2 that I and I are parallel if and only if

V4N ) AN, VxY),
VXW Y) — A(W, VyY),

VDY, W) =D(VxY, W)+ D (Y, Vi W), (2.22)
and V§D'(Y,N) =D'(VxY, N)+D(Y, VyN), 223)

for all X, Y e T'(TM), respectively.

3. Definitions and basic results

Let M be a lightlike submanifold of an indefinite almost-contact metric manifold
M=M,¢ n, ¢,8). If ¢ is tangent to M, then ¢ does not belong to the lightlike
distribution Rad 7M. Thus, by ¢ tangent, we shall mean ¢ € I'(S(7TM)) [8]. With the above
note in mind, we have the following definition:



Definition 3.1. (Duggal-Sahin [2]). Let M be a lightlike submanifold of an indefinite
Sasakian manifold M, tangent to ¢, that is, { € T'(S(TM)). We call M an invariant lightlike
submanifold if both S(TM) and Rad TM are invariant with respect to ¢. That is,
@S(TM) = S(TM) and ¢Rad TM = Rad TM.

It is easy to see, from Definition 3.1 above, that /tr(7M ) and S(TM*) are also invariant with
respect to ¢. That is, pltr(TM) = itr(TM) and S(TM*) = S(TM™*). Also the following,
about an invariant lightlike submanifold, holds:

Proposition 3.2. There exist no any isotropic or totally lightlike invariant submanifold M/
of an indefinite Sasakian manifold M.

According to Proposition 3.2, by an invariant lightlike submanifold M of an indefinite
Sasakian manifold M, we shall always mean M to be an 7-lightlike or a co-isotropic in M.

Lemma 3.3. Let M be an invariant lightlike submanifold of an indefinite Sasakian
manifold. Then, the following holds:

Vil =—-¢X, WX, ) =rX, ¢ =0, 3.)
WX, §Y) = ph(X, Y), h(¢X, Y) = -h(X,Y), 3.2)
(Vx)Y = g(X, V)¢ —n(Y)X, R(X,Y),=nY)X-nX)Y, 3.3)

forall X, Y e'(TM).

Proof. The relations in (3.1), (3.2) and the first in (3.3) follow easily from (2.7), (2.2) and (2.3).
Turning to the second relation in (3.3). Setting Z = ¢ in (2.15) and then considering (3.1) in the
resulting relation, we get

R(X, Y)¢ =RWX, Y) + (Vxl')(Y, ¢)

B ; Rk B . (34)
(Vyl)(X, §) + (Vxh)(Y, §) = (Vyl)(X, ©),

for any X, Y € [(TM). Now, using (2.18) and (3.1), we derive (Vx/)(Y, {) = =} (Y, Vx{)
= 1Y, ¢X). It then follows

(Vxl!)(Y, &) — (VyH) (X, ¢) =0, (35)

in which we have used (3.2) and the symmetry of /. In a similar way, but this time using (2.19)
and (3.1), we have (Vx/) (Y, ¢) = (Y, ¢X), from which

(Vxl?)(Y, §) = (Vv ) (X, ) = 0. 3.6)

Then, putting (3.5) and (3.6) in (3.4), we obtain R(X, Y)¢ = R(X, Y)¢. It then follows from
23) that R(X, V)¢ =n(Y)X —p(X)Y. [
Considering Lemma 3.3, we have the following.

Theorem 3.4. The sectional curvature of any non-degenerate plane spanned by ¢ and a
non-null vector field on M orthogonal to £ is 1.

Lemma 3.5. On any invariant lightlike submanifold M of an indefinite Sasakian manifold
M, we have the following:

(1) AzyX = pANX —Z(X, N)¢, VidN = $ViN, D'(X, ¢N) = $D°(X, N);
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@ AgyX= PAWX, VW = gV W, DN (X, W) = 9D (X, W), for any X e[ (TM).
Proof: Taking Y = N in the second relation of (2.2), we have (VX@N =g(X, N)¢, for any
X €T (TM). Then, applying (2.8) to this relation leads to

—Ag X + VLON + DS(X, §N) 4+ pANX — pVLN — ¢DS(X, N) = (X, N)¢.  (37)

The relations in (1), then, follow from (3.7) by comparing tangential and transversal parts. On
the other hand, using (2.3) and (2.9), we derive
—Ag, X + VW + DX, 9W) + pAwX — ¢V W — @D/(X, W) =0,  (38)

for all X e T(TM). Finally, the relations in (2) follow from (3.8) by comparing tangential and
transversal parts. n

From the first relation in (1) of Lemma 3.5, the following holds:

Proposition 3.6. There exists no any invariant lightlike submanifold of an indefinite
Sasakian manifold such that Ay vanishes on Rad TM.
It is well known [9, Eq. 4.20, p. 62] that when S(7M) is totally umbilic, then

PANX = APX and " (&, PX) = 0, 39
for any X e I'(TM), where 2 is smooth function on each coordinate neighbourhood ¢/ ¢ M.

Thus, in case M is invariant submanifold, with a totally umbilic screen, the first relation in (1)
of Lemma 3.5 and the first relation of (3.9) gives

PPANE =g(&, N)C. (3.10)

Taking the inner product of (3.10) with ¢ leads to Z(& N) = g(PANE, &) =

g(aANf, ¢) = 0. This is clearly a contradiction.
On the other hand, when S(TM) is parallel, with respect to V, it is known [2, p. 89] that
I (X, PY) = 0,forallX, Y € T(TM).From this relation and the first one in (2.13), we see that

g(An¢, PX) =0, (311)
for each X eI'(TM) and N € I'(Itr(TM)). Then, the first relation in (1) of Lemma 3.5, leads to
2(Agp&, PY) = —g(Ay¢, $PY) —Z(& N)g(¢, PY). (312

Thus, from (3.11) and 3.12), we have g(& N)g(¢, PY) =0, for any Y eT(TM). As
g(&, N) #0, it follows that g(£, PY) = 0. Now, replacing PY with ¢ (this is possible since ¢
belongs to S(TM) by Definition 3.1) in the last relation, we get g(¢,¢) = 0, which is a
contradiction to g(¢, ) = (¢) = 1 (see the second relation in (2.1). With the above discussion,
we have the following result:

Theorem 3.7. There exists no any invariant lightlike submanifold of an indefinite
Sasakian manifold with a totally umbilic or parallel screen distribution.

Lemma 3.8. Let M be an invariant lightlike submanifold of an indefinite Sasakian
manifold M. Then, the following holds:

1 D W)=0.
2 D*(¢,N)=0ifand only if Ay = 0.



Proof: From (2.11) and (3.1), we have g(Y, D/(¢, W)) = g(Aw¢, Y), for all Y eT(TM).
Taking Y = &in thisrelation, we get (£, D/ (¢, W)) = 0.1t follows from the last relation that
D¢, W) = 0.0nthe other hand, from (2.11), we have g(h* (X, PY), W) = g(AwX, PY),for
any X, Y eI'(TM). Taking X = ¢ in this relation and then applying in (2.15), we get
g(Aw¢, PY) = 0.1t follows from this relation that Ay ¢ is I'(Rad TM )valued. Hence, using
this information in the first relation of (2.14), we conclude that (¢, N) = 0 if and only if
Aw¢ =0. n

Proposition 3.9. Let M be an invariant lightlike submanifold of an indefinite Sasakian
manifold M. Then,

(1) D'is parallel if and only if I¥ = 0. Moreover, Ay is a symmetric operator.

(2) Drisparallel and Aw¢ = 0if and only if D° = 0.
Proof: Using (2.22) and Lemma 3.8, we have I (Y x¢, W) =0, for any X eI ( ™ ). Now,
applying the first relation of (3.1) to this, we get DY (¢X, W) = 0.Replacing X with ¢.X, we get
-D'(X, W) +n(X)D(¢, W) = =D'(X, W) = 0. Hence, I} = 0. Now from (2.11), we have
gX, Y), W)=g(AwX, Y), for any X, Y €'(TM). Since 7* is symmetric, it follows

that Ay is symmetric on 7M, which proves (1). The proof of (2) follows similar steps, while
considering (2.23), which completes the proof. [

4. Main results
In this section, we characterise an invariant lightlike submanifold M of an indefinite Sasakian

manifold M, whose transversal bundle is flat. In line with the above, we start with a few
characterisation results.

Proposition 4.1. Let M be an invariant lightlike submanifold of an indefinite Sasakian
space form M (c), with a flat screen transversal bundle S(7M*). Then,

(c=1)g(W, W)g(eX, oY) = =2{g(I’(Y, ApX), W)
+E3(°(X, AgweY ), W) —g(D’(X, D' (oY, oW)), W)
+2(D(eY, D'(X, 8W)), W)},
forall X, Y e(TM) and W eT(S(TM*)).
Proof: Replacing Y with @Y, Zwith W and W with W in (2), we get
RO GV, W, W) = - Lg(W, Wie@X, §v) 4
for all X, Y € T(TM). On the other hand, since R* = 0, (2.17) leads to
R(X, oY, W, W) =g(l' (Y, AwX) — I*(X, AwdY), W) +2(D°(X, D'(§Y, W)
- (87, DX W), W),
4.2)

Then, applying the relations of Lemma 3.5 to (4.2), we get
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R(X, oY, W, ¢W) =g(h*(Y, AwX), W) +2(I*(X, A$W$Y)7 W)
~g(DX. D(GY. W), W) +2(D(GY. DX, §W)), W),

4.3)
forany X, Y €T(TM)and W € T(S(TM*)). Finally, our claim follows from (4.1) and (4.3),
which completes the proof. [

Proposition 4.2. Let M be an invariant 7-lightlike submanifold of an indefinite Sasakian
space form M (c), with a flat screen transversal bundle S(7M*). If IV is parallel, then M (c) is
a space of constant curvature ¢ = 1 if and only if Ay has no components in S(7M).
Proof: Suppose that I is parallel. It follows from Proposition 3.9 that Ay is a symmetric
operator. Hence, applying Lemma 3.5 and (2.15), we derive,

g (X, Agy@Y), W) = g(AwX, Az, dY) = g(AwX, AyY), (44

forall X, Y eI'(TM). Applying (4.4) to the relation of Proposition 4.1, we get,
(c—1)g(W, W)g(pX, §Y) = —4g(AwX, AwY). 4.5

Now, from (4.5), we see that when ¢ =1, then g(AwX, AwY) = 0. This shows that
PAwX = 0. On the other hand, when PAyX =0, for each X eT'(TM), then (4.5) gives
(c=1)g(W, W)g(¢X, ¢Y) = 0. Clearly, ¢ =1 since S(TM) and S(TM*) are non-
degenerate subbundles, which completes the proof. [

Proposition 4.3. Let M be an invariant lightlike submanifold of an indefinite Sasakian
manifold M, such that I is parallel. If the lightlike transversal bundle /tr(7M) is flat, then
¢=11if and only if the operator Ay is symmetric with respect to the lightlike second
fundamental form /2.

Proof: As D' is parallel, Proposition 3.9 suggests that I = 0. Since /tr(TM) is flat, (2.16)
leads to

E(Xv Y7 Na 5) :g(hl(y7 ANX)_hl(Xv ANY)7 6)7 (46)
for any X, Y e '(TM). Next, applying (4.6) to (2), we get
_1 _ _
- Dgx, ¥)g@N, §) =2(4(Y. AuX) - H(X. AY). ). @D

If c=1 (4.7) leads to g(W(Y,AyX)-W(X, AyY), &) =0, from which we get
WY, AyX) = I'(X, AyY). Hence, Ay is symmetric with respect to /. On the other hand,
when Ay is sympathetic with respect to #/, (4.7) gives (¢ —1)g(X, $Y)§($N , &) = 0. Since
S(TM) is non-degenerate, we deduce that ¢ = 1, which completes the proof. [

A lightlike submanifold M of a semi-Riemannian manifold M is said to be totally umbilic
[9, Definition 1, p. 58], in M, if there is a smooth transversal vector field # € I'(tr(TM)), called
the transversal curvature vector field of M, such that h(X, Y) =g(X, Y)H, for all
X, YeI'(TM). Moreover, M is totally umbilic if and only if on each coordinate
neighbourhood U there exist smooth vector fields H' e T(Itr(TM)) and H® € T(S(TM*))
such that #/(X, YV) = g(X, Y)H'and (X, Y) = g(X, Y)H". Furthermore, Theorem 4.1 of



[9, p. 59] indicates that when M is totally umbilic, then the Otsuki connection IY, on ltr(TM),
vanishes, that is, I = 0. We say that M is totally geodesic if H vanishes, equivalently when
both H' and H* vanish.

Theorem 4.4. Let M be a totally umbilic invariant lightlike submanifold of an indefinite
Sasakian space form M(c). If the lightlike transversal bundle /tr(7M) or the screen
transversal bundle S(7M?) is flat, then ¢ = 1. Moreover,

(1) M is a space of constant curvature 1.
(2) Rad TM is a flat distribution on M.
() Any leaf M of S(TM) is minimal in M and has constant curvature 1.

Proof: When M s totally umbilic, the last two relations in (3.1) indicate that g(X, {)H! = 0
and g(X, {)H* =0, for any X el'(TM). It follows from these two relations that
H' = H® = 0and hence, M is totally geodesic. This was also proved in [20, Theorem 2.5,
p. 6]. Therefore, in view of (2.15), we easily conclude that R(X, Y)Z = R(X, Y)Z, for any
X, Yand Ztangent to M. Moreover, I = 0, soitis trivially a metric connection in this case.
By the flatness assumption of Itr(TM) or S(TM*), we see, from Propositions 4.2 and 4.3,
that ¢ = 1. It follows from (2) that

RX,Y)Z=RX,V)Z=g(Y,2)X - g(X, 2)Y, 4.8)

for all X, Y, ZeT'(TM). We can easily see, from (4.8), that M is a space of constant
curvature 1, which proves (1). Next, let R* denote the curvature tensor of Rad TM with
respect to V*. Then, as per (3.8) of [9, p. 57] and the fact that M is totally geodesic and of
constant curvature 1, we obtain

Z(R"(X, V)& N) =g(R(X, Y)¢, N)
=g(Y, §g(X,N) —g(X, g(Y, N) =0,

for all X, Yel(TM). From (4.9), we deduce that R* = 0. Hence, Rad TM is flat,
which proves (2). Next, assume that S(7M) is integrable and let M be its leaf. In this
case, Ay is symmetric on S(7M); hence, the first relation in (1) of Lemma 3.5 helps us
to get

4.9)

(X, Y) = -1"(X, Y), (4.10)

forany X, Y € ['(S(TM)). Since M is totally geodesic, the second fundamental form of M’
inMish(X,Y)=h(X,Y)+ kX, Y)+hr(X,Y)=h(X,Y)forany Xand Y tangent
to M. Therefore, using (4.10), we get trace‘m,hl =0, which shows that M is minimal.
Denote by R* the curvature tensor of S(7M) with respect to the semi-Riemannian
connection V*. Then, through a direct calculation while considering (4.8), (2.10) and the fact
M is totally geodesic, we derive

Y, 2)X —g(X, Z)Y =R(X, V)Z = R*(X, V)Z + I (X, V},Z)
— 15 (Y, ViZ) = (X, Y], Z) + Vil (Y, Z) = V' (X, Z),

for any X, Y and Z tangent to M. It follows from the relation above that
RX, V)Z=46(Y,2)X-g(X,2)Y,
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where R = Ry, is the curvature tensor of M "and g = gy Hence, M is a space of constant
curvature 1, which completes the proof. [

Corollary 4.5. There does not exist any totally umbilic invariant lightlike submanifold of

an indefinite Sasakian space form M (c # 1), with a flat lightlike transversal bundle or flat
screen transversal bundle.
We wind up this section by giving an example of an invariant lightlike submanifold M of an

indefinite Sasakian manifold M.
Example 4.6. (An invariant lightlike submanifold). Let M = (R}, ¢, ¢, n, 2) be the

manifold endowed with the usual Sasakian structure (see, for example, [2, p. 321] for such a
structure), in which g has signature (-, +, +, —, +, +, + ), with respect to the canonical

basis {dx!, 0x%, 9x°, 9y, 9y?, 9y°, 9z}. Suppose that M is a submanifold of M given by

¥! = v'coshd, ¥ = vicosho, ¥* = v'sinkd — v?,
1?2 =o' + o%sinkg, x° = sinv’sinkw?, y® = cosvicosiv®, z = v°.

It is easy to see that the vector fields &,, &, ¢, 71, Z», and given by

& = coshfdx" + sinhdx” + 9y* + (y'coshd + y*sinhf) dz,
& = —02% + coshOdy* + sinhddy? — vz, ¢ = 20z,

7, = cosv’sinw*dx® — sinv®coshv*dy® + yPcosv’sinkw?dz,
Z, = sinv’coshv*dx® + cosv’sinkw*dy® + y’sinv’coshv?az,

spans TM. Moreover, one can see that Rad TM = Span{¢;, &} and S(TM) = Span
{%, 2, {}. Furthermore, we note that &, = &, and ¢Z; = Z;. It follows that Rad 7 and
S(TM) are invariant under ¢. On the other hand, /tr(7M) is spanned by N, and N,, where

Ny = 2{ — cosh@dx' — sinhdx* + dy* — (y'coshd + y*sinho)dz},
N, = 2{ — 02 — cosh@dy" — sinh0dy* — y*0z}.

Note that §N, = Ny; hence, Itr(TM) is invariant under ¢. Therefore, M is a five-dimensional
invariant lightlike submanifold of M.
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