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Abstract

Purpose – The author considers an invariant lightlike submanifold M, whose transversal bundle trðTMÞ is
flat, in an indefinite Sasakian manifold MðcÞ of constant f-sectional curvature c. Under some geometric
conditions, the author demonstrates that c ¼ 1, that is,M is a space of constant curvature 1. Moreover,M and
any leaf M

0
of its screen distribution SðTMÞ are, also, spaces of constant curvature 1.

Design/methodology/approach – The author has employed the techniques developed by K. L. Duggal and
A. Bejancu of reference number 7.
Findings – The author has discovered that any totally umbilic invariant ligtlike submanifold, whose
transversal bundle is flat, in an indefinite Sasakian space form is, in fact, a space of constant curvature 1 (see
Theorem 4.4).
Originality/value – To the best of the author’s findings, at the time of submission of this paper, the results
reported are new and interesting as far as lightlike geometry is concerned.

Keywords Lightlike submanifolds, Totally umbilic submanifolds, Invariant submanifolds,

Sasakian manifolds

Paper type Research paper

1. Introduction
Unlike non-degenerate submanifolds, lightlike submanifolds are quite complicated to study.
One of the main reasons is that the tangent and normal bundles of a lightlike submanifold
have, in general, a non-trivial intersection. It follows that one may not be able to use the well-
known structural equations for non-degenerate submanifolds on lightlike submanifolds. In
trying to overcome such difficulties, K. L. Duggal and A. Bejancu published their work [1] on
lightlike submanifolds of semi-Riemannian manifolds. Later, it was updated by K. L. Duggal
and B. Sahin to reference [2]. In the above two books, the authors make use of a non-
degenerate screen distribution on the submanifold, which gives rise to a four-factor
breakdown of the ambient space. Unfortunately, the screen distribution is generally not
unique and up to now there is no preferred technique of finding one. However, with some
geometric conditions, one can secure a unique screen distribution, and some classes of
lightlike submanifolds have been discussed, in the above books, with canonical screens,
like the Monge lightlike hypersurfaces and many more. The foundations set in the books
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above motivated many other scholars to investigate the geometry of lightlike submanifolds.
They include, amongst others, [3–16].

Theory of invariant non-degenerate submanifolds of almost-contact manifolds has
extensively been studied and many interesting results are currently known about them.
Some of the notable results on the topic can be found in references [17–19] and many more
references cited therein. On the other hand, the invariant lightlike submanifolds have not
yet been given the necessary attention. In fact, all the work presently known on this topic
are limited to the scope set by K. L. Duggal and B. Sahin in the paper [20, pp. 4–6] as well as
in the book [2, Chapter 7, p. 318]. Since invariant lightlike submanifolds are a part of many
other general classes of lightlike submanifolds, such as the contact SCR (see [20, p. 11]),
generalised CR [2, p. 334], amongst others, it would be important to understand their
geometries well before any attempt is made to generalise them. The present paper is
dedicated to the study of invariant lightlike submanifolds of indefinite Sasakian manifolds,
whose transversal bundle is flat. The rest of the paper is arranged as follows: in Section 2,
we quote some basics notions on almost-contact manifolds as well as lightlike geometry
required in the rest of the paper. In Section 3, we focus on invariant submanifolds and some
basic results. In Section 4, we discuss invariant submanifolds whose transversal bundles
are flat in indefinite Sasakian space form.

2. Preliminaries
A ð2nþ 1Þ-dimensional semi-Riemannian manifold M ¼ ðM ; g; f; ζ; ηÞ is said to be an

indefinite Sasakian manifold [21] if it admits an almost-contact structure ðf; ζ; ηÞ, that is f is
a tensor of type ð1; 1Þ of rank 2n, ζ is a unit spacelike vector field and η is a 1-form satisfying

w2 ¼ −I þ η⊗ ζ; ηðζÞ ¼ 1; ηðXÞ ¼ gðX ; ζÞ; fζ ¼ 0; η8f ¼ 0; (2.1)

gðwX ; fY Þ ¼ gðX ; Y Þ � ηðXÞηðY Þ; ð∇XfÞY ¼ gðX ; Y Þζ � ηðY ÞX ; (2.2)

∇Xζ ¼ −fX ; RðX ; Y Þζ ¼ ηðY ÞX � ηðXÞY ; (2.3)

for all X and Y tangent to M. Here, ∇ is the Levi-Civita connection for a semi-Riemannian

metric g. Furthermore, R is the curvature tensor of M. Next, a plane section π in TxM of a

Sasakian manifoldM is called a f-section if it is spanned by a unit vector X orthogonal to ζ
and fX, where X is a non-null vector field on M. The sectional curvature κðX ; fXÞ of a
f-section is called a f-sectional curvature. When c does not depend on the f-section at each

point, then c constant in M and M is called a Sasakian space form, denoted by MðcÞ.
Moreover, the curvature tensor R of M satisfies (see [2, Theorem 7.1.3, p. 307])

4RðX ; Y ; Z ; W Þ ¼ ðcþ 3ÞfgðY ; ZÞgðX ; W Þ � gðX ; ZÞgðY ; W Þg
þ ðc� 1ÞfηðXÞηðZÞgðY ; W Þ � ηðY ÞηðZÞgðX ; W Þ
þ gðX ; ZÞηðY ÞηðW Þ � gðY ; ZÞηðXÞηðW Þ
þgðfY ; ZÞgðfX ; W Þ � gðfX ; ZÞgðfY ; W Þ
−2gðfX ;Y ÞgðfZ ;W Þg; ∀X ; Y ; Z ; W ∈TðTMÞ (2.4)

Let ðM ; gÞbe a real ðmþ nÞ-dimensional semi-Riemannianmanifold, wherem > 1and n≥ 1,

with g a semi-Riemannian metric of index q, such that 1≤ q≤mþ n− 1. It follows thatM is

never a Riemannian manifold. LetM be anm-dimensional submanifold ofM. For each p∈M,
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we consider TpM
⊥ ¼ fUp ∈TpM : gpðUp; XpÞ ¼ 0; ∀Xp ∈TpMg. If M is a lightlike

submanifold, then there exists a smooth distribution RadTpM, called the radical

distribution, such that RadTpM ¼ TpM ∩ TpM
⊥ ≠ f0g, for all p∈M. Denote by r the

rank of RadTM. If r > 0, thenM is called an r-lightlike submanifold [2, p. 191]. There are four
possible classes of lightlike submanifolds, according to

(1) r-lightlike submanifold, 0 < r < minfm; ng,
(2) co-isotropic submanifold, 1 < r ¼ n < m,

(3) isotropic submanifold, 1 < r ¼ m < n,

(4) totally lightlike submanifold, 1 < r ¼ n ¼ m.

Next, we consider a complementary distribution to RadTM in TM, called the screen
distribution and denoted by SðTMÞ. Such a screen is always secured due to the fact thatM is
paracompact. Moreover, SðTMÞ is orthogonal to RadTM and non-degenerate with respect to
g. Thus, we have the decomposition TM ¼ SðTMÞ⊥RadTM. Obviously, SðTMÞ is not
unique; however, it is canonically isomorphic to the factor bundle TM=RadTM [22]. Let us
consider the vector bundleTM⊥ ¼ ∪

p∈M
TpM

⊥. In a lightlike case,TM⊥ is not complementary

to TM in TM jM due to the fact that RadTM ¼ TM ∩ TM⊥ is a distribution onM of rank
r > 1. Next, let us consider a non-degenerate complementary vector bundle SðTM⊥Þ to
RadTM inTM⊥. Then,TM⊥ ¼ SðTM⊥Þ⊥RadTM. We call SðTM⊥Þ the screen transversal
bundle of M. Furthermore, using the fact that SðTMÞ is non-degenerate, we have the

decomposition TM jM ¼ SðTMÞ⊥ SðTMÞ⊥, where SðTMÞ⊥ is the complementary

orthogonal vector bundle to SðTMÞ in TM jM . Note that SðTM⊥Þ is a vector subbundle of

SðTMÞ⊥, and since both are non-degenerate, we have the orthogonal decomposition

SðTMÞ⊥ ¼ SðTM⊥Þ⊥SðTM ⊥ Þ⊥. The theory of lightlike submanifolds largely depends on
the vector bundles SðTMÞ and SðTM⊥Þ, a lightlike submanifold is often denoted as
ðM ; g; SðTMÞ; SðTM⊥ÞÞ. The following characterisation result of lightlike submanifolds is
well known:

Theorem 2.1. (Duggal-Sahin [2]). Let ðM ; g; SðTMÞ; SðTM⊥ÞÞ be an r-lightlike

submanifold of semi-Riemannian manifold ðM ; gÞ. Suppose U is a coordinate
neighbourhood of M. There exists a complementary vector bundle ltrðTMÞ, called the

lightlike transversal bundle of RadTM in SðTM ⊥ Þ⊥ and a basis of ΓðltrðTMÞjUÞ consists of
smooth sections fN1; . . . ; Nrg of SðTM⊥Þ⊥jU such that gðξi;NjÞ ¼ δij, gðNi;NjÞ ¼ 0,

i; j ¼ 1; . . . ; r, where fξ1; . . . ; ξrg is a basis of ΓðRadTMÞ.
The above theorem shows that there exists a complementary (but not orthogonal) vector

bundle trðTMÞ to TM in TM jM , called the transversal bundle, such that trðTMÞ ¼
ltrðTMÞ⊥SðTM⊥Þ and TM jM ¼ TM ⊕ trðMÞ.

From now on, we denote by M an m-dimensional lightlike submanifold instead of

ðM ; g; SðTMÞ; SðTM⊥ÞÞ and ðmþ nÞ-dimensional semi-Riemannian manifold by M. Let
us denote by FðMÞ the algebra of smooth functions on M and ΓðEÞ the FðMÞ module of
smooth sections of a vector bundle E (the same notation for any other vector bundle) overM.
Then, we have

∇XY ¼ ∇XY þ hðX ; Y Þ; ∀X ; Y ∈ΓðTMÞ; (2.5)

∇XU ¼ −AUX þ ∇
t
XU ; ∀X ∈ΓðTMÞ; U ∈ΓðtrðTMÞÞ; (2.6)
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where f∇XY ; AUXg and fhðX ; Y Þ; ∇t
XUg belong to ΓðTMÞ and ΓðtrðTMÞÞ, respectively.

Further, ∇ and ∇t are linear connections on M and trðTMÞ, respectively. The second
fundamental form h is a symmetric FðMÞ-bilinear form on ΓðTMÞwith values in ΓðtrðTMÞÞ
and the shape operator AV is a linear endomorphism of ΓðTMÞ. Moreover, (2.5) and (2.6) lead
to (see [2, pp. 196–198]).

∇XY ¼ ∇XY þ hlðX ; Y Þ þ hsðX ; Y Þ; (2.7)

∇XN ¼ −ANX þ ∇
l
XN þ DsðX ; NÞ; (2.8)

∇XW ¼ −AWX þ∇
s
XW þ DlðX ; W Þ; (2.9)

for all X ;Y ∈ΓðTMÞ, N ∈ΓðltrðTMÞÞ and W ∈ΓðSðTM⊥ÞÞ. Here, AN and AW are
called the shape operators ofM. We call hl and hs the lightlike second fundamental form and
the screen second fundamental form, respectively. Furthermore, ∇l and ∇s are,
respectively, linear connections on ltrðTMÞ and SðTM⊥Þ, called the lightlike connection

and the screen transversal connection. Note that Dl and Ds are Otsuki connections on
ltrðTMÞ and SðTM⊥Þ, respectively. Denote the projection of TM on SðTMÞ by P. Then,
we have

∇XPY ¼ ∇
*
XPY þ h*ðX ; PY Þ; ∇Xξ ¼ −A*

ξX þ ∇
*t
X ξ; (2.10)

for all X ; Y ∈ΓðTMÞ and ξ∈ΓðRadTMÞ. Here, ∇� and A�
ξ are, respectively, the linear

connection and shape operator of SðTMÞ. Furthermore, h� and ∇�t stand for the second
fundamental form and a linear connection on RadTM, respectively. Furthermore, by
using (2.5), (2.7)–(2.10), we obtain

gðhsðX ; Y Þ; W Þ þ gðY ; DlðX ; W ÞÞ ¼ gðAWX ; Y Þ; (2.11)

gðhlðX ; Y Þ; ξÞ þ gðY ; hlðX ; ξÞÞ þ gðY ; ∇XξÞ ¼ 0; (2.12)

gðh*ðX ; PY Þ; NÞ ¼ gðANX ; PY Þ; gðhlðX ; ξÞ; ξÞ ¼ 0; A*
ξξ ¼ 0; (2.13)

gðDsðX ; NÞ; W Þ ¼ gðN ; AW ; XÞ; gð∇XPY ; NÞ ¼ gðPY ; ANXÞ; (2.14)

where X ; Y ∈ΓðTMÞ; ξ∈ΓðRadTMÞ andW ∈ΓðSðTM⊥ÞÞ. In general, the induced
connection ∇ on M is not a metric connection. Since ∇ is a metric connection, by using
(2.7), we get ð∇XgÞðY ; ZÞ ¼ gðhlðX ; Y Þ; ZÞ þ gðhlðX ; ZÞ; Y Þ, for all X ;Y ; Z ∈ΓðTMÞ.
However, it is important to note that∇� is a metric connection on SðTMÞ. Denoted by R, Rl

and Rs, the curvature tensors ofM, ltrðTMÞ and SðTM⊥Þ, respectively. Then we have (see
[1, p. 171] for more details)

RðX ; Y ÞZ ¼ RðX ;Y ÞZ þ Ahl ðX ;Z ÞY � Ahl ðY ;Z ÞX þ AhsðX ;Z ÞY

� AhsðY ;Z ÞX þ �e∇Xh
l
�ðY ; ZÞ � �e∇Yh

l
�ðX ; ZÞ þ DlðX ; hsðY ; ZÞÞ

� DlðY ; hsðX ; ZÞÞ þ �e∇Xh
s
�ðY ; ZÞ � �e∇Yh

s
�ðX ; ZÞ

þ Ds
�
X ; hlðY ; ZÞ�� Ds

�
Y ; hlðX ; ZÞ�;

(2.15)
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RðX ; Y ÞN ¼ RlðX ; Y ÞN þ hlðY ; ANXÞ � hlðX ; ANY Þ þ DlðX ; DsðY ; NÞÞ
� DlðY ; DsðX ; NÞÞ þ ð∇YAÞðN ; XÞ � ð∇XAÞðN ; Y Þ
þ ADsðX ;NÞY � ADsðY ;NÞX þ ð∇XD

sÞðY ; NÞ � ð∇YD
sÞðX ; NÞ

þ hsðY ; ANXÞ � hsðX ; ANY Þ;

(2.16)

RðX ; Y ÞW ¼ RsðX ; Y ÞW þ hsðY ; AWXÞ � hsðX ; AWY Þ þ Ds
�
X ; DlðY ; W Þ�

� Ds
�
Y ; DlðX ; W Þ�þ ð∇YAÞðW ; XÞ � ð∇XAÞðW ; Y Þ

þ ADl ðX ;W ÞY � ADl ðY ;W ÞX þ �
∇XD

l
�ðY ; W Þ � �

∇YD
l
�ðX ; W Þ

þ hlðY ; AWXÞ � hlðX ; AWY Þ;
(2.17)

where e∇hl ; e∇hs; ∇Dl ; ∇Ds; ð∇XAÞðY ; NÞ and ð∇XAÞðY ; W Þ are given by

�e∇Xh
l
�ðY ; ZÞ ¼ ∇

l
X h

lðY ; ZÞ � hlð∇XY ; ZÞ � hlðY ; ∇XZÞ; (2.18)

ðe∇Xh
sÞðY ; ZÞ ¼ ∇

s
Xh

sðY ; ZÞ � hsð∇XY ; ZÞ � hsðY ; ∇XZÞ; (2.19)�
∇XD

l
�ðY ; W Þ ¼ ∇l

XD
lðY ; W Þ � Dlð∇XY ; W Þ � Dl

�
Y ; ∇s

XW
�
; (2.20)

ð∇XD
sÞðY ; NÞ ¼ ∇

s
XD

sðY ; NÞ � Dsð∇XY ; NÞ � Ds
�
Y ; ∇l

XN
�
; (2.21)

ð∇XAÞðN ; Y Þ ¼ ∇XAðN ; Y Þ � A
�
∇

l
XN ; Y

�� AðN ; ∇XY Þ;
ð∇XAÞðW ; Y Þ ¼ ∇XAðW ; Y Þ � A

�
∇

l
XW ; Y

�� AðW ; ∇XY Þ;
for all X ; Y ; Z ∈ΓðTMÞ; N ∈ΓðtrðTMÞÞ andW ∈ΓðSðTM⊥ÞÞ. Furthermore, we say that
the screen transversal bundle SðTM⊥Þ is flat if ∇s is a flat linear connection. In this case,
the corresponding curvature tensorRs vanishes. Similarly, the lightlike transversal bundle
ltrðTMÞ is flat if∇l is a flat linear connection, which also implies that Rl vanishes. Next, we
end this section by defining the parallelism of the connections Dl and Ds.

Definition 2.2. We say that the Otsuki connection Dl (resp. Ds) is parallel if∇Dl ¼ 0 (resp.
∇Ds ¼ 0).
It follows from relations (2.20), (2.21) andDefinition 2.2 thatDl andDs are parallel if and only if

∇
l
XD

lðY ; W Þ ¼ Dlð∇XY ; W Þ þ Dl
�
Y ; ∇s

XW
�
; (2.22)

and ∇
s
XD

sðY ; NÞ ¼ Dsð∇XY ; NÞ þ Ds
�
Y ; ∇l

XN
�
; (2.23)

for all X ;Y ∈ΓðTMÞ, respectively.

3. Definitions and basic results
Let M be a lightlike submanifold of an indefinite almost-contact metric manifold

M ¼ ðM ; ζ; η; f; gÞ. If ζ is tangent to M, then ζ does not belong to the lightlike
distribution RadTM. Thus, by ζ tangent, we shall mean ζ∈ΓðSðTMÞÞ [8]. With the above
note in mind, we have the following definition:
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Definition 3.1. (Duggal-Sahin [2]). Let M be a lightlike submanifold of an indefinite

Sasakian manifold M, tangent to ζ, that is, ζ∈ΓðSðTMÞÞ. We call M an invariant lightlike

submanifold if both SðTMÞ and RadTM are invariant with respect to f. That is,

fSðTMÞ ¼ SðTMÞ and fRadTM ¼ RadTM.

It is easy to see, from Definition 3.1 above, that ltrðTMÞ and SðTM⊥Þ are also invariant with
respect to f. That is, fltrðTMÞ ¼ ltrðTMÞ and fSðTM⊥Þ ¼ SðTM⊥Þ. Also the following,
about an invariant lightlike submanifold, holds:

Proposition 3.2. There exist no any isotropic or totally lightlike invariant submanifoldM

of an indefinite Sasakian manifold M.
According to Proposition 3.2, by an invariant lightlike submanifold M of an indefinite

Sasakian manifold M, we shall always mean M to be an r-lightlike or a co-isotropic in M.

Lemma 3.3. Let M be an invariant lightlike submanifold of an indefinite Sasakian
manifold. Then, the following holds:

∇Xζ ¼ −fX ; hlðX ; ζÞ ¼ hsðX ; ζÞ ¼ 0; (3.1)

hðX ; fY Þ ¼ fhðX ; Y Þ; hðfX ; fY Þ ¼ −hðX ; Y Þ; (3.2)

ð∇XfÞY ¼ gðX ; Y Þζ � ηðY ÞX ; RðX ; Y Þζ ¼ ηðY ÞX � ηðXÞY ; (3.3)

for all X ; Y ∈ΓðTMÞ.
Proof: The relations in (3.1), (3.2) and the first in (3.3) follow easily from (2.7), (2.2) and (2.3).
Turning to the second relation in (3.3). Setting Z ¼ ζ in (2.15) and then considering (3.1) in the
resulting relation, we get

RðX ; Y Þζ ¼ RðX ; Y Þζ þ �
∇Xh

l
�ðY ; ζÞ

� �
∇Yh

l
�ðX ; ζÞ þ ð∇Xh

sÞðY ; ζÞ � ð∇Yh
sÞðX ; ζÞ;

(3.4)

for any X ;Y ∈ΓðTMÞ. Now, using (2.18) and (3.1), we derive ð∇Xh
lÞðY ; ζÞ ¼ −hlðY ; ∇XζÞ

¼ hlðY ; fXÞ. It then follows�
∇Xh

l
�ðY ; ζÞ � �

∇Yh
l
�ðX ; ζÞ ¼ 0; (3.5)

in which we have used (3.2) and the symmetry of hl. In a similar way, but this time using (2.19)

and (3.1), we have ð∇Xh
sÞðY ; ζÞ ¼ hsðY ; fXÞ, from which

ð∇Xh
sÞðY ; ζÞ � ð∇Yh

sÞðX ; ζÞ ¼ 0: (3.6)

Then, putting (3.5) and (3.6) in (3.4), we obtain RðX ; Y Þζ ¼ RðX ; Y Þζ. It then follows from
(2.3) that RðX ; Y Þζ ¼ ηðY ÞX − ηðXÞY . ∎
Considering Lemma 3.3, we have the following.

Theorem 3.4. The sectional curvature of any non-degenerate plane spanned by ζ and a
non-null vector field on M orthogonal to ζ is 1.

Lemma 3.5. On any invariant lightlike submanifoldM of an indefinite Sasakian manifold

M, we have the following:

(1) A
fN

X ¼ fANX − gðX ; NÞζ; ∇l
XfN ¼ f∇l

XN ; DsðX ; fNÞ ¼ fDsðX ; NÞ;
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(2) A
fW

X ¼ fAWX ; ∇s
XfW ¼ f∇s

XW ; DlðX ; fW Þ ¼ fDlðX ;W Þ; for any X ∈ΓðTMÞ.
Proof: Taking Y ¼ N in the second relation of (2.2), we have ð∇XfÞN ¼ gðX ; NÞζ, for any
X ∈ΓðTMÞ. Then, applying (2.8) to this relation leads to

−A
fN
X þ ∇

l
XfN þ DsðX ; fNÞ þ fANX � f∇l

XN � fDsðX ; NÞ ¼ gðX ; NÞζ: (3.7)

The relations in (1), then, follow from (3.7) by comparing tangential and transversal parts. On
the other hand, using (2.3) and (2.9), we derive

−A
fW

X þ ∇
s
XfW þ DlðX ;fW Þ þ fAWX � f∇s

XW � fDlðX ; W Þ ¼ 0; (3.8)

for all X ∈ΓðTMÞ. Finally, the relations in (2) follow from (3.8) by comparing tangential and
transversal parts. ∎

From the first relation in (1) of Lemma 3.5, the following holds:

Proposition 3.6. There exists no any invariant lightlike submanifold of an indefinite
Sasakian manifold such that AN vanishes on RadTM.
It is well known [9, Eq. 4.20, p. 62] that when SðTMÞ is totally umbilic, then

PANX ¼ λPX and h*ðξ; PXÞ ¼ 0; (3.9)

for any X ∈ΓðTMÞ, where λ is smooth function on each coordinate neighbourhood U ⊂M.
Thus, in caseM is invariant submanifold, with a totally umbilic screen, the first relation in (1)
of Lemma 3.5 and the first relation of (3.9) gives

PfANξ ¼ gðξ; NÞζ: (3.10)

Taking the inner product of (3.10) with ζ leads to gðξ; NÞ ¼ gðPfANξ; ζÞ ¼
gðfANξ; ζÞ ¼ 0. This is clearly a contradiction.

On the other hand, when SðTMÞ is parallel, with respect to ∇, it is known [2, p. 89] that
h*ðX ; PY Þ ¼ 0, for allX ; Y ∈ΓðTMÞ. From this relation and the first one in (2.13), we see that

gðANξ; PXÞ ¼ 0; (3.11)

for each X ∈ΓðTMÞ and N ∈ΓðltrðTMÞÞ. Then, the first relation in (1) of Lemma 3.5, leads to

gðA
fN
ξ; PY Þ ¼ −gðANξ; fPY Þ � gðξ; NÞgðζ; PY Þ: (3.12)

Thus, from (3.11) and (3.12), we have gðξ; NÞgðζ; PY Þ ¼ 0, for any Y ∈ΓðTMÞ. As
gðξ; NÞ≠ 0, it follows that gðζ; PY Þ ¼ 0. Now, replacing PY with ζ (this is possible since ζ
belongs to SðTMÞ by Definition 3.1) in the last relation, we get gðζ; ζÞ ¼ 0, which is a
contradiction to gðζ; ζÞ ¼ ηðζÞ ¼ 1 (see the second relation in (2.1). With the above discussion,
we have the following result:

Theorem 3.7. There exists no any invariant lightlike submanifold of an indefinite
Sasakian manifold with a totally umbilic or parallel screen distribution.

Lemma 3.8. Let M be an invariant lightlike submanifold of an indefinite Sasakian

manifold M. Then, the following holds:

(1) Dlðζ; W Þ ¼ 0:

(2) Dsðζ;NÞ ¼ 0 if and only if AW ζ ¼ 0.
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Proof: From (2.11) and (3.1), we have gðY ; Dlðζ; W ÞÞ ¼ gðAW ζ; Y Þ, for all Y ∈ΓðTMÞ.
TakingY ¼ ξ in this relation, we get gðξ; Dlðζ; W ÞÞ ¼ 0. It follows from the last relation that
Dlðζ;W Þ ¼ 0. On the other hand, from (2.11), we have gðhsðX ; PY Þ; W Þ ¼ gðAWX ; PY Þ, for
any X ; Y ∈ΓðTMÞ. Taking X ¼ ζ in this relation and then applying in (2.15), we get
gðAW ζ; PY Þ ¼ 0. It follows from this relation that AW ζ is ΓðRadTMÞvalued. Hence, using
this information in the first relation of (2.14), we conclude that Dsðζ; NÞ ¼ 0 if and only if
AW ζ ¼ 0. ∎

Proposition 3.9. Let M be an invariant lightlike submanifold of an indefinite Sasakian

manifold M. Then,

(1) Dl is parallel if and only if Dl ¼ 0. Moreover, AW is a symmetric operator.

(2) Ds is parallel and AW ζ ¼ 0 if and only if Ds ¼ 0.

Proof: Using (2.22) and Lemma 3.8, we have Dlð∇Xζ; W Þ ¼ 0, for any X ∈ΓðTMÞ. Now,
applying the first relation of (3.1) to this, we getDlðfX ; W Þ ¼ 0. ReplacingXwithfX, we get
−DlðX ; W Þ þ ηðXÞDðζ; W Þ ¼ −DlðX ; W Þ ¼ 0. Hence, Dl ¼ 0. Now from (2.11), we have
gðhsðX ; Y Þ; W Þ ¼ gðAWX ; Y Þ, for any X ; Y ∈ΓðTMÞ. Since hs is symmetric, it follows
that AW is symmetric on TM, which proves (1). The proof of (2) follows similar steps, while
considering (2.23), which completes the proof. ∎

4. Main results
In this section, we characterise an invariant lightlike submanifoldM of an indefinite Sasakian

manifold M, whose transversal bundle is flat. In line with the above, we start with a few
characterisation results.

Proposition 4.1. Let M be an invariant lightlike submanifold of an indefinite Sasakian

space form MðcÞ, with a flat screen transversal bundle SðTM⊥Þ. Then,
ðc� 1ÞgðW ; W ÞgðwX ; wY Þ ¼ −2fgðhsðY ; AWXÞ; W Þ

þ gðhsðX ; AwWwY Þ; W Þ � gðDsðX ; DlðwY ; wW ÞÞ; W Þ
þ gðDsðwY ; DlðX ; wW ÞÞ; W Þg;

for all X ;Y ∈ΓðTMÞ and W ∈ΓðSðTM⊥ÞÞ.
Proof: Replacing Y with fY , Z with W and W with fW in (2), we get

RðX ; fY ; W ; fW Þ ¼ −
c� 1

2
gðW ; W ÞgðfX ; fY Þ; (4.1)

for all X ; Y ∈ΓðTMÞ. On the other hand, since Rs ¼ 0, (2.17) leads to

RðX ; fY ; W ; fW Þ ¼ gðhsðfY ; AWXÞ � hsðX ; AWfY Þ; fW Þ þ gðDsðX ; DlðfY ; W ÞÞ
� Ds

�
fY ; DlðX ; W ÞÞ;fW Þ:

(4.2)

Then, applying the relations of Lemma 3.5 to (4.2), we get
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RðX ; fY ; W ; fW Þ ¼ gðhsðY ; AWXÞ; W Þ þ gðhsðX ; A
fW

fY Þ; W Þ
� g

�
DsðX ; DlðfY ; fW ÞÞ; W Þ þ g

�
DsðfY ; DlðX ; fW ÞÞ; W Þ;

(4.3)

for any X ; Y ∈ΓðTMÞ andW ∈ΓðSðTM⊥ÞÞ. Finally, our claim follows from (4.1) and (4.3),
which completes the proof. ∎

Proposition 4.2. Let M be an invariant r-lightlike submanifold of an indefinite Sasakian

space formMðcÞ, with a flat screen transversal bundle SðTM⊥Þ. IfDl is parallel, thenMðcÞ is
a space of constant curvature c ¼ 1 if and only if AW has no components in SðTMÞ.
Proof: Suppose that Dl is parallel. It follows from Proposition 3.9 that AW is a symmetric
operator. Hence, applying Lemma 3.5 and (2.15), we derive,

g
�
hs
�
X ; A

fW
fY

�
; W

� ¼ g
�
AWX ; A

fW
fY

� ¼ gðAWX ; AWY Þ; (4.4)

for all X ; Y ∈ΓðTMÞ. Applying (4.4) to the relation of Proposition 4.1, we get,

ðc� 1ÞgðW ; W Þg�fX ; fY� ¼ −4gðAWX ; AWY Þ: (4.5)

Now, from (4.5), we see that when c ¼ 1 , then gðAWX ; AWY Þ ¼ 0. This shows that
PAWX ¼ 0. On the other hand, when PAWX ¼ 0, for each X ∈ΓðTMÞ, then (4.5) gives

ðc− 1ÞgðW ; W Þg�fX ; fY� ¼ 0. Clearly, c ¼ 1 since SðTMÞ and SðTM⊥Þ are non-

degenerate subbundles, which completes the proof. ∎

Proposition 4.3. Let M be an invariant lightlike submanifold of an indefinite Sasakian

manifold M, such that Dl is parallel. If the lightlike transversal bundle ltrðTMÞ is flat, then
c ¼ 1 if and only if the operator AN is symmetric with respect to the lightlike second
fundamental form hl.
Proof: As Dl is parallel, Proposition 3.9 suggests that Dl ¼ 0. Since ltrðTMÞ is flat, (2.16)
leads to

RðX ; Y ; N ; ξÞ ¼ g
�
hlðY ; ANXÞ � hlðX ; ANY Þ; ξ�; (4.6)

for any X ; Y ∈ΓðTMÞ. Next, applying (4.6) to (2), we get

ðc� 1Þ
2

gðX ; fY ÞgðfN ; ξÞ ¼ g
�
hlðY ; ANXÞ � hlðX ; ANY Þ; ξ�: (4.7)

If c ¼ 1, (4.7) leads to gðhlðY ; ANXÞ− hlðX ; ANY Þ; ξÞ ¼ 0, from which we get

hlðY ; ANXÞ ¼ hlðX ; ANY Þ. Hence, AN is symmetric with respect to hl. On the other hand,

when AN is sympathetic with respect to hl, (4.7) gives ðc− 1ÞgðX ; fY ÞgðfN ; ξÞ ¼ 0. Since
SðTMÞ is non-degenerate, we deduce that c ¼ 1, which completes the proof. ∎

A lightlike submanifold M of a semi-Riemannian manifold M is said to be totally umbilic

[9, Definition 1, p. 58], inM, if there is a smooth transversal vector fieldH ∈ΓðtrðTMÞÞ, called
the transversal curvature vector field of M, such that hðX ; Y Þ ¼ gðX ; Y ÞH, for all
X ; Y ∈ΓðTMÞ. Moreover, M is totally umbilic if and only if on each coordinate

neighbourhood U there exist smooth vector fields Hl ∈ΓðltrðTMÞÞ and Hs ∈ΓðSðTM⊥ÞÞ
such that hlðX ; Y Þ ¼ gðX ; Y ÞHl and hsðX ; Y Þ ¼ gðX ; Y ÞHs. Furthermore, Theorem 4.1 of
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[9, p. 59] indicates that whenM is totally umbilic, then the Otsuki connection Dl, on ltrðTMÞ,
vanishes, that is, Dl ¼ 0. We say that M is totally geodesic if H vanishes, equivalently when

both Hl and Hs vanish.

Theorem 4.4. Let M be a totally umbilic invariant lightlike submanifold of an indefinite

Sasakian space form MðcÞ. If the lightlike transversal bundle ltrðTMÞ or the screen
transversal bundle SðTM⊥Þ is flat, then c ¼ 1. Moreover,

(1) M is a space of constant curvature 1.

(2) RadTM is a flat distribution on M.

(3) Any leaf M
0
of SðTMÞ is minimal in M and has constant curvature 1.

Proof: WhenM is totally umbilic, the last two relations in (3.1) indicate that gðX ; ζÞHl ¼ 0
and gðX ; ζÞHs ¼ 0, for any X ∈ΓðTMÞ. It follows from these two relations that
Hl ¼ Hs ¼ 0 and hence, M is totally geodesic. This was also proved in [20, Theorem 2.5,

p. 6]. Therefore, in view of (2.15), we easily conclude that RðX ; Y ÞZ ¼ RðX ; Y ÞZ , for any
X,Y and Z tangent toM. Moreover,Dl ¼ 0 , so it is trivially ametric connection in this case.
By the flatness assumption of ltrðTMÞ or SðTM⊥Þ, we see, from Propositions 4.2 and 4.3,
that c ¼ 1. It follows from (2) that

RðX ; Y ÞZ ¼ RðX ; Y ÞZ ¼ gðY ; ZÞX � gðX ; ZÞY ; (4.8)

for all X ; Y ; Z ∈ΓðTMÞ. We can easily see, from (4.8), that M is a space of constant
curvature 1, which proves (1). Next, let R�t denote the curvature tensor of RadTM with
respect to ∇�t. Then, as per (3.8) of [9, p. 57] and the fact thatM is totally geodesic and of
constant curvature 1, we obtain

g
�
R*tðX ; Y Þξ; N� ¼ gðRðX ; Y Þξ; NÞ

¼ gðY ; ξÞgðX ;NÞ � gðX ; ξÞgðY ; NÞ ¼ 0;
(4.9)

for all X ; Y ∈ΓðTMÞ. From (4.9), we deduce that R�t ¼ 0. Hence, RadTM is flat,
which proves (2). Next, assume that SðTMÞ is integrable and let M

0
be its leaf. In this

case, AN is symmetric on SðTMÞ; hence, the first relation in (1) of Lemma 3.5 helps us
to get

h*ðfX ; fY Þ ¼ −h*ðX ; Y Þ; (4.10)

for any X ; Y ∈ΓðSðTMÞÞ. SinceM is totally geodesic, the second fundamental form ofM
0

inM is h
0 ðX ; Y Þ ¼ h*ðX ; Y Þ þ hlðX ; Y Þ þ hsðX ; Y Þ ¼ h*ðX ; Y Þ, for anyX andY tangent

to M
0
. Therefore, using (4.10), we get tracejTM 0h

0 ¼ 0, which shows that M
0
is minimal.

Denote by R� the curvature tensor of SðTMÞ with respect to the semi-Riemannian
connection∇�. Then, through a direct calculation while considering (4.8), (2.10) and the fact
M is totally geodesic, we derive

gðY ; ZÞX � gðX ; ZÞY ¼ RðX ; Y ÞZ ¼ R*ðX ; Y ÞZ þ h*
�
X ; ∇*

YZ
�

� h*
�
Y ; ∇*

XZ
�� h*ð½X ;Y �; ZÞ þ ∇

*t
X h

*ðY ; ZÞ �∇
*t
Y h

*ðX ; ZÞ;

for any X, Y and Z tangent to M
0
. It follows from the relation above that

R
0 ðX ; Y ÞZ ¼ g

0 ðY ; ZÞX � g
0 ðX ; ZÞY ;
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where R
0 ¼ R�

jM 0 is the curvature tensor ofM
0
and g

0 ¼ gM 0. Hence,M
0
is a space of constant

curvature 1, which completes the proof. ∎

Corollary 4.5. There does not exist any totally umbilic invariant lightlike submanifold of

an indefinite Sasakian space form Mðc≠ 1Þ, with a flat lightlike transversal bundle or flat
screen transversal bundle.
We wind up this section by giving an example of an invariant lightlike submanifoldM of an

indefinite Sasakian manifold M.

Example 4.6. (An invariant lightlike submanifold). Let M ¼ ðℝ7
2; f; ζ; η; gÞ be the

manifold endowed with the usual Sasakian structure (see, for example, [2, p. 321] for such a
structure), in which g has signature ð−; þ; þ; − ; þ; þ; þ Þ, with respect to the canonical

basis fvx1; vx2; vx3; vy1; vy2; vy3; vzg. Suppose that M is a submanifold of M given by

x1 ¼ υ1coshθ; y1 ¼ υ2coshθ; x2 ¼ υ1sinhθ � υ2;
y2 ¼ υ1 þ υ2sinhθ; x3 ¼ sinυ3sinhυ4; y3 ¼ cosυ3coshυ4; z ¼ υ5:

It is easy to see that the vector fields ξ1; ξ2; ζ; Z1; Z2; and given by

ξ1 ¼ coshθvx1 þ sinhθvx2 þ vy2 þ �
y1coshθ þ y2sinhθ

�
vz;

ξ2 ¼ −vx2 þ coshθvy1 þ sinhθvy2 � y2vz; ζ ¼ 2vz;
Z1 ¼ cosυ3sinhυ4vx3 � sinυ3coshυ4vy3 þ y3cosυ3sinhυ4vz;
Z2 ¼ sinυ3coshυ4vx3 þ cosυ3sinhυ4vy3 þ y3sinυ3coshυ4vz;

spans TM. Moreover, one can see that RadTM ¼ Spanfξ1; ξ2g and SðTMÞ ¼ Span

fZ1; Z2; ζg. Furthermore, we note that fξ2 ¼ ξ1 and fZ2 ¼ Z1. It follows that RadTM and

SðTMÞ are invariant under f. On the other hand, ltrðTMÞ is spanned by N1 and N2, where

N1 ¼ 2
�� coshθvx1 � sinhθvx2 þ vy2 � �

y1coshθ þ y2sinhθ
�
vz
�
;

N2 ¼ 2
�� vx2 � coshθvy1 � sinhθvy2 � y2vz

�
:

Note that fN2 ¼ N1; hence, ltrðTMÞ is invariant under f. Therefore,M is a five-dimensional

invariant lightlike submanifold of M.
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