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Abstract

Purpose – In this paper, Picard–S hybrid iterative process is defined, which is a hybrid of Picard and
S-iterative process. This new iteration converges faster than all of Picard, Krasnoselskii, Mann, Ishikawa,
S-iteration, Picard–Mannhybrid, Picard–Krasnoselskii hybrid and Picard–Ishikawa hybrid iterative processes
for contraction mappings and to find the solution of delay differential equation, using this hybrid iteration also
proved some results for Picard–S hybrid iterative process for nonexpansive mappings.
Design/methodology/approach – This new iteration converges faster than all of Picard, Krasnoselskii,
Mann, Ishikawa, S-iteration, Picard–Mann hybrid, Picard–Krasnoselskii hybrid, Picard–Ishikawa hybrid
iterative processes for contraction mappings.
Findings – Showed the fastest convergence of this new iteration and then other iteration defined in this paper.
The author finds the solution of delay differential equation using this hybrid iteration. For new iteration, the
author also proved a theorem for nonexpansive mapping.
Originality/value – This new iteration converges faster than all of Picard, Krasnoselskii, Mann, Ishikawa,
S-iteration, Picard–Mann hybrid, Picard–Krasnoselskii hybrid, Picard–Ishikawa hybrid iterative processes for
contraction mappings and to find the solution of delay differential equation, using this hybrid iteration also
proved some results for Picard–S hybrid iterative process for nonexpansive mappings.
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1. Introduction
Let E be a normed linear space and C be a non-empty convex subset of E. A mapping
T : C→C is called contraction if

kTx� Tyk ≤ δkx� yk (1.1)

for all x; y ∈ C and δ ∈ ð0; 1Þ.
LetC be a non-empty subset of a normed linear space E andT : C→E amapping. ThenT

is said to be nonexpansive if

kTx� Tyk ≤ kx� yk; for all x; y ∈ C

A sequence xn ⊂ C is an approximating fixed point sequence ofT if limn→∞kxn −Txnk ¼ 0 .
We say that x ∈ C is a fixed point ofT ifTðxÞ ¼ xand denote FðTÞ the set of all fixed points
of T.
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In this paper, N denotes the set of all positive integers.
The Picard iterative process [1] is defined by the sequence fung as follows:

u1 ¼ u ∈ C

unþ1 ¼ Tun; n ∈ N
(1.2)

The Krasnoselskii iterative process [2] is defined by the sequence fvng:
v1 ¼ v ∈ C

vnþ1 ¼ ð1� λÞvn þ λTvn; n ∈ N
(1.3)

where λ ∈ ð0; 1Þ.
The Mann iteration [3] is defined by the sequence fwng:

w1 ¼ w ∈ C

wnþ1 ¼ ð1� αnÞwn þ αnTwn; n ∈ N
(1.4)

where fαng ⊂ ð0; 1Þ satisfies certain appropriate conditions.
The Ishikawa iterative process [4] is defined by the sequence fzng:

z1 ¼ z ∈ C

znþ1 ¼ ð1� αnÞzn þ αnTyn
yn ¼ ð1� βnÞzn þ βnTzn; n ∈ N

(1.5)

where fαng; fβng ⊂ ð0; 1Þ satisfies certain appropriate conditions.
S-iterative process [5] is defined by the sequence fqng:

q1 ¼ q ∈ C

qnþ1 ¼ ð1� αnÞTqn þ αnTyn
yn ¼ ð1� βnÞqn þ βnTqn; n ∈ N

(1.6)

where fαng; fβng ⊂ ð0; 1Þ satisfies certain appropriate conditions.
Many important non-linear problems of applied mathematics are usually constructed in

the form of fixed point equation. These problems are related with physical problem of applied
sciences and engineering.

The Picard iteration is the simple iteration for approximate solution of fixed point
equation for non-linear contraction mapping. Some results based on Picard iteration are
introduced by Chidume and Olaleru [6].

Khan [7] introduced the Picard–Mann hybrid iterative process defined by the sequence
fsng:

s1 ¼ s ∈ C

snþ1 ¼ Tyn
yn ¼ ð1� αnÞsn þ αnTsn; n ∈ N

(1.7)

where fαng is a real sequence in ð0; 1Þ.
Okeke and Abbas [8] introduced the Picard–Krasnoselskii hybrid iterative process

defined by the sequence fmng:
m1 ¼ m ∈ C

mnþ1 ¼ Tyn
yn ¼ ð1� λÞmn þ λTmn; n ∈ N

(1.8)

where λ ∈ ð0; 1Þ.
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Okeke [9] introduced the Picard–Ishikawa hybrid iterative process defined by the
sequence ftng:

t1 ¼ t ∈ C

tnþ1 ¼ Tvnv

vn ¼ ð1� αnÞtn þ αnTun
un ¼ ð1� βnÞtn þ βnTtn; n ∈ N

(1.9)

where fαng; fβngare real sequences in (0,1). Using hybridizationwith Picard, now I introduce
Picard–S hybrid iterative process defined by the sequence fxng:

x1 ¼ x ∈ C

xnþ1 ¼ Tzn
zn ¼ ð1� αnÞTxn þ αnTyn
yn ¼ ð1� βnÞxn þ βnTxn; n ∈ N

(1.10)

where fαng and fβng are real sequences in ð0; 1Þ satisfying condition:

X∞
n¼1

αnβnð1� βnÞ ¼ ∞ (1.11)

Let fungand fvngbe two fixed point iteration processes that converge to a certain fixed point
p of a given operator T. The sequence fung is better than fvng if

kun � pk ≤ kvn � pk
for all n ∈ N (given by Rhodes [10]).

2. Preliminaries

Definition 2.1. Let fangand fbngbe two sequences of real numbers converging to a and b,
respectively. If

lim
n→∞

jan � aj
jbn � bj ¼ 0

then fang converges faster than fbng.
Definition 2.2. Let fung and fvng be two fixed point iterative processes, both converge to
fixed point p of a given operator T. Suppose that the error estimates.

jjun � pjj ≤ an; for all n ∈ N

jjvn � pjj ≤ bn; for all n ∈ N

are available, where fang and fbng are two sequences of positive numbers converging to 0. If
fang converges faster than fbng, then fung converges faster than fvng to p.
Definition 2.3. Let X be a Banach space. Then a function δX : ½0; 2�→ ½0; 1� is said to be
the modulus of convexity of X if

δX ðeÞ ¼ inf
n
1�

���xþ y

2

��� : kxk ≤ 1; kyk ≤ 1; kx� yk ≥ e
o

It is easy to see that δX ð0Þ ¼ 0 and δX ðtÞ ≥ 0 for all t ≥ 0. References [10–19] dealing with
rate of convergence of iterative process. Some authors analyse its stability.We need following
lemma to prove result.
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Lemma 2.1. Let fsng be a sequence of positive real numbers which satisfies

snþ1 ≤ ð1� μnÞsn
Iffμng ⊂ ð0; 1Þ and

X∞
n¼1

μn ¼ ∞; then lim
n→∞

sn ¼ 0:

The aim of this paper is to introduce the Picard–S hybrid iterative process and to show that
this new iterative process is faster than all of Picard, Krasnoselskii, Mann, Ishikawa in sense
of Berinde [20], S-iteration in sense of Agarwal [5], Picard–Mann hybrid in sense of Khan [7],
Picard–Krasnoselskii hybrid in sense of Okeke [8] and Picard–Ishikawa hybrid in the sense of
Okeke [9].

Okeke already proved that Picard–Krasnoselskii hybrid iterative process converges faster
than Picard, Krasnoselskii, Mann and Ishikawa. Khan [7] proved that Picard–Mann hybrid
iterative process converges faster than Picard, Mann, Ishikawa iterative processes. Therefore, I
show that my new Picard–S hybrid iterative process converges faster than S-iteration, Picard–
Mann hybrid iteration, Picard–Krasnoselskii hybrid iteration and Picard–Ishikawa hybrid
iterative process in the topic Rate of Convergence. In 2020, Zhao [21] proved existence and
uniqueness of pseudo almost periodic solution for a class of iterative functional differential
equationswith delaysdepending on state. In next section, I find the solution of delay differential
equation using Picard–S hybrid iterative process. Aynur Sahin [22] proved some strong
convergence results of Picard–Krasnoselskii hybrid iterative process for a general class of
contractive-like operator in hyperbolic space. In next section, I prove some results of Picard–S
hybrid iterative process for nonexpansive mappings in uniformly convex Banach space.

3. Rate of convergence

Proposition 3.1. Let C be a non-empty closed convex subset of a normed spaceE and letT
be a contraction of C into itself. Suppose that each of the iterative process 1.6, 1.7, 1.8, 1.9 and
1.10 converges to the same fixed point p ofTwhere fαng and fβngare sequences in (0.1) such
that 0 < λ ≤ αn, βn < 1 for all n ∈ N and for some λ and δ ∈ ð0; 1Þ is a Lipschitz constant for
contraction mapping T. Then Picard–S hybrid iterative process defined by (1.10) converges
faster than all the other four iterations.

Proof: Suppose that p is the fixed point of the operator T. Using (1.1) and S-iterative process
(1.6), we have

kqnþ1 � pk≤ ð1� αnÞδkqn � pk þ αnδkyn � pk
≤ δ½ð1� αnÞkqn � pk þ αnfð1� βnÞjjqn � pjj þ δβnjjqn � pjjg�
¼ δ½1� ð1� δÞαnβn�kqn � pk
¼ �

δ� δαnβn þ δ2αnβn
�kqn � pk

≤ ½δ� δαnβn þ δαnβn�kqn � pk
¼ δkqn � pk
≤ δ2kqn−1 � pk
..
.

≤ δnkq1 � pk
Let an ¼ δnkq1 � pk

(3.1)

Now using (1.1) and Picard–Mann hybrid iterative process (1.7), we have

AJMS
28,1

64



ksnþ1 � Pk ¼ kTyn � pk
≤ δkyn � pk
¼ δ½ð1� αnÞksn � pk þ αnkTsn � pk�
≤ δ½ð1� αnÞksn � pk þ αnδksn � pk�
¼ δ½ð1� αn þ αnδÞksn � pk�
¼ δð1� ð1� δÞαnÞksn � pk
≤ δ

�
1� ð1� δÞλ2Þksn � pk

..

.

≤
�
δ
�
1� ð1� δÞλ2Þ�nks1 � pk

Let bn ¼
�
δ
�
1� ð1� δÞλ2Þ�nks1 � pk

(3.2)

Using (1.1) and Picard–Krasnoselskii hybrid iteration (1.8)

kmnþ1 � pk ¼ kTyn � pk
≤ δkyn � pk
≤ δkð1� λÞðmn � pÞ þ λðTmn � pÞk
≤ δ½ð1� λÞkmn � pk þ λδkmn � pk�
¼ δ

��
1� ð1� δÞλ2Þ�kmn � pk

..

.

≤
�
δ
�
1� ð1� δÞλ2Þ�nkm1 � pk

Let cn ¼
�
δ
�
1� ð1� δÞλ2Þ�nkm1 � pk

(3.3)

Using (1.1) and Picard–Ishikawa hybrid iterative process (1.9), we have

ktnþ1 � pk ¼ kTvn � pk
≤ δkvn � pk

kun � pk ¼ kð1� βnÞtn þ βnTtn � pk
≤ ð1� βnÞktn � pk þ βnkTtn � pk
≤ ð1� βnÞktn � pk þ βnδktn � pk
¼ ð1� βn þ βnδÞktn � pk
¼ ½1� βnð1� δÞ�ktn � pk

kvn � pk ¼ kð1� αnÞtn þ αnTun � pk
≤ ð1� αnÞktn � pk þ αnkTun � pk
≤ ð1� αnÞktn � pk þ αnδkun � pk
≤ ð1� αnÞktn � pk þ αnδ½1� βnð1� δÞ�ktn � pk
¼ ½1� αn þ αnδf1� βnð1� δÞg�ktn � pk
¼ ½1� αn þ αnδ� αnβnð1� δÞ�ktn � pk
¼ ½1� αnð1� δÞ � αnβnð1� δÞ�ktn � pk
≤ ½1� αnð1� δÞ�ktn � pk

Now; ktnþ1 � pk ≤ δ½1� αnð1� δÞ�ktn � pk
≤ δ

�
1� λ2ð1� δÞ�ktn � pk

..

.

≤ δn
�
1� λ2ð1� δÞ�nkt1 � pk

Let dn ¼ δn
�
1� λ2ð1� δÞ�nkt1 � pk

(3.4)

Using (1.1) and Picard–S hybrid iterative process (1.10), we have
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kxnþ1 � pk ¼ kTzn � pk
≤ δkzn � pk
≤ δkð1� αnÞTxn þ αnTyn � pk
≤ δkð1� αnÞðTxn � pÞ þ αnðTyn � pÞk
≤ δ2ð1� αnÞkxn � pk þ δ2αnkyn � pk
¼ δ2½ð1� αnÞkxn � pk þ αnfð1� βnÞkxn � pk þ βnδkxn�pkg�
¼ δ2½1� αn þ αnð1� βnÞ þ αnβnδ�kxn � pk
¼ δ2½1� ð1� δÞαnβn�kxn � pk
≤ δ2

�
1� ð1� δÞλ2�kxn � pk

..

.

≤
�
δ2
�
1� ð1� δÞλ2Þ�nkx1 � pk

Let en ¼
�
δ2
�
1� ð1� δÞλ2Þ�nkx1 � pk

(3.5)

Now compute the rate of convergence of Picard–S iterative process (1.10) as follows:

ðiÞ en

an
¼ ½δ2ð1� ð1� δÞλ2Þ�n

δnkq1 � pk kx1 � pk

¼ δn
�
1� ð1� δÞλ2Þnkx1 � pk

kq1 � pk
→ 0 as n→∞

Thus, fxng converges faster than fqng to p, i.e. the Picard–S hybrid iterative process (1.10)
converges faster than the S-iterative process:

ðiiÞ en

bn
¼ ½δ2ð1� ð1� δÞλ2Þ�n

½δð1� ð1� δÞλ2Þ�n
kx1 � pk
ks1 � pk

¼ δn
kx1 � pk
ks1 � pk

→ 0 as n→∞

Thus, fxng converges faster than fsng to p, i.e. the Picard–S hybrid iterative process (1.10)
converges faster than the Picard–Mann hybrid iterative process.

ðiiiÞ en

cn
¼ ½δ2ð1� ð1� δÞλ2Þ�n

½δð1� ð1� δÞλ2Þ�n
kx1 � pk
km1 � pk

¼ δn
kx1 � pk
km1 � pk

→ 0 as n→∞

(3.6)

Thus, fxng converges faster than fmng to p, i.e. the Picard–S hybrid iterative process (1.10)
converges faster than the Picard–Krasnoselskii hybrid iterative process.

ðivÞ en

dn
¼ ½δ2ð1� ð1� δÞλ2Þ�n

δn½1� λ2ð1� δÞ�n
kx1 � pk
kt1 � pk

¼ δn
kx1 � pk
kt1 � pk

→ 0 as n→∞

(3.7)

Thus, fxng converges faster than ftng to p, i.e. Picard–S hybrid iterative process converges
faster than Picard–Ishikawa hybrid iterative process. This completes the proof of the
proposition. ,

In [8], Okeke proved that the rate of convergence of Picard–Krasnoselskii hybrid iterative
process is faster than Picard, Krasnoselskii, Mann and Ishikawa iterations. Agarwal et al. [5]
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proved that S-iteration converges faster than Picard, Krasnoselskii, Mann and Ishikawa
iterative processes, and Okeke [9] proved that rate of convergence of Picard–Ishikawa hybrid
iterative process is faster than Picard–Mann hibrid and Picard–Krasnoselskii iterations.
Therefore, I give an example to show that rate of convergence of Picard–S hybrid iterative
process is faster than Picard–Mann hybrid, Picard–Krasnoselskii hybrid and S-iteration.
This will show that Picard–S hybrid defined by (1.10) converges to fixed point faster than all
other iterations defined in this paper.

Example 3.1. Let X ¼ R and C ¼ ½1; 10� ⊂ X and T : C→C be an operator defined by

Tx ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2xþ 43

p
for all x ∈ C. Choose αn ¼ βn ¼ λ ¼ 1

2 for each n ∈ N with initial value

x1 ¼ 5. For δ ¼ 1ffiffi
43

p , T is a contraction mapping. All the processes converge to the same fixed

point 2. It is clear from Table 1 and graphs that our Picard–S hybrid iterative process
converges faster than Picard–Ishikawa hybrid, Picard–Mann hybrid, Picard–Krasnoselskii
hybrid and S-iteration.

4. Application to delay differential equation
Here, I use this new Picard–S hybrid iterative process to find the solution of delay differential
equations.

Let C½a; b� be a space of all continuous real valued function on a closed interval [a, b] be
endowed with the Chebyshev norm:

kx� yk
∞
¼ max

t ∈ ½a;b�
jxðtÞ � yðtÞj:

Space ðC½a; b�; k$k∞Þ is known as Banach Space. In this section, the following delay
differential equation has been taken:

x0ðtÞ ¼ f ðt; xðtÞ; xðt � τÞÞ t ∈ ½a; b� (4.1)

with initial condition

xðtÞ ¼ fðtÞ t ∈ ½to � τ; to� (4.2)

By the solution of above problem, we mean a function x ∈ Cð½to − τ; b�; RÞ∩ ðC1½to; b�; RÞ
satisfying (4.1) and (4.2). Assume that the following conditions are satisfied.

ðC1Þ to; b ∈ R; τ > 0;

Step Picard–S hybrid
Picard–Ishikawa

hybrid
Picard–Mann

hybrid

Picard–
Krasnoselskii

hybrid S-iteration

0 5.0000000000000 5.0000000000000 5.000000000000 5.000000000000 5.000000000000
1 2.053665985829 2.053665985829 2.251284354073 2.251284354073 2.330713309124
2 2.001174310362 2.001174310362 2.024068969098 2.024068969098 2.042698929425
3 2.000024999687 2.000024999687 2.002336639386 2.002336639386 2.005602850705
4 2.000000433332 2.000000549760 2.000227141158 2.000227141158 2.000738954904
5 2.000000009450 2.000000012089 2.000022082864 2.000022082864 2.000097495596
6 2.000000000207 2.000000000265 2.000002146942 2.000002146942 2.000012863908
7 2.000000000000 2.000000000005 2.000000208730 2.000000208730 2.000001697319
8 2.000000000000 2.000000020293 2.000000020293 2.000000223951
9 2.000000001973 2.000000001973 2.000000029549
10 2.000000000191 2.000000000191 2.000000003898
11 2.000000000018 2.000000000018 2.000000000514
12 2.000000000002 2.000000000002 2.000000000067
13 2.000000000000 2.000000000000 2.000000000008
14 2.000000000000

Table 1.
A comparison of

Picard–S hybrid with
other iterative

processes
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ðC2Þ f ∈ Cð½to; b�3R2; RÞ;
ðC3Þ f ∈ Cð½to − τ; b�; RÞ;
ðC4Þ there existsLf > 0 such that

jf ðt; u1; u2Þ � f ðt; v1; v2Þj ≤ Lf

X2

i¼1

jui � vij ∀ui; vi ∈ R; i ¼ 1; 2; t ∈ ½to; b�

ðC5Þ 2Lf ðb− toÞ < 1;
Now we can reformulate problems (4.1) and (4.2) by the following integral equation:

xðtÞ ¼

8><
>:

fðtÞ t ∈ ½to � τ; to�

fðtoÞ þ
Z t

to

f ðs; xðsÞ; xðs� τÞÞds t ∈ ½to; b�

Coman [23] et al. established the following result.

0 2 4 6 8

2.00

2.02

2.04

2.06

2.08

2.10

2.12

2.14

x

y(
x)

Picard S - hybrid

0 2 4 6 8

2.00

2.02

2.04

2.06

2.08

2.10

2.12

2.14

x

y(
x)

Picard I - hybrid

0 2 4 6 8 10 12 14

2.00

2.01

2.02

2.03

2.04

2.05

2.06

x

y(
x)

Picard M - hybrid

0 2 4 6 8 10 12 14

2.00

2.01

2.02

2.03

2.04

2.05

2.06

x

y(
x)

Picar K - hybrid

0 2 4 6 8 10 12 14

2.00

2.02

2.04

2.06

2.08

2.10

x

y(
x)

S - iteration

AJMS
28,1

68



Theorem 4.1. Assume that the conditions ðC1 −C5Þ are satisfied. Then problem (4.1) with
initial condition (4.2) has unique solution p (say) in Cð½to − τ; b�; RÞ∩ C1ð½to; b�; RÞ and

p ¼ lim
n→∞

TnðxÞ for any x ∈ Cð½to � τ; b�; RÞ:

Using Picard–S hybrid iterative process, I prove the following result.

Theorem 4.2. Assume that ðC1Þ− ðC5Þ are satisfied. Then problem (4.1) with initial
condition (4.2) has unique solution p (say) inCð½to − τ; b�; RÞ∩ C1ð½to; b�; RÞand the Picard–S
hybrid iterative process (1.10) converges to p.

Proof: Let fxng be an iterative sequence generated by the Picard–S hybrid iterative process
(1.10) for an operator defined by

TxðtÞ ¼

8><
>:

fðtÞ t ∈ ½to � τ; to�

fðtoÞ þ
Z t

to

f ðs; xðsÞ; xðs� τÞÞds t ∈ ½to; b�

Let p be a fixed point of T, now I prove that xn → p as n→∞. It is easy to see that xn → p for
each t ∈ ½to − τ; to�. Now for each t ∈ ½to; b�, we have
kxnþ1 � pk

∞
¼ kTzn � Tpk

∞

¼ max
t ∈ ½to−τ;b�

����
Z t

to

f ðs; znðsÞ; znðs� τÞÞ � f ðs; pðsÞ; pðs� τÞÞds
����

≤ max
t ∈ ½to−τ;b�

Z t

to

jf ðs; znðsÞ; znðs� τÞÞ � f ðs; pðsÞ; pðs� τÞÞjds

≤ max
t ∈ ½to−τ;b�

Z t

to

Lf ðjznðsÞ � pðsÞj þ jznðs� τÞ � pðs� τÞjÞds

≤

Z t

to

Lf

�
max

t ∈ ½to−τ;b�
jznðsÞ � pðsÞj þ max

t ∈ ½to−τ;b�
jznðs� τÞ � pðs� τÞj

	
ds

¼
Z t

to

Lf ðkzn � pk
∞
þ kzn � pk

∞
Þds

¼ 2kzn � pk
∞

Z t

to

Lf ds

¼ 2kzn � pk
∞
Lf ðt � toÞ

≤ 2Lf ðb� toÞkzn � pk
∞

(4.3)

Now,

kzn � pk
∞
¼ kð1� αnÞTxn þ αnTyn � pk

∞

¼ kð1� αnÞðTxn � pÞ þ αnðTyn � pÞk
∞

≤ ð1� αnÞkTxn � pk
∞
þ αnkTyn � pk

∞

(4.4)
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kTxn � pk
∞
¼ max

t ∈ ½to−τ;b�
jTxnðtÞ � TpðtÞj

¼ max
t ∈ ½to−τ;b�

����
Z t

to

f ðs; xnðsÞ; xnðs� τÞÞds�
Z t

to

f ðs; pðsÞ; pðs� τÞÞds
����

≤ max
t ∈ ½to−τ;b�

Z t

to

jf ðs; xðsÞ; xnðs� τÞÞ � f ðs; pðsÞ; pðs� τÞÞjds

¼ max
t ∈ ½to−τ;b�

Z t

to

Lf ðjxnðsÞ � pðsÞj þ jxnðs� τÞ � pðs� τÞjÞds

≤

Z t

to

Lf

�
max

t ∈ ½to−τ;b�
jxnðsÞ � pðsÞj þ max

t ∈ ½to−τ;b�
jxnðs� τÞ � pðs� τÞj

	
ds

≤

Z t

to

Lf ðkxn � pk
∞
þ kxn � pk

∞
Þds

¼ 2Lf ðt � toÞkxn � pk
∞

≤ 2Lf ðb� toÞkxn � pk
∞

(4.5)

Now,

kyn � pk
∞
¼ kð1� βnÞxn þ βnTxn � pk

∞

¼ kð1� βnÞðxn � pÞ þ βnðTxn � pÞk
∞

≤ ð1� βnÞkxn � pk
∞
þ βnkTxn � pk

∞

(4.6)

Now,

jjTyn � pjj∞ ¼ jjTyn � Tpjj∞

¼ max
t ∈ ½to−τ;b�

����
Z t

to

f ðs; ynðsÞ; ynðs� τÞÞds�
Z t

to

f ðs; pðsÞ; pðs� τÞÞds
����

≤ max
t ∈ ½to−τ;b�

Z t

to

jf ðs; ynðsÞ; ynðs� τÞÞ � f ðs; pðsÞ; pðs� τÞÞjds

≤ max
t ∈ ½to−τ;b�

Z t

to

Lf ðjynðsÞ � pðsÞj þ jynðs� τÞ � pðs� τÞjÞds

≤

Z t

to

Lf

�
max

t ∈ ½to−τ;b�
jynðsÞ � pðsÞj þ max

t ∈ ½to−τ;b�
jynðs� τÞ � pðs� τÞj

	
ds

¼
Z t

to

Lf ðkyn � pk
∞
þ kyn � pk

∞
Þds

¼ 2kyn � pk
∞

Z t

to

Lf ds

¼ 2kyn � pk
∞
Lf ðt � toÞ

≤ 2Lf ðb� toÞkyn � pk
∞

(4.7)
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Using (4.6) in (4.7), we get

kTyn � pk
∞
¼ kTyn � Tpk

∞

≤ 2Lf ðb� t0Þfð1� βnÞkxn � pk
∞
þ βnkTxn � pk

∞
g

¼ 2ð1� βnÞLf ðb� toÞkxn � pk
∞
þ 2βnLf ðb� toÞkTxn � pk

∞

(4.8)

From (4.5) we get

kTyn � pk
∞
≤ 2ð1� βnÞLf ðb� toÞkxn � pk

∞
þ 2βnLf ðb� toÞ2Lf ðb� toÞkxn � pk

∞

¼ 2Lf ðb� toÞfð1� βnÞ þ 2βnLf ðb� toÞgkxn � pk
∞

(4.9)

Using (4.5) and (4.9) in (4.4), we get

kzn � pk
∞
≤ ð1� αnÞ2Lf ðb� toÞkxn � pk

∞
þ αn½2Lf ðb� t0Þfð1� βnÞ þ 2βnLf ðb� toÞgkxn � pk

∞
�

¼ 2Lf ðb� toÞ½ð1� αnÞ þ αnð1� βnÞ þ 2αnβnLf ðb� toÞ�kxn � pk
∞

¼ 2Lf ðb� toÞ½1� αnβn þ 2αnβnLf ðt � toÞ�kxn � pk
∞

(4.10)

Note that 2Lf ðb− toÞ½1− αnβn þ 2αnβnLf ðt − toÞ� ¼ μn < 1 and kxn−Pk∞ ¼ Sn. Thus, all
conditions of lemma 2.1 are satisfied. Hence, lim

n→∞
kxn−Pk∞ ¼ 0. This completes the proof of

above theorem. ,

5. Picard–S hybrid iterative process for nonexpansive mappings

Lemma 5.1. Let E be a normed space, C a non-empty convex subset of E and T : C→C a
nonexpansive mapping. If fxng is the iterative process defined by (1.10), then lim

n→∞
kxn −Txnk

exists.

Proof: Set an 5 xn � Txn for all n ∈ N. Then we have

kanþ1k ¼ kxnþ1 � Txnþ1k
¼ kTzn � Txnþ1k
≤ kzn � xnþ1k
¼ kð1� αnÞTxn þ αnTyn � Tznk
¼ kfð1� αnÞðTxn � TznÞg þ fαnðTyn � TznÞgk
≤ ð1� αnÞkTxn � Tznk þ αnkTyn � Tznk
≤ ð1� αnÞkxn � znk þ αnkyn � znk

(5.1)

kxn � znk ¼ kxn � fð1� αnÞTxn þ αnTyngk
¼ kðxn � TxnÞ þ αnðTxn � TynÞk
≤ kxn � Txnk þ αnkTxn � Tynk
≤ kxn � Txnk þ αnkxn � ynk
¼ kank þ αnkxn � ynk

(5.2)

Now,

kxn � ynk ¼ kxn � fð1� βnÞxn þ βnTxngk
¼ kxn � xn þ βnxn � βnTxnk
¼ βnkxn � Txnk
¼ βnkank

(5.3)
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From inequality (5.2) and (5.3), we have

kxn � znk ≤ kank þ αnβnkαnk
¼ ð1þ αnβnÞkαnk (5.4)

Now,

kyn � znk ¼ kyn � fð1� αnÞTxn þ αnTyngk
¼ kð1� αnÞyn þ αnyn � ð1� αnÞTxn � αnTynk
¼ kð1� αnÞðyn � TxnÞ þ αnðyn � TynÞk
≤ ð1� αnÞkyn � Txnk þ αnkyn � Tynk

(5.5)

Now,

kyn � Txnk ¼ kð1� βnÞxn þ βnTxn � Txnk
¼ kð1� βnÞxn � ð1� βnÞTxnk
≤ ð1� βnÞkxn � Txnk
¼ ð1� βnÞkank

(5.6)

kyn � Tynk ¼ kð1� βnÞxn þ βnTxn � Tynk
¼ kð1� βnÞxn þ βnTxn � ð1� βn þ βnÞTynk
¼ kð1� βnÞðxn � TynÞ þ βnðTxn � TynÞk
≤ ð1� βnÞkxn � Tynk þ βnkTxn � Tynk
¼ ð1� βnÞkxn � Tynk þ βnkxn � ynk

(5.7)

Using (5.3) in (5.7), we get

kyn � Tynk ≤ ð1� βnÞkxn � Tynk þ βnβnkank
¼ ð1� βnÞkxn � Tynk þ β2nkank

(5.8)

Using (5.6) and (5.8) in (5.5), we get

kyn � znk ≤ ð1� αnÞð1� βnÞkank þ αn


ð1� βnÞkxn � Tynk þ β2nkank
�

¼ ð1� αnÞð1� βnÞkank þ αn


ð1� βnÞkxn � Txn þ Txn � Tynk þ β2nkank
�

≤ ð1� αnÞð1� βnÞkank þ αn


ð1� βnÞðkxn � Txnk þ kTxn � TynkÞ þ β2nkank
�

≤ ð1� αnÞð1� βnÞkank þ αn


ðð1� βnÞkxn � Txnk þ ð1� βnÞkxn � ynkÞ þ β2nkank
�

¼ ð1� αnÞð1� βnÞkank þ αn


ðð1� βnÞkank þ ð1� βnÞkxn � ynkÞ þ β2nkank
�

(5.9)

Using (5.3) in (5.9), we get

kyn � znk ≤ ð1� αnÞð1� βnÞkank þ αn


ðð1� βnÞkank þ ð1� βnÞβnkankÞ þ β2nkank
�

¼ �ð1� αnÞð1� βnÞ þ αnð1� βnÞð1þ βnÞ þ αnβ
2
n

�kank
¼ ð1� βn þ αnβnÞkank

(5.10)

From (5.1), (5.4) and (5.10), we get

kanþ1k ≤ ½ð1� αnÞð1þ αnβnÞ�kank þ ½αnð1� βn þ αnβnÞ�kank
¼ ½ð1� αnÞð1þ αnβnÞ þ αnð1� βn þ αnβnÞ�kank
¼ ½1þ αnβn � αn � α2

nβn þ αn � αnβn þ α2
nβn�kank

¼ kank
So that fkankg is nonincreasing and hence, lim

n→∞
kank exists. ,
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Theorem 5.2. [5] Let X be a Banach space with modulus of convexity δX . Then

kð1� tÞxþ tyk ≤ 1� 2tð1� tÞδX ðkx� ykÞ
for all x; y ∈ X with kxk≤ 1; kyk ≤ 1 and all t ∈ ½0; 1�.
Theorem 5.3. Let C be a non-empty closed convex (not necessary bounded) subset of a
uniformly convex Banach space X and T : C→C a nonexpansive mapping. Let fxng be the
sequence defined by (1.10) with the restriction:

lim
n→∞

αnβnð1� αnÞ exists and lim
n→∞

αnβnð1� βnÞ≠ 0

Then, for arbitrary initial value x1 ∈ C; fkxn −Txnkg converges to some constant
γCðTÞ ¼ inffkx−Txk : x ∈ Cg, which is independent of the choice of the initial
value x1 ∈ C.

Proof: Lemma (5.1) implies that lim
n→∞

kxn −Txnkexists and denote γðx1Þ ¼ lim
n→∞

kxn −Txnk.
Let fx�ng be another iterative sequence generated by (1.10) with the same restriction on
parameters fαng and fβng of iteration as the sequence fxngbut with the initial value x�1 ∈ C.
It follows from lemma (5.1) that

lim
n→∞

��x�n � Tx�n
�� ¼ γ

�
x�1
�

(5.11)

Observe that ��Tyn � Ty*n
�� ≤

��yn � y*n
��

≤ ð1� βnÞ
��xn � x*n

��þ βn
��Txn � Tx*n

��
≤ ð1� βnÞ

��xn � x*n
��þ βn

��xn � x*n
��

≤
��xn � x*n

��
(5.12)

Now ��xnþ1 � x*nþ1

�� ¼ ��Tzn � Tz*n
��

≤
��zn � z*n

��
¼ ��ð1� αnÞ

�
Txn � Tx*n

�þ αn

�
Tyn � Ty*n

���
≤ ð1� αnÞ

��Txn � Tx*n
��þ αn

��Tyn � Ty*n
��

≤ ð1� αnÞ
��xn � x*n

��þ αn

��Tyn � Ty*n
��

(5.13)

Using (5.12) in (5.13), we have��xnþ1 � x*nþ1

�� ≤ ð1� αnÞ
��xn � x*n

��þ αn

��xn � x*n
�� (5.14)

¼ ��xn � x�n
�� (5.15)

This shows that lim
n→∞

��xn − x�n
�� exists.

Let lim
n→∞

��xn − x�n
�� ¼ d for some d > 0.

Let ��yn � y*n
�� ¼ ��ð1� βnÞ

�
xn � x*n

�þ βn
�
Txn � Tx*n

���

¼
����ð1� βnÞ

�
xn � x*n

�
��xn � x*n

�� þ βn
�
Txn � Tx*n

�
��xn � x*n

��
������xn � x*n

�� (5.16)
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Since ����
�
xn � x�n

�
��xn � x�n

��
���� ¼

��xn � x�n
����xn � x�n
�� ¼ 1

����
�
Txn � Tx�n

�
��xn � x�n

��
���� ¼

��Txn � Tx�n
����xn � x�n

�� ≤

��xn � x�n
����xn � x�n
�� ¼ 1

Using theorem (5.2) and (5.16), we obtain that

��yn � y�n
�� ≤ 1� 2βnð1� βnÞδX

���xn � x�n � ðTxn � Tx�n
�����xn � x�n

��
	��xn � x�n

��

It follows from (5.14) that

��xnþ1 � x�nþ1

�� ≤ ð1� αnÞ
��xn � x�n

��þ αn

��xn � x�n
��
1� 2βnð1� βnÞδX

����xn � x�n
�� �

Txn � Tx�n
�����xn � x�n

��
	�

¼ ��xn � x�n
��� 2αnβnð1� βnÞ

��xn � x�n
��δX

����xn � x�n
�� �

Txn � Tx�n
�����x1 � x�1

��
	

(5.17)

This gives us

2αnβnð1� βnÞ
��xn � x�n

��δX
����xn � x�n

�� �
Txn � Tx�n

�����xn � x�n
��

	
≤

��xn � x�n
��� ��xnþ1 � x�nþ1

��

Or

2αnβnð1� βnÞ
��xn � x�n

��δX
����xn � x�n

�� �
Txn � Tx�n

�����xn � x�n
��

	
≤

��x1 � x�1
��

Using restriction lim
n→∞

αnβnð1− βnÞ≠ 0 and lim
n→∞

��xn − x�n
�� ¼ d > 0.

Therefore,

lim
n→∞

δX

����xn � x�n
�� �

Txn � Tx�n
�����xn � x�n

��
	

¼ 0

δX is strictly increasing and continuous and lim
n→∞

��xn − x�n
�� ¼ d > 0.

We have

lim
n→∞

���xn � x�n
�� �

Txn � Tx�n
��� ¼ 0

Observe that ��kxn � Txnk �
��x�n � Tx�n

���� ≤ ��ðxn � TxnÞ �
�
x�n � Tx�n

���
which implies that

lim
n→∞

��kxn � Txnk �
��x�n � Tx�n

���� ¼ 0
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Thus, γðx1Þ ¼ γðx�1Þ. Because
kxnþ1 � Txnþ1k ≤ kxn � Txnk ≤ kx1 � Tx1k

for all n ∈ N and x1 ∈ C
It follows that

γCðTÞ ¼ inffkx� Txk : x ∈ Cg ,
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