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Abstract

Purpose — In this paper, Picard-S hybrid iterative process is defined, which is a hybrid of Picard and
S-terative process. This new iteration converges faster than all of Picard, Krasnoselskii, Mann, Ishikawa,
S-teration, Picard—Mann hybrid, Picard-Krasnoselskii hybrid and Picard-Ishikawa hybrid iterative processes
for contraction mappings and to find the solution of delay differential equation, using this hybrid iteration also
proved some results for Picard—S hybrid iterative process for nonexpansive mappings.
Design/methodology/approach — This new iteration converges faster than all of Picard, Krasnoselskii,
Mann, Ishikawa, S-iteration, Picard-Mann hybrid, Picard—Krasnoselskii hybrid, Picard-Ishikawa hybrid
iterative processes for contraction mappings.

Findings — Showed the fastest convergence of this new iteration and then other iteration defined in this paper.
The author finds the solution of delay differential equation using this hybrid iteration. For new iteration, the
author also proved a theorem for nonexpansive mapping.

Originality/value — This new iteration converges faster than all of Picard, Krasnoselskii, Mann, Ishikawa,
S-teration, Picard-Mann hybrid, Picard—Krasnoselskii hybrid, Picard-Ishikawa hybrid iterative processes for
contraction mappings and to find the solution of delay differential equation, using this hybrid iteration also
proved some results for Picard-S hybrid iterative process for nonexpansive mappings.
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1. Introduction
Let E be a normed linear space and C be a non-empty convex subset of £. A mapping
T : C— Cis called contraction if

I Tx — Ty|| < 6lx -y 1.

forallx,y € Cand § € (0, 1).
Let Che a non-empty subset of a normed linear space Eand 7" : C - Eamapping. Then T
is said to be nonexpansive if

| 7x — Ty|| < ||lx — ||, forallx,y € C
A sequence x, C Cis an approximating fixed point sequence of 7"if limy,, ||, — 7%, = 0.

Wesay thatx € Cisafixed point of T'if T'(x) = xand denote F'(T') the set of all fixed points
of T.
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In this paper, N denotes the set of all positive integers.
The Picard iterative process [1] is defined by the sequence {u, } as follows:

m=uecC 12
Upy1 = Tuna neN .
The Krasnoselskii iterative process [2] is defined by the sequence {v, }:
n=vecC
V1 = (1 —A)v, +ATv,, neN (1.3
where 4 € (0, 1).
The Mann iteration [3] is defined by the sequence {w, }:
w=weC
Wyi1 = (1 - an)wn + anTwn: neN (14)
where {a,} C (0, 1) satisfies certain appropriate conditions.
The Ishikawa iterative process [4] is defined by the sequence {z, }:
zn=z€C
Zp+1 = (1 - an)zn + anTyn (15)
=0 =B)2+pB,T2:, nEN
where {a,}, {8,} € (0, 1) satisfies certain appropriate conditions.
S-iterative process [5] is defined by the sequence {g, }:
1=q€C
Gn+1 = (1 - an)an + ay Tyn (16)

In = (1 - ﬂn)qn +ﬁanna neN

where {a,}, {#,} C (0, 1) satisfies certain appropriate conditions.

Many important non-linear problems of applied mathematics are usually constructed in
the form of fixed point equation. These problems are related with physical problem of applied
sciences and engineering.

The Picard iteration is the simple iteration for approximate solution of fixed point
equation for non-linear contraction mapping. Some results based on Picard iteration are
introduced by Chidume and Olaleru [6].

Khan [7] introduced the Picard—Mann hybrid iterative process defined by the sequence
{s»}:

ss=selC
Spp1 = Tyn (17)
w=0-a)sy+a,Ts,, neN

where {a,} is a real sequence in (0, 1).
Okeke and Abbas [8] introduced the Picard-Krasnoselskii hybrid iterative process
defined by the sequence {m, }:
m =meC
Myy1 = Tyn (18)
y=0-1m,+1Tm,, neN

where 4 € (0, 1).



Okeke [9] introduced the Picard-Ishikawa hybrid iterative process defined by the

sequence {Z,}:

h=teC

tn+1 = Tvnv

v, =1 —a)t, + a,Tu,

u, =1 -p)t,+B,Tt,, neN
where {a, }, {8, }arereal sequences in (0,1). Using hybridization with Picard, now I introduce
Picard-S hybrid iterative process defined by the sequence {x, }:

(1.9)

n=xecC
Xnt1 = Tz,
2y = (1 — )T + a, Ty, (1.10)
In = (1 - ﬂn)xn +ﬁnTxn, nenN
where {a,} and {p,} are real sequences in (0, 1) satisfying condition:
Zanﬁn(l - ﬁn) = (111)

n=1

Let {u,, } and {v, } be two fixed point iteration processes that converge to a certain fixed point
p of a given operator 7. The sequence {u, } is better than {v, } if

lltw = DIl < [lva =2l
for all # € N (given by Rhodes [10]).

2. Preliminaries

Definition 2.1. Let {a,}and {b, } be two sequences of real numbers converging to @ and ,
respectively. If

. a, —a|
lim =
im0 [by — 0]

then {a, } converges faster than {5, }.

0

Definition 2.2. Let {u, } and {v,} be two fixed point iterative processes, both converge to
fixed point p of a given operator 7. Suppose that the error estimates.

||ty —p|| < a,, forallne N
llo, —p|| <b,, foralln e N

are available, where {a, } and {5, } are two sequences of positive numbers converging to 0. If
{a,} converges faster than {b,}, then {u, } converges faster than {v,} to p.

Definition 2.3. Let X be a Banach space. Then a function 8y : [0, 2] - [0, 1] is said to be
the modulus of convexity of X if
. x+y
sx(e) = inf{1— [F52| : Ill < 1, Il <1, flw =yl 2 €}
It is easy to see that 6x(0) = 0 and Sx(¢) > O for all # > 0. References [10-19] dealing with
rate of convergence of iterative process. Some authors analyse its stability. We need following
lemma to prove result.
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Lemma 2.1. Let {s,} be a sequence of positive real numbers which satisfies
Sup1 < (1 —p,,)sn

If{u,} c (0, 1)and Z'“" = o0, then lims, = 0.

n—oo

The aim of this paper is to introduce the Picard—S hybrid iterative process and to show that
this new iterative process is faster than all of Picard, Krasnoselskii, Mann, Ishikawa in sense
of Berinde [20], S-iteration in sense of Agarwal [5], Picard—Mann hybrid in sense of Khan [7],
Picard-Krasnoselskii hybrid in sense of Okeke [8]and Picard-Ishikawa hybrid in the sense of
Okeke [9].

Okeke already proved that Picard—Krasnoselskii hybrid iterative process converges faster
than Picard, Krasnoselskii, Mann and Ishikawa. Khan [7] proved that Picard-Mann hybrid
iterative process converges faster than Picard, Mann, Ishikawa iterative processes. Therefore, I
show that my new Picard-S hybrid iterative process converges faster than S-iteration, Picard—
Mann hybrid iteration, Picard—Krasnoselskii hybrid iteration and Picard-Ishikawa hybrid
iterative process in the topic Rate of Convergence. In 2020, Zhao [21] proved existence and
uniqueness of pseudo almost periodic solution for a class of iterative functional differential
equations with delays depending on state. In next section, I find the solution of delay differential
equation using Picard-S hybrid iterative process. Aynur Sahin [22] proved some strong
convergence results of Picard—Krasnoselskii hybrid iterative process for a general class of
contractive-like operator in hyperbolic space. In next section, I prove some results of Picard—S
hybrid iterative process for nonexpansive mappings in uniformly convex Banach space.

3. Rate of convergence

Proposition 3.1. Let Che a non-empty closed convex subset of a normed space £ and let 7'
be a contraction of Cinto itself. Suppose that each of the iterative process 1.6,1.7,1.8,1.9 and
1.10 converges to the same fixed point p of T'where {a, } and {f, } are sequences in (0.1) such
that0 < A < @, B, < lforalln € N and forsome Aand § € (0, 1)isa Lipschitz constant for
contraction mapping 7. Then Picard-S hybrid iterative process defined by (1.10) converges
faster than all the other four iterations.

Proof. Suppose that p is the fixed point of the operator 7. Using (1.1) and S-iterative process
(1.6), we have

g1 — Pl

< (1 - aﬂ)(San PH + an‘SHyn —PH

Sé[(l - an)”qn pH +aﬂ{(1 7ﬁn)”qn 7PH + 5ﬁn‘|q;z *ﬁ”}]
= [ ( )aﬂﬂn]”% p”

=|6— (sa}lﬂn + o aﬂﬂn] ||CIn p”

<[6 — danp,, + S, ]llgn — Pl

= 8la. — | oD
<é HQM—I _pH
<'lar -]

Let a,=68"|q1 — Dl
Now using (1.1) and Picard-Mann hybrid iterative process (1.7), we have



$51 =PIl = | Ty, — Bl

<[y, —pll

*6[(1 _aﬂ)”Sn PH +(Z,1HTS,1 _pH]
<O[(1 = an)llsn — Il + andllsy — pl[]
O[(1 — ay + ad)|lsn — pll]
s1-(1- )an)||3n ll
51— (1 =8)2)llsx =1l

l/\ H H

<l 10 s~
(51— (1= 8))]"lls1 = ]

H IA

Let b,

Using (1.1) and Picard—Krasnoselskii hybrid iteration (1.8)

701 = Il = | T — 2|

<6y, — 1l

S(SH(l - /1)(1’}/1,1 —P) +/1(Tmn _p)H
S5[(1 _/I)HWLH _pH +/15Hmn —Pm
=58[(1 = (1= 8)2)]|lm, — B

<[5(1— (1= 8)2)]" s — |
Let ¢, = [6(1—(1-8)2)]"lm —p|

Using (1.1) and Picard-Ishikawa hybrid iterative process (1.9), we have

[ =PIl = | Ton — Pl
stHUn _pH
”“n —[)H - ”(1 ﬁn)tn +ﬁnTtn p”
(1 ﬂn)“tn _pH +ﬂn||Ttn p”
(L =B )ltn — bl + Buéllt, — Bl
(1 - ﬁn +ﬁn§)‘|tﬂ _Z)”
- [1 _ﬂn(l - 5)]||tn _pH
an —PH = ||( an)tn +anTun PH
< — o)ty — bl + aul| Tun — p||
<= aw)lts = bl + @ud||uy — 1|
<

I IAIA

(I —an)lltn = Pl + aud[1 = B,(1 = 8)][lt, — Pl

=[1—ay +a6{1 = B,(1 = 8)}|t, — pll
= [1 -y + @6 — an/}n(l - 5)”“" _pH
=[1-a(1- 5) — ap,(1 = 9)]||t, -l
[1 _an(l - ]Ht _pH
Now, [[fur1 =PIl < 61 — au(1 —9)][|tn — 1|
<6[1 - }'2(1 - )} th _p”

<&'[1-2(1- )"t -]
Let d,=&"[1-221-90)]"|t —p|
Using (1.1) and Picard-S hybrid iterative process (1.10), we have
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i1 = Il = | T2 — 2|
<z, — 1|
Sé“(l - an)Txﬂ + anTyn —PH
Sé/”(l - an)(Txn -p) +’a’n(Tyn *P)H
<1 -a)lx, -l + 52011”%1 - Dl
= &[(1— a)l|20 = Bl + & { (1 = B,) [0 — pIl + B0l xa—1]}]

- 62 [1 @y + aﬂ(l ﬁn) + aﬂﬁnﬁ] Hxﬂ p“ (35)
= 52[ ( 8)anp, )|, — Dl
<52[ /12} [l — 2l

<[(1-(1-8)2)]"|x -l
Let ¢, = [*(1— (1—06)2%)]"|lx1 — |

Now compute the rate of convergence of Picard-S iterative process (1.10) as follows:
e, [F1-1-82T"

(Z) a_n: 5n|lql 7‘0” Hxl 71)”
— 5 (1 (1 - syl =2l
(=0 =8 1=

-0 as n->o0

Thus, {x,} converges faster than {g,} to p, ie. the Picard-S hybrid iterative process (1.10)
converges faster than the S-iterative process:
(i) bn _ 1= (1 =3)2)]" [lx =2l
by [6(1—(1—6)2)]" lIsi —pll
_glu—pl
lls1 — 2l

-0 as n->o

Thus, {x,} converges faster than {s,} to p, i.e. the Picard-S hybrid iterative process (1.10)
converges faster than the Picard—-Mann hybrid iterative process.

e _[FQ—-1-8)2)]" | —pl

¢ [B1—(1—=8)2)]" llm—pl

% — | 36
[lm1 = p|

-0 as n—-

(i)

=&

Thus, {x,} converges faster than {m,, } to p, i.e. the Picard-S hybrid iterative process (1.10)
converges faster than the Picard—Krasnoselskii hybrid iterative process.
e [F1-0=8)2)" |-
@) = S =20 o) ln—pl
= S
It =l

-0 as n—->o

Thus, {x,} converges faster than {¢,} to p, i.e. Picard-S hybrid iterative process converges
faster than Picard-Ishikawa hybrid iterative process. This completes the proof of the
proposition. O

In [8], Okeke proved that the rate of convergence of Picard—Krasnoselskii hybrid iterative
process is faster than Picard, Krasnoselskii, Mann and Ishikawa iterations. Agarwal et al. [5]



proved that S-iteration converges faster than Picard, Krasnoselskii, Mann and Ishikawa
iterative processes, and Okeke [9] proved that rate of convergence of Picard-Ishikawa hybrid
iterative process is faster than Picard-Mann hibrid and Picard-Krasnoselskii iterations.
Therefore, I give an example to show that rate of convergence of Picard-S hybrid iterative
process is faster than Picard-Mann hybrid, Picard—Krasnoselskii hybrid and S-iteration.
This will show that Picard-S hybrid defined by (1.10) converges to fixed point faster than all
other iterations defined in this paper.

Example 3.1. Let X = Rand C =[1, 10] c X and T : C— C be an operator defined by
Tx = v/2x + 4 for all x € C. Choose a, = f,, = 2 =1 for each n € N with initial value
x1 =5.Foré = \7%1, T is a contraction mapping. All the processes converge to the same fixed
point 2. It is clear from Table 1 and graphs that our Picard-S hybrid iterative process

converges faster than Picard-Ishikawa hybrid, Picard-Mann hybrid, Picard—Krasnoselskii
hybrid and S-iteration.

4. Application to delay differential equation
Here, I use this new Picard—S hybrid iterative process to find the solution of delay differential
equations.

Let Cla, b] be a space of all continuous real valued function on a closed interval [a, b] be
endowed with the Chebyshev norm:

1¥ =l = max () —y(£)]-
€lab]

Space (Cla, b], ||-|l,) is known as Banach Space. In this section, the following delay
differential equation has been taken:
¥(t)y=f( x(t), x(t —7)) t€la,b] 4.1)
with initial condition
x(t) = ¢(1) telt, —r,t) 4.2)

By the solution of above problem, we mean a function x € C([t, — 7, b], R)n (C'[t,, b], R)
satisfying (4.1) and (4.2). Assume that the following conditions are satisfied.
(Cl) t07beR7T>0;
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Picard—
Picard-Ishikawa Picard-Mann Krasnoselskii

Step  Picard-S hybrid hybrid hybrid hybrid S-teration

0 5.0000000000000  5.0000000000000 5.000000000000 5.000000000000 5.000000000000
1 2.053665985829 2.053665985829 2.251284354073 2.251284354073 2.330713309124
2 2001174310362 2.001174310362 2.024068969098 2.024068969098 2.042698929425
3 2.000024999687 2.000024999687 2.002336639386 2.002336639386 2.005602850705
4 2.000000433332 2.000000549760 2.000227141158 2000227141158 2.000738954904
5 2.000000009450 2.000000012089 2.000022082864 2.000022082864 2.000097495596
6 2.000000000207 2.000000000265 2.000002146942 2.000002146942 2.000012863908
7 2.000000000000 2.000000000005 2.000000208730 2.000000208730 2.000001697319
8 2.000000000000 2.000000020293 2.000000020293 2.000000223951
9 2.000000001973 2.000000001973 2.000000029549
10 2.000000000191 2.000000000191 2.000000003898
11 2.000000000018 2.000000000018 2.000000000514
12 2.000000000002 2.000000000002 2.000000000067
13 2.000000000000 2.000000000000 2.000000000008
14 2.000000000000

Table 1.
A comparison of

Picard-S hybrid with

other iterative
processes
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2.14F

212
Picard S - hybrid

2101

2.081

y(x)
y(x)

206
2041

2021

2.00[, ) M . . . .

Picard M - hybrid

2.05¢

2,041

y(x)
y(x)

2.03¢

2.02¢

2.01¢

2.00[, . A S S S

2101
S - iteration

2.081

2.041

2.02r

(G) f € C([ty, b] X R%, R);
(Gs) € C([to—7, b, R);
(Cy) there exists Ly > 0 such that

2.14F
212¢
2101
2.081
2.061
2.041

2.021

2.00,

Picard | - hybrid |1

2.05¢

2041

2.03¢

2.02¢

201

2.00¢

Picar K - hybrid

2
[f (¢, w1, uz) — f(t, 1, 02)] < Ls 2:|uZ —v| Yu, v, €Ri=1,2;t€ [t b

=1

(Gs) 2Ly (b—1,) < 1

Now we can reformulate problems (4.1) and (4.2) by the following integral equation:

o(t)
x(t

Coman [23] et al. established the following result.

telt,—r,t)

)= ¢(l‘o)+/tf(s, X(s), 2(s —2)ds ¢ € b, b]



Theorem 4.1. Assume that the conditions (C; — Cs) are satisfied. Then problem (4.1) with  New Picard-S

initial condition (4.2) has unique solution p (say) in C([t, —, b], R)n C'([4,, b], R) and
p=1mT"(x) foranyx € C([t, — 7, 0], R).

Using Picard-S hybrid iterative process, I prove the following result.

Theorem 4.2. Assume that (C;)— (Gs) are satisfied. Then problem (4.1) with initial
condition (4.2) has unique solution p (say) in C([t, — 7, b], R)n C*([t,, b], R)and the Picard-S
hybrid iterative process (1.10) converges to p.

Proof. Let {x,} be an iterative sequence generated by the Picard-S hybrid iterative process
(1.10) for an operator defined by

(ﬁ(l‘) t e [to_Ty to]
Tx(t) /fs x(s), x(s —7))ds ¢ € [t,, D]

Let p be a fixed point of T, now I prove that x,, — p as # — 0. It is easy to see that x,, — p for
eacht € [t, — 7, t,]. Now for each ¢ € [t,, D], we have

i1 = bl = 1720 = Th |,

/ (5, 20(5), 20ls — 1)) — (s, b(s), b5 — 7))ds

= max
te(t,—,b]

max /[fszn Zu(s — 7)) — f(5,0(5),p(s — 7))|ds

te [t~

max / Lr(2u(s) — p(S)| + [2n(s — 7) — p(s — 7)|)ds

te [to—

telt,—

/ Lf< max |z,(s) — p(s)| + max |zn(s—r)—p(s—f)|>ds “3
t, telt,—.0 7,b]

t
- / Le(llen — Bllo, + 2 — Bl )ds

t
:2Hzn—Pllm/ Lyds
ty
= 2|z, — pllLs(t — 1)
SZLf(b - to)HZn _pHm

Now,
20 = Dllo = 11 = @) T, + @, T, — Bl

= |1 = au) (T = p) + au(Thn — D)l 4.4)
<1 =) T = blloo + Ol Tyn — Dl
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28,1
tu_Tb] /fsxn X (s ds—/fsp ,D(s —1))ds
70 < max, / (s, %(5), 2a(s — 7)) — £(5,5(5), (s — 7)) ds
- max, / Ly (ba(s) = p(5)] + bials — 1) — pls — 7))

< / Lf( max \xn(s) p(s)] +t rgaxb]|x,,(s —17)—p(s— T)|>d8
4 € ty—1,

tet,—

t
< / Lo — Dl + 150 — pll)ds

=2Ls(t — £,) |00 — Dl
SZLf(b — to)Hxn *pHoo

Now,
n = Plleo = 11 = B) % + B, T — Pl
= (1= B) (@ =) + B, (Txn — D)l
<A =Bl = blloo + Bull THn — Pl
Now,

1 Tyn = bllee = [ T¥n — TPl

/ 705,349 s = 0)ds = [ fs. (6). s = 1)

= max
te(t,—.0]

< max / (5, 9(5), Iuls — 7)) — £(5, (), p(s — 7))|ds

te(t,—.]

< max / Le(a(s) — p(s)| + as — 7) — p(s — 7)|)ds

te(t,—.b]

<[ L (e ) =6+ e s — ) pls = o) )

te(t,—7,b] te(t,—

t
- / Lol — pll + 1y — p1l.)ds

t
— 20y, ~pll, [ Lids
ty

= 2|y — pllLr(t — 1)
< 2Lf(b — to)”.yn _pHoo

(45)

4.6)

A7)



Using (4.6) in (4.7), we get

1Ty = Dlleo = | Tvn = TPl
2Ly (b — t){(1 = B0 = Pll + Bull Tn — Dl o} 43
=201 = B)Ls (b = 1) 10 = Pl + 2B,Ls (b — 1)1 Tn = Dl

From (4.5) we get
1Tyn = Pl < 2(1 = B)Lr (b — 1) |40 — Dl o + 2B,Ls (b — 1,)2Ls (b — )|,
= 2L (b — 1, ){(1 = B,) + 2B, Ls(b — t,) }H|xn — Dl
Using (4.5) and (4.9) in (4.4), we get

20 = Pllo < (1 — 0)2Ls (b — Lo) [1¥n — llo + an[2Ls (b — 80){ (X — B,) + 2B,Ls (b — L) H|%n — Pl|o]
=2L; (b~ 6,)[(1 — &) + &, (1 = B,) + 20,8,Ls (b — 1,)] |0 — Pl
=2L (b —t,)[1 — anp, + 2(1,¢ﬁnL/(l‘ —t,)] ]|, — Dl

s g

(4.10)

Note that 2Ls(0—1,)[1 — auf, + 20,0,Ls(t —1,)] = p,, < 1 and ||x,—P||, = S». Thus, all
conditions of lemma 2.1 are satisfied. Hence, lim ||x,—P||,, = 0. This completes the proof of
above theorem. e O

5. Picard-S hybrid iterative process for nonexpansive mappings

Lemma 5.1. Let E be a normed space, Ca non-empty convex subsetof Eand 7' : C— Ca
nonexpansive mapping. If {x, } is the iterative process defined by (1.10), then lim ||x,, — T%,||
exists. e

Proof: Set a,, = x,, — Tx, for all n € N. Then we have

HawrlH = Hxn+1 - warl”
= ||T2n - TanrIH
S ||2n — Xpt1 H
= ”(1 - an)Txn + a, Ty, — Tzn” 6.1
= {1 = @) (Txy, — T2,) } + {u(Tyn — T2,) } ||
S (1 - an)HTxn - TZMH + anHTyn - Tan
<= a2 = 2|l + anllyn — 2l

[0 — 2|l = [l%0 — {(1 — @) Tx,, + @, Ty} ||
= H('xn - Txn) + an(Txn - Tyn)H
< Hxn - Txn” + anHTxn - Tyn” (52)
S Hxn - Txn” + aonn *yn”
= HanH + aonn _ynH

Now,
60 = Yall =[]0 = {(1 = B)%n + B, T2}
= ”xn — Xy +/}nxﬂ - ﬁnTxM”
= ﬁn”xn - Txn”
:ﬂnHa%H

(5.3)
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From inequality (5.2) and (5.3), we have

160 = 2ull < llanll + aup, |l
7 54
~ (1 +ap)al o4

Now,
Hy'l - Z”H = Hyﬂ - {(1 - aﬂ)Txn + anTyn}”
= H(l - an)yn + ayn — (1 - an)Txn - anTynH (5.5)
= |1 = @) Wn — To) + &V — )|l ’
<1 =) |lyn — Txul| + |y — Tyl
Now,
||y" - Txﬂ” = H(l _/}n)xﬂ +/}nTxn - Tan
= H(l - ﬂn)xﬂ - (1 7ﬁn)Txn||
<(1-$,) %, — Tz 6
= (1= p)llall

H(l - ﬂn)x” +ﬂnTxﬂ - TynH

H(l - ﬁn)xn +ﬂnTx1’L - (1 _ﬁn +ﬁn)TyﬂH

H(l - ﬂn)(xn - Tyn) +ﬁn(Txﬂ - Tyn)H (57)
A =Bl = Dyl + Bl Totn — Tyl

(1 7/}71)”3@1 - Tyn” +ﬂonﬂ 73/*1“

||yf1 - TyﬂH

A1

Using (5.3) in (5.7), we get
195 = Tyull < (1 = B)%n — Toull + BuBullanl]
=1 =B)lx — Tyl +ﬂi”an”

Using (5.6) and (5.8) in (5.5), we get
ln = 2all < (=) (X = By)llanll + e (1= Bl — Toall + B llanll }
=1 =) = B)llaall + @ (1= B)en — T + Tt = Tvul| + B ||}
<1 =) =g)llal + an{(l = Bl — Twul| + | T — Tll) +ﬁfz||an”}
<(1=a)A = B)lall + an{ (1 = B,)l1x0 = Teall + (1 = ) 10 = 3all) + Brllaall}
=1 =)L = B)llaall +a{ (1= B)llall + 1 = B len = 3all) + Brllanll}

(6.8)

(5.9)

Using (5.3) in (5.9), we get
Hyn _Zn” S (1 - an)(l - ﬁn)”an” + an{((l - /}n)HaﬂH + (1 _/}n)ﬁn”a"”) +ﬁ721||a"”}
= [(1 —a,)(1-p,) +a.(1-p,)1+B,)+ aﬂﬁi] llall (5.10)
= (1 _ﬂn + aﬂﬁn)HaﬂH
From (5.1), (5.4) and (5.10), we get
@]l < [(1 =)+ anf)]llan|| + [l = B, + aupy)] @]
= [(1 - a")(l + anﬂn) + a”l(l - ﬂn + anﬁn)]”aﬂ”
= [1 + anﬂn — 0y — aﬁﬁn + a, — anﬁn + aiﬂn} Ha””
= ||anH

So that {||a,| } is nonincreasing and hence, lim ||a,| exists. O
n—oo



Theorem 5.2. [5] Let X be a Banach space with modulus of convexity §x. Then
[(1=t)x+ ) <1—2t0 —t)ox(|lx —yl)

forallx, y € X with x| < 1, |ly]| < land all¢ € [0, 1].

Theorem 5.3. Let C be a non-empty closed convex (not necessary bounded) subset of a
uniformly convex Banach space X and 7 : C — Ca nonexpansive mapping. Let {x,,} be the
sequence defined by (1.10) with the restriction:

lima,f,(1 — a,) existsand lima,,3,(1 — 3,) #0

Then, for arbitrary initial value x; € C, {||x, — Tx,||} converges to some constant
yo(T) = inf{||x— T%|| : x € C}, which is independent of the choice of the initial
value x; € C.

Proof: Lemma (5.1) implies that lim ||x,, — 7, || exists and denote y (x1) = lim ||x, — Tx,.
Let {x;} be another iterative seqtiéfice generated by (1.10) with the samé i@striction on
parameters {a, } and {3, } of iteration as the sequence {x,, } but with the initial value x; € C.
It follows from lemma (5.1) that

lim [|x; — T || = 7(x7) (6.11)

n—oo
Observe that
1 Tyu = Ty, < [l =53]

<(1=p,)|x — xTZ + B, || T —*Txn 612
<= B)|[xn — 5| + Bul|xn — x|
<l -,
Now
[ns1 = | = 1|72 — T2, |
<llen =z
= |1 = &) (Tx, — T,) + an( Ty, — Ty,,) (5.13)
<(1—a)||Twn — Ty || + || Ty, — T,
(=)l = x| + al| Ty, = Ty, |
Using (5.12) in (5.13), we have
[ — 2 || < (1= @) || — 2, || + |0 — (.14)
= |jx, — % (5.15)
This shows that nhj{)lo ||t — || exists.
Let lim ||, - x}[| = d for some d > 0.
Let
[lyn =3l = 1|1 = B,) (00 = x5,) + B, (T, — T, )
(5.16)

e, =,

_ ‘ (1- ﬁn)(xﬂ - x;) +ﬁn(Txﬂ - Tx;)

| — [EA
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Since

(xﬂ — x;) ”x” _ an
b =111 [l -
Hamnﬁ_WM—MZ|W—mL1
Hxn — X Hxn -5l Hx,, - JC;;H

Using theorem (5.2) and (5.16), we obtain that

n = Xy — T. n T ;
Hyn *yZH <1- Zﬁn(l ﬁ11)6X(Hx ( x* X )
Hx” — X

R
It follows from (5.14) that
Pt =5l < 1=l =5+ s, 5] [~ 2,00 - g (L= 5= T

”x” _an

x;) — (Tw, — Tx;) H)

[l =il

= Hxn - nH Zanﬁn 1 ﬁn Hxn - x;Hé)( <H (xn -
(.17)

This gives us

20,8,(1 = B,)||x: — x|

all — Han _x:z+1H

Or

2anﬂn(1 - ﬂn)”xﬂ - x;

1 =) = (T = T .
< )<l

4, — x;

Using restriction lim a,$,(1-§,) #0and lim Hxn x| =d>0

Therefore,
Tx, — Tx
1m@0“ %) (I ")>:o
n—co x;‘l
Sy is strictly increasing and continuous and hm Hxn x| =d>o
We have
lim || (x, — x;) = (Tx, — Tx;)
Observe that
’Hxn - Txﬂ” H(xn Txn) - (x; — Tx;)
which implies that

lim | ||x, — T, — =0
n—o00

k
Tx,



Thus, y(x1) = (7). Because New Picard-S

Hxnﬂ - TanH < ”xn - Txn” < ”xl - Txl” . hybfld
Iteration
foralln e Nandx; € C
It follows that
re(T) = inf{lx - Tx|| :x € C} 0
75
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