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Abstract

Purpose — The purpose of this study is to classify harmonic homomorphisms &phiv; : (G, g) — (H, h), where G,
H are connected and simply connected three-dimensional unimodular Lie groups and g, % are left-invariant
Riemannian metrics.

Design/methodology/approach — This study aims the classification up to conjugation by automorphism of
Lie groups of harmonic homomorphism, between twodifferent non-abelian connected and simply connected
three-dimensional unimodular Lie groups (G, g) and (H, /), where g and % are two left-invariant Riemannian
metrics on G and H, respectively.

Findings — This study managed to classify some homomorphisms between two different non-abelian
connected and simply connected three-dimensional uni-modular Lie groups.

Originality/value — The theory of harmonic maps into Lie groups has been extensively studied related
homomorphism in compact Lie groups by many mathematicians, harmonic maps into Lie group and harmonics
inner automorphisms of compact connected semi-simple Lie groups and intensively study harmonic and
biharmonic homomorphisms between Riemannian Lie groups equipped with a left-invariant Riemannian
metric.
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1. Introduction
The theory of harmonic maps is old and rich and has gained a growing interest in the past
decade (see Ref. [1] and others). The theory of harmonic maps into Lie groups has been
extensively studied related homomorphism in compact Lie groups by many mathematicians
(see for examples [2]), in particular, harmonic maps into Lie groups [3] and harmonic inner
automorphisms of compact connected semi-simple Lie groups in Ref. [4] and intensively
study harmonic and biharmonic homomorphisms between Riemannian Lie groups equipped
with a left-invariant Riemannian metric in Ref. [5].

The investigations described here are motivated by the paper [6], the author studied the
classification, up to conjugation by an automorphism of Lie groups, of harmonic and

2020 MSC Classification — 53C30, 53C43, 22E15

© Zagane Abdelkader, Osamnia Nada and Kaddour Zegga. Published in the Arab Journal of
Mathematical Sciences. Published by Emerald Publishing Limited. This article is published under the
Creative Commons Attribution (CC BY 4.0) license. Anyone may reproduce, distribute, translate and
create derivative works of this article (for both commercial and non-commercial purposes), subject to full
attribution to the original publication and authors. The full terms of this license may be seen at http://
creativecommons.org/licences/by/4.0/legalcode

The authors thank the referee for many useful suggestions and corrections which improved the first
version.

Osamnia Nada and Zegga Kaddour are contributed equally to this work.

Three-
dimensional
Lie groups

95

Received 19 January 2022
Revised 6 June 2022
Accepted 21 June 2022

.

Arab Journal of Mathematical
Sciences

Vol. 30 No. 1, 2024

pp. 95-111

Emerald Publishing Limited
eISSN: 2588-9214

p-ISSN: 1319-5166

DOI 10.1108/AJMS-01-2022-0010


http://creativecommons.org/licences/by/4.0/legalcode
http://creativecommons.org/licences/by/4.0/legalcode
https://doi.org/10.1108/AJMS-01-2022-0010

AJMS
30,1

96

biharmonic maps f: (G, g1) — (G, g2), where G is non-abelian connected and simply connected
three-dimensional unimodular Lie group, fis a homomorphism of Lie group and g7, g- are two
left-invariant Riemannian metrics. The Lie group is unimodular if every left Haar measure is a
right Haar measure and vice versa. It is known that G is unimodular if and only if
| det Ad,| = 1 for all x € G if and only if the tracead(X) = 0 for all X in its Lie algebra g if and
only if g is unimodular.

There are five non-abelian connected and simply connected three-dimensional unimodular
Lie groups, the nilpotent Lie group (or the Heisenberg group), the special unitary group SU(2),

the universal covering group PSL(Z, R) of the special linear group, the solvable Lie groups

Sol and the universal covering group Ey(2) of the connected component of the Euclidean
group, for more detail, see Ref. [7].

In this paper, we aim the classification up to conjugation by an automorphism of Lie
groups of harmonic homomorphism, between two different non-abelian connected, and
simply connected three-dimensional unimodular Lie groups ¢ : (G, g) — (H, &), where g and %
are two left-invariant Riemannian metrics on G and H, respectively.

2. Preliminaries

Let ¢ : (M, g) — (N, h) be a smooth map between two Riemannian manifolds with 7 = dim M
and z = dim N. We denote by V¥ and V¥ the Levi-Civita connexions associated, respectively,
togand zand by TN the vector bundle over M pull-back of TN by ¢. It is a Euclidean vector
bundle and the tangent map of ¢ is a bundle homomorphism de : TM — T¥N.Moreover, TN
carries a connexion V¥ pull-back of V¥ by ¢ and there is a connexion on the vector bundle
End(TM, T?N) given by

(VxA)(Y) = V‘;}A(Y) — A(V%Y), X, Yel(TM), AeTU(End(TM,T?N)).
The map ¢ is called harmonic if it is a critical point of the energy

1
B =3/ ldelue

The corresponding Euler-Lagrange equation for the energy is given by the vanishing of the
tension field

m

(@) = trVde = > (V. de)e,

=1

where (¢;)", is a local frame of orthonormal vector fields.Let (G, g) be a Riemannian
Lie group, i.e., a Lie group endowed with a left-invariant Riemannian metric. If g = 7,Gis its
Lie algebra and < , >, = g(e), then there exists a unique bilinear map A : g X g — g called
the Levi-Civita product associated with (g, <, >) given by the formula:

2<Aw,w > =<[u,0]", 0 >+ < [w,u]*,0 >4+ < [w,0]",u >,.
A is entirely determined by the following properties

(1) forany u,vegq,Aw—Au = [u,v]%,
(2 foranyu,v,weq,<Aw,w >+ <v,A,w>; =0



If we denote by « the left-invariant vector field on G associated with « € g then the Levi-
Civita connection associated with (G, g) satisfies V0 = (Auv)(, the couple (g, <,> @)
defines a vector denoted U by

< U v > q=tr(ad,),for any veq.

One can deduce easily that, for any orthonormal basis (¢;);"; of g,
m
Ut =Y A
=1

Note that g is unimodular if and only if U® = 0.

Let ¢ : (G, 2) — (H, 1) be a Lie group homomorphism between two Riemannian Lie groups.
The differential & : g — [ of ¢ at e is a Lie algebra homomorphism. There is a left action of G
on I'(T*H) given by

(@X)(0) = Toa Ly X(ab), a,b€G, X eD(T*H).

A section X of T¥H is called left-invariant if, for any a € G, a.X = X. For any left-invariant
section X of TH, we have for any a € G, X(a) = (X(¢))“(¢(@)). Thus the space of left-invariant
sections is isomorphic to the Lie algebra §. Since ¢ is a homomorphism of Lie groups, g and %
are leftinvariant, one can see easily that 7(¢) is left invariant and hence ¢ is harmonic if and
only if 7(¢)(e) = 0. Now, one can see easily that

1(&)=1(p)(e) = U* — &(U"),

where
U = ZB{@,»)&(&%
=1

where B is the Levi-Civita product associated with (, < , >4) and (¢;);~; is an orthonormal
basis of g. So we get the following proposition.

Proposition 2.1. Let ¢ : G — H be a homomorphism between two Riemannian Lie groups.
Then ¢ is harmonic if only if 7(£) = 0, where ¢ : ¢ — § is the differential of ¢ at e. The
classification of harmonic homomorphisms will be done up to conjugation.

Two homomorphisms between Euclidean Lie algebras:

51 : (g7< 7>g) _)(f)7< a>f)) and 52 : (g7< a>g) _)(E)a< 7>f))

are conjugate if there exists two isometric automorphisms ¢, : (g, < ,>4) = (g, < ,>4)and
@y 1 (b, <, >5) = (b, <, >y) such that

@2051 = 52°€01~ L1

Proposition 2.2. Let £:(g,<,>;)—(h,<,>;) be a homomorphism between
unimodular Euclidean Lie algebras, the following formula was established in [5]

Three-
dimensional
Lie groups

97




AJMS
30,1

98

<1(8),X >y = tr, (§*°adx°£) VX eh (1.2).
where 5* : b — g is given by

< EU,V >, =< U,EV >y, for Vegand Uel. 1.3).

3. Riemanian three-dimensional unimodular Lie groups G
Definition 3.1. The Heisenberg group Nil
The nilpotent Lie group Nil known as Heisenberg group, whose Lie algebra will be denoted by

n. We have
1 a ¢
Nil = 0 1 b, wthabceR
0 01

0 x z
n= 0 0 y |, wthx,y,zeR ;.
000

010 000
The Lie algebra n has a basis {X, Y, Z}, where X =0 0 0},Y=10 0 1| and

and

0 00

000
Proposition 3.1. [7]

0 01
7Z = (0 0 0) , where the non-vanishing Lie bracket is [X, Y] = Z.

Any left-invariant metric on Nil is equivalent up to automorphism to a metric whose
associated matrix is of the form

p 0 0
<, > =10 p 0], wherep >0. 3.1
0 01

Definition 3.2. The solvable Lie group Sol

The solvable Lie group Sol whose Lie algebra will be denoted by 3ol. We have 3ol = R%X,R

where 1(t) = <é i)t> We can choose a basis {X, Y, Z} of 30l, where X = ((1),0),

- (8)) 2 () |



and the non-vanishing Lie brackets are [Z, X] = X and [Y, Z] = Y. The Lie group of the
solvable Lie algebra ol = R? X, R is the solvable Lie group So/, which is the semi-direct

t
product R? X eR, where ¢ € R acts on R? by ©(t) = (% e‘ft )

Proposition 3.2. [7]

Any left-invariant metric on Sol = R? X R is equivalent up to automorphism to a metric
whose associated matrix is of the form

100
<,>.=10 1 0], wherev >0, (3.2
0 0 v
Or
110
<,>.=1|1 p 0|, wherev>0and u > 1. 3.3
0 0 v

Definition 3.3. The solvable Lie group £y(2)

The solvable Lie group £, whose Lie algebra will be denoted by ¢,(2), where ¢y(2) = R? X

3p(2). We can choose a basis {X, Y, Z} of ey(2) where X = (((1)), (8 8)),

0 0 0 0 0 -1 . .
YZ((I)’(O 0)> ’Z:((O)’<1 0 )) and the non-vanishing Lie brackets

are[Z, X] = Y[V, Z] = X.
The Lie algebra eg(2) = R? X 30(2) is Lie algebra of the Lie group Eo(2) = R?XSO(2).
The group Ey(2) is not simply connected. The unique simply connected Lie group
corresponding to the Lie algebra ¢y = R*X 30 (2) is universal covering group o (2) of Ep(2).
The group E (2) is the semi-direct product C X, where (¢, 1., ) = ( +2/¢*™ t + ) has
a faithful matrix representation in GL(3, C) by

eZiﬂt z 0
@t~ 0 1 0/,
0 0 ¢

Any left-invariant metric on EO(Z) is equivalent up to automorphism to a metric whose
associated matrix is of the form

wherezeCand e R

Proposition 3.3. [7]

1 0 0
0 ¢ 0], whereo>0and 0 < o<1. (3.4)
0 0 o
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4. Harmonic homomorphisms between Sol and Nil

The following result gives a complete classification of harmonic homomorphisms between
3ol equipped with the left-invariant metric defined in (3.2) or (3.3) and 1 equipped with the
left-invariant metric defined in (3.1).

Theorem 4.1.

A homomorphism from 30! to 1 is conjugate to & : 30[ — n, where

0 0 a
E=(10 0 b | withabceR.
0 0 ¢

Proof.

The basis of 3olis {X, Y, Z} where[Z, X] = X,and[Y, Z] =Y.
The basis of nis {E, F, H} with [E, F] = H. we put

52 XHﬂlE + blF + ClH
YoaE + boF + coH
Z—azE + bsF + c3H.

Thus, we obtain

[EX, &Y = ¢[X, Y] =0
[fX,fZ]:f[X7Z]:—§X <=>611:b1:6'1:d2:b2262:0.
6V, 2] = ¢V, Z] = &Y

Theorem 4.2.

Let & : 30 — 11 a homomorphism, where

0 0 a
E=10 0 b, @.1)
0 0 ¢

the Lie algebra 30! equipped with the left-invariant metric defined in (3.2) or (3.3) and n
equipped with the left-invariant metric defined in (3.1). Then

(&) = %E - %F 4.2)

Proof-
We have

00 0 0 0 0 0 00
adp =0 0 O0),adp= 0 0 O)andady=10 0 0].
010 -1 0 0 0 00

Using formula (1.3) where U € nand V € 30!, we obtain

0 0 0
E=10 0 0].
pa pb ¢



Using formula (1.2), a simple calculation gives us

<1(&),E >y = tr(& cadyo€) = %

<2(&),F >, = tr(é*oadFo§> - ‘T‘”

and
< T(é)vH >n = tf’(f*oadHo§> =0

Corollary 4.1.
£ (8ol, <, >4,), = (1 <, >4, is harmonic if and only if (¢ = b = 0 07 ¢ = 0).
Theorem 4.3.

A homomorphism from 11 to ol is conjugate to &_; , : 1 — $0l, where

0 0 a
E=10 0 b ) withabeR, 4.3
0 00
Or
a a 0
E=1|Db by 0| witha,b;eR fori=1,2. 4.4)
0 0 0
Proof.

Thebasis of $olis {X, Y, Z}, where[Z X] = Xand[Y, Z] = Y, the basis of nis {E, F, H} with[F,
F| = H, then we can suppose

Ea X +b0Y + 072,
FaX +bY +cZ

and
H—a:X 4+ b3Y + ¢3Z.

Thus we obtain

f[E,H]:[§E7§H]:0 = (632611 :b1 = :dzzbZZCZZOOVLZg :b3:C3:C1 =C2 :0)
EIF,H] = [EE,EH] =0

{ SIEF|=[¢EEF|=¢H
Theorem 4.4.

Let &, & : 1 — 30l be homomorphisms, where & and &, are defined in formulas (4.3) and (4.4),
the Lie algebra 3ol is equipped with the left-invariant metric defined in formula (3.2). Then
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1(&) = (@ - )2 45)
30,1
and
P (i B) + (@ -b)) , 46)
102 P
Proof.
We have
(0 0 —1) (O 0 0) (1 0 0)
ady=10 0 0 |,ady=(0 0 1) andad, =0 -1 0 |.
0 0 O 0 0 0 0 0 0

For the homomorphism &;, using formula (1.3), where ¥V € nand U € 30!, we obtain

0 00
=10 0 0].
a b 0
Using formula (1.2), a simple calculation gives us

< T(gl)vX >GDI = h’(f){ cdch 51) = Oa

<76, Y >au = tr(&oadyegy) =0
and

< T(&l)aZ >g0l = tf’(fioadzogl) = dz _ bz.

For the homomorphism &, we have

a b1 0
55 = as bz 01].
0 0 O

By using formula (1.2), we obtain
< 1(52)7X >0l = t7(§;°adX° 52) = 07

<T(&) Y >aut = tr(&eadyet,) =0
and

2 p2 2 72
< 1(E),Z >0 = ty(cf; °adZ°§2) ((a1 b1) + (Clz bz)) '

P




Corollary 4.2. Three-

& (<, >,) = (80, <, >;,0) is harmonic if and only if @ = +b. dimensional
& (N, < ,>,) = (800, <, >4y) is harmonic if and only if @? + a2 = b3 + b%. Lie groups
Theorem 4.5.
Let &, & : 1 — 30[ be homomorphisms, where & and &, are defined in formulas (4.3), (4.4)
and the Lie algebra 3ol is equipped with the left-invariant metric defined in formula 103
(3.3). Then
(&) = (& — u*)Z, @7)
2 _ ub? 2 _ ub?
(&) = ((at — pby) + (af —p 2))2. 4.8
P
Proof.

By using formula (1.3), where V € nand U € 30(, we obtain:

For &
0 0 0
&= 0 0 0].
a+b a+ub 0
Using formula (1.2), we get

<o)X >ao = tr(& eadyody) =0,
<t&),Y e = tr(Eoadyo&) =0
and

<1(E), 7 Seot = tr(gj ocldzofl) e

Cll+b1 d1+/4b1 0
=1 a+b a+ub 0],

For &,, we have

0 0 0
furthermore
<7(&), X >s01 = l‘f’(af; oadxogz) =0,
<7(82), Y >s0 = tr(fgoadyo 52) =0
and

(65— i) + (8 — )
p

< 7(52)72 >0l = h’(fgoadzofz) =
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Corollary 4.3.
& (<, >y) = (8ol, <, >4) is harmonic if and only if @ = +,/ub.
& (< ,>,) = (30l, <, >,y is harmonic if and only if & + a3 = \/a(b; + bY).

5. Harmonic homomorphisms between Sol and E((2)

The following result gives a complete classification of harmonic homomorphisms between
30[ equipped with the left-invariant metric defined in (3.2), (3.3) and e((2) equipped with the
left-invariant metric defined in (3.4).

Theorem 5.1.

Any homomorphism from 8ol to ey(2) is conjugate to £ : 30l — ¢¢(2), where

0 0 a
E=10 O b |, suchthat a,b,ceR.
0 0 ¢

Proof-

Thebasis of 3olis {X, Y, Z} where[Z, X] = X[V, Z] = Yand the basis of ¢y (2)is {4, B, C} with
[4,B]=0,[C Al = Band [B, C] = A, we suppose

f(X) = dlA + blB + Clc,
EY) =aA+b:B+cC

and
E(Z) = asA + 3B + ¢3C.

Thus we obtain

[EX,EY] =¢X, Y] =0
X, EZ) =¢X,Z]=—¢tX & (m=bh=c=a=b=c=0).
(Y, &Z] =¢[Y,Z] =&Y

Theorem 5.2.

Let £ : 30l — ¢¢(2) be a homomorphism, where

0 0 «a
E=(0 0 b, G.1)
0 0 ¢

and 30! equipped with the left-invariant metric defined in (3.2) or in (3.3), then

%(—gbcA +acB + (¢ — 1)abC). (5.2)

7(§) =



Proof.
We have

00 0 0 0 1 0
ady=10 0 =1},adg=(0 0 0| ,adc=1|1
00 0 0 00 0

By using formula (1.3), where U € ¢¢(2) and V € 3o, we obtain

0 0 O
=10 0 0 |.
a ob oc
Use formula (1.2), we get

<€), A >y = tr(& oadyo) = 2%,

ac

<7(@),B > = tr(§ cadpeg) = “

and

Corollary 5.1.

&1 (30, <, >400), = (€0(2) <, > (2) is harmonic if and only if (¢ =

or(@=0b=0).
Theorem 5.3.

A homomorphism from e((2) to 5ol is conjugate to & : ¢9(2) — 3ol, where

0 0 «a
E=10 0 b, suchthat a,b,ceR.
0 0 ¢

Proof. £ :¢y(2) - 3pl, we have
A X + b)Y + 1 Z,
Boas X 4+ b)Y + ¢oZ
and
CoasX +b3Y +c3Z.

Thus we obtain

-1 0
0 0
0 0

).

1 and c

[Z_,:A fC] [A C] —fB Ad (Cll —bl =C =Q 7b2 = (9 —0)

{ €A, ¢B) = ¢[A, B

6B, ¢C] = ¢[B,C] = ¢A
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Theorem 5.4.

Let £ : ¢9(2) —» 30l be a homomorphism, where

0 0 a
E=10 0 b,
0 0 ¢

and 30! equipped with the left-invariant metric defined in (3.2). Then

(&) = % (—acX +beY + (& - 1°)Z).

Proof-
By using formula (1.3) where V € ¢¢(2) and U € 3ol, we obtain

0 0 0
E=10 0 0 |.
a b v

By direct calculation and we use formula (1.2), we obtain

_ e
<T(§)JX>11:t7’(§ OddXof) = o
" _be
<T(§),Y>“:ty(§ Oadyoé:>_;
and
. (a> - V%)
<T(§)7Z>n —l‘f’(f;: Otldzof) = p
Corollary 5.2.

&1 (e0(2) <, > @) = (30, <, >4y) is harmonic if and only if (c
ora=>0=0).

Theorem 5.5.

Let £ : ¢g(2) —» 3ol be a homomorphism, where

0 0 a
E=10 0 b ).
0 0 ¢

Where 3o![ equipped with left-invariant metric define in (3.3).
Then

(&) = }; (=(a+b)eX + pbcY + (a* — pb” + ab)Z).

(6.3)

(5.4)

=0and a = +b

(5.5)

(5.6)



Proof.

0 0 0
by a similar calculation, we get 5* = 0 0 0 ].
a+b pb v
Using formula (1.2), a direct calculation gives us

<o)X >y = tr(& cadyot) = _(a J;b)c’
<7(8),Y >, = ty(é:* oadyog) _ ,L%
and
<t(@),Z >0 = tr(& eadzo¢) = W
Corollary 5.3.

&1 (e0(2) <, > 2) = (80l <, >44) is harmonic if and only if (@ = b = 0) or (b = ¢ = 0).

6. Harmonic homomorphisms between Nil and E¢(2)

The following result gives a complete classification of harmonic homomorphisms between 1t
equipped with the left-invariant metric defined in (3.1) and e((2) equipped with the left-
invariant metric defined in (3.4).

Theorem 6.1.

A homomorphism from e((2) to 1 is conjugate to & : ¢y(2) — n, where

0 0 a
E=10 0 b |, suchthat a,b,ceR.
0 0 ¢

Proof.

The basis of e¢(2) is {4, B, C} with [4, B] = 0, [C, A] = B, [B, C] = A and the basis of 1 is
{E, F, H} with [E, F] = H. Suppose that

AI—)dlE + blF + 6'1[{7

Bi—)dzE + bgF + CZPI7
and

CHCZSE + bgF + CgH.

Thus, we obtain

{ [6A,¢B] = ¢[A, B

[fA,EC]:f[A C] —/;:B = (ﬂl—bl—Cl—Clz—bz—Cz—O)
£B,¢C) = ¢[B,C] = ¢A

Three-
dimensional
Lie groups

107




AJMS Theorem 6.2.

30,1 Let & : ¢9(2) - na homomorphism, where
0 0 a
E=10 0 b . 6.1)
0 0 ¢
108 Then
b ac
7(&) = EDE - ZF‘ 6.2)
Proof.

0 0O 0 00 0 00
Wehaveadg =10 0 0|, adr = 0 0 O],andady=(0 0 0].
010 -1 0 0 0 00

using formula (1.3), where U e nand V € ey (2), we get

. 0 0 0
E=10 0 0].
pa pb ¢

Using formula (1.2), a simple calculation gives us

<t(&),E >, = tr(£ adpo¢) :%
and
< T(é:)aF >p = l‘?"(f*oadﬁ«of) = _%.
Corollary 6.1.

&1 (e0(2), <, >¢ ) = (n <, >,)is harmonic if and only if (¢ = b = O or ¢ = 0).
Theorem 6.3.

A homomorphism from n to e((2) is conjugate to &; : 1 — ¢o(2), with s = 1, 2, 3 where

a b 0
E=|c d 0|, wherea,b,c,deR,
0 00

0 a O
E=10 b 0| wherea,b,ceR

[
S
S



and Three-

dimensional
a d 0 Lie groups
b g
&= a with b,c,d€R and a € R*.
My 109
a

Proof.

Thebasis of ey(2) is {4, B, C} such that[4, B] = 0,[C, A] = B,[B, C] = A and the basis of 11 is
{E, F, H} with [E, F] = H. We put

E-aA+ 0B+ 61C,
FaA + byB + ¢oC

and
HeasA + 03B+ ¢5C.

Thus, we obtain

[éEaéF]:ﬂE7F]:§H I S I a3:b3263:0
{m&aﬂzo @{f;ggﬁ—ow{g;ﬁ;g;gw 6 Xay= by Xy

[EF,EH]=¢[F,H]|=0 i Xas=cXa

Theorem 6.4.

Let & : 1 — ¢9(2) be homomorphisms, where (&;),_, , 3 are defined in (Theorem 5.3), then

(&) = (o - Xt

C.

7(&) = % (—ebcA + acB + ab(o — 1)C).

e (N e P 5 L e
7(&3) = ; <1+a2>14+p<ac+a B+p _(ed =1) +ab(e—1) ) C.

Proof.

00 O 0 01 0 -1 0
Wehaveady =10 0 -1, adg=|(0 0 O ),andadc=(1 0 0.
00 O 0 0 0 0 O

(e}
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By using formula (1.3), where U € ¢¢(2) and V € n, we obtain

a oc 0
=0 od 0].
0 0 0
We use formula (1.2), we obtain

< 1(51),14 >e0(2) = l‘?’(f*OddAO§l) = 07

<), B >q = (& 2ady¢) =0,

and

. ad +bd
<1(8),C e = tr(g oadco§> =(e-1™ =

0 0 O
We use formula (1.2), we obtain

) 1
<1(&), A >y = l‘f’(fzoddA 052) = _;cha

N 0 0 O
For ¢ =&, wehaveé, = | a b oc |.

. 1
<7(62), B >0 = t”(fz OddB°§2) = ;ac
and

. 1
<1(&), C>qp) = tr(é; oadco fz) = ;flb(g —-1).

For & = &;, we have
a bo co

. cd  bd
G=|d ey oy
0 0 0
We use formula (1.2), we obtain
. —obc &
< 7(53),14 >e0(2) = l‘?’(fg oadgy o 53) = 7 (1 + aZ) ,

. 1 bd”
<1(£3),B >0 = 1r (53 oadpo 4:3) =5 (ac + —>

and

. —1 (cd
< 1(53)7 C >t‘o(2) = t?’(ég ° ddC ° 53) = QT (7 + ab) .

6.3)



Corollary 6.2. Three-

&1 (<, >y) = (e0(2), <, >¢2)) 1s harmonic if and only if (¢ = 1 or ac + bd = 0). dlmenSIOnal
S (<, >y) = (e0(2), <, >¢2)) is harmonic if and only if (b = ¢ = 0 or ¢ = 1, Lie groups
and ¢ = 0).
&3 (<, >y) = (e0(2), <, >¢2) is harmonic if and only if (b = c=0orc=d =0

and ¢ = 1). 111
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