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Abstract
In the paper we extend some Hardy and Littlewood type inequalities on time scales for the function of n
variables. Special cases of obtained results include generalized Wirtinger, Hardy and Littlewood type
inequalities.
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1. Introduction
The discrete Hardy inequality [8] was proved and published byHardy himself. It states that if
ðcnÞ is a sequence of non-negative real numbers which are not identically zero, then for every
real number p > 1, one has thatX∞

k¼1

�c1 þ c2 þ c3 þ � � � þ ck

k

�p
<

�
p

p� 1

�pX∞
k¼1

c pk :

The classical Hardy inequality [9] states that if f ≥ 0 and integrable over any finite interval
ð0; rÞ and f d is integrable and convergent over ð0;∞Þ then for d > 1,Z ∞

0

�
1

r

Z r

0

f ðτÞdτ
�d

dr ≤

�
d

d � 1

�d Z ∞

0

f dðrÞdr; (1)

Inequalities of
multivariate
Hardy and
Littlewood

245

JEL Classification — primary 26D15; secondary 39A13; 34N05
© Ammara Nosheen, Aneela Nawaz, Khuram Ali Khan and Khalid Mahmood Awan. Published in

the Arab Journal of Mathematical Sciences. Published by Emerald Publishing Limited. This article is
published under the Creative Commons Attribution (CC BY 4.0) license. Anyone may reproduce,
distribute, translate and create derivative works of this article (for both commercial and non-commercial
purposes), subject to full attribution to the original publication and authors. The full terms of this license
may be seen at http://creativecommons.org/licences/by/4.0/legalcode

Declaration of Competing Interest: The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence the work reported in this paper.

Funding: This research did not receive any specific grant from funding agencies in the public,
commercial, or not-for-profit sectors.

The publisher wishes to inform readers that the article “Multivariate Hardy and Littlewood
inequalities on time scales” was originally published by the previous publisher of the Arab Journal of
Mathematical Sciences and the pagination of this article has been subsequently changed. There has been
no change to the content of the article. This change was necessary for the journal to transition from the
previous publisher to the new one. The publisher sincerely apologises for any inconvenience caused. To
access and cite this article, please use Nosheen, A., Nawaz, A., Khan, K. A., Awan, K. M. (2019),
“Multivariate Hardy and Littlewood inequalities on time scales”,Arab Journal ofMathematical Sciences,
Vol. 26 No. 1/2, pp. 245-263. The original publication date for this paper was 27/12/2019.

The current issue and full text archive of this journal is available on Emerald Insight at:

https://www.emerald.com/insight/1319-5166.htm

Received 19 September 2019
Revised 9 December 2019

Accepted 12 December 2019

Arab Journal of Mathematical
Sciences

Vol. 26 No. 1/2, 2020
pp. 245-263

Emerald Publishing Limited
e-ISSN: 2588-9214
p-ISSN: 1319-5166

DOI 10.1016/j.ajmsc.2019.12.003

http://creativecommons.org/licences/by/4.0/legalcode
https://doi.org/10.1016/j.ajmsc.2019.12.003


equality holds if and only if f ðrÞ ¼ 0 almost everywhere. Hardy inequality (1) has been
generalized by Hardy himself in [11], where he exposed that, for any integrable function
f ðyÞ > 0 on ð0;∞Þ and d > 1, the following holdZ

∞

0

1

yn

�Z
∞

y

f ðhÞdh
�d

dy ≤

�
d

1� n

�d Z ∞

0

1

yn−d
f dðyÞdy; n < 1; (2)

Z
∞

0

1

yn

�Z y

0

f ðhÞdh
�d

dy ≤

�
d

n� 1

�d Z ∞

0

1

yn−d
f dðyÞdy; n > 1: (3)

Hardy and Littlewood [10] demonstrate the discrete versions of (2) and (3). In particular they
proved that if d > 1 and ðpmÞ is a sequence of non-negative terms then

X∞
m¼1

1

mj

 X∞
i¼m

pi

!d

≤ N
X∞
m¼1

1

mj−d
pdm; j < 1;

X∞
m¼1

1

mj

 Xm
i¼1

pi

!d

≤ N
X∞
m¼1

1

mj−d
pdm; j > 1;

where N is a non-negative constant. Time scales calculus [12] was introduced in 1988 by the
German mathematician Stefan Hilger, which unifies sums and integrals. Some extension of
Hardy type inequalities on time scales can be found in [2–4].

S. H. Saker et al. [13] proved some Hardy and Littlewood type inequalities on time scales in
the following form:

Theorem 1.1. Let T be a time scale with a∈ ð0;∞ÞT and p; q > 0 such that p=q≥ 2 and

γ > 1. Furthermore assume that g is a nonnegative and the delta integral
R
∞

a
t
p
q
−γgp=qðtÞΔt

exists. Let

ΛðtÞ ¼
Z t

a

gðsÞΔs; for any t ∈ ½a;∞�T: (4)

Then one gets Z
∞

a

1

tγ
ðΛσðtÞÞp=qΔt ≤ 2

p
q−2pkγ

qðγ � 1Þ
�Z

∞

a

1

tγ�
p
q

gp=qðtÞΔt
�p

q

3

�Z
∞

a

ΛσðtÞΛp=q

tγ
Δt

�p−q
p

þ 2
p
q−2pkγ

qðγ � 1Þ
Z

∞

a

μ
p
q � 1

tγ−1
gp=qðtÞΔt:

Theorem 1.2. Let T be a time scale with a∈ ð0;∞ÞT and p; q > 0 such that p=q≥ 2
and γ > 1. Furthermore assume that g is a nonnegative function and the delta integralR
∞

a
t
p
q
−γgp=qðtÞΔt exist. Let ΛðtÞ be as defined in (4). Then
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Z
∞

a

1

tγ
ðΛσðtÞÞp=qΔt ≤

�
2
p
q�1pkγ

qðγ � 1Þ
�p=q Z ∞

a

1

tγ−
p
q

gp=qðtÞΔt:

Theorem 1.3. Let T be a time scale with a∈ ð0;∞ÞT and p; q > 0 such that p=q > 1 and
γ > 1. Furthermore assume that g is a nonnegative function and the delta integralR
∞

a
t
p
q
−γgp=qðtÞΔt exists. Let ΛðtÞ be as defined in (4). ThenZ

∞

a

1

tγ
ðΛσðtÞÞp=qΔt ≤

�
pkγ

qðγ � 1Þ
�p=q Z ∞

a

1

tγ−
p
q

gp=qðtÞΔt:

Theorem 1.4. Let T be a time scale with a∈ ð0;∞ÞT and p; q > 0 such that p=q > 1 and

γ < 1. Furthermore assume that g is a nonnegative and delta integral
R
∞

a
ðσðtÞÞpq−γ gp=qðtÞΔt

exists. Let

ΩðtÞ ¼
Z

∞

t

gðsÞΔs; for any t ∈ ½a;∞�T:

Then one gets Z
∞

a

ðΩðtÞÞp=q
σγðtÞ ≤

�
p

qð1� γÞ
�p=q Z ∞

a

gp=qðtÞ
ðσðtÞÞγ−p

q

Δt:

In this paper we extend results of Theorem 1.1 to Theorem 1.4 for the function of n
variables.

2. Preliminaries
In this section, we recall the following concepts from theory of time scales [5,7]. A time scale is
an arbitrary, non empty closed subset of real numbers. Set of integers and Cantor set are
examples of time scales, while rational numbers, complex numbers and open interval
between 0 and 1 not time scales. LetT be a time scale, for t ∈T, forward and backward jump
operators are defined by

σðtÞ :¼ inffa∈T; a > tg; ρðtÞ :¼ supfa∈T; a < tg;
respectively. The conventions for these operators are inf f ¼ supT and supf ¼ infT.
If σðtÞ > t, then t is right-scattered and if ρðtÞ < t, then t is left-scattered. Points that are right-
scattered and left-scattered at the same time are called isolated points.

If σðtÞ ¼ t, then t is right-dense and if ρðtÞ ¼ t, then t is left-dense. Points that are right-
dense and left-dense at the same time are called dense points. The functions
μ : T→ℝ; ν : T→ℝ defined by μðtÞ ¼ σðtÞ− t and νðtÞ ¼ t − ρðtÞ are called forward and
backward graininess functions, respectively.

A function g : T→ℝ is said to be right-dense continuous (rd-continuous) provided g is
continuous at right-dense points and at left-dense points in T, left-hand limits exist and are
finite. The set of all such rd-continuous functions is denoted by CrdðTÞ. For any function
g : T→ℝ, the notation gσðtÞ denotes gðσðtÞÞ. The delta derivative (also Hilger derivative)
gΔðtÞ exists if and only if for every e > 0 there exists a neighborhood U of t such that

j gðσðtÞÞ � gðsÞ � gΔðtÞðσðtÞ � sÞ j ≤ j σðtÞ � s j; for all s; t in U:
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Assume that h : T→ℝ, if HΔðtÞ ¼ hðtÞ, then the Cauchy (delta) integral of h. defined byZ t

a

hðsÞΔs :¼ HðtÞ � HðaÞ:

Integration by parts formula [7, Theorem1.77]:
If a; b∈T and u; v∈CrdðTÞ, thenZ b

a

uðtÞvΔðtÞΔt ¼ ½uðtÞvðtÞ�ba �
Z b

a

uΔðtÞvσðtÞΔt: (5)

Chain rule 1 [7, Theorem 1.90]:
Assume that f : ℝ→ℝ is continuously differentiable and suppose g : T→ℝ is delta

differentiable. Then f og : T→ℝ is delta differentiable and

ðf ogÞΔðtÞ ¼
�Z 1

0

f
0 ðgðtÞ þ hμðtÞgΔðtÞÞdh

�
gΔðtÞ (6)

holds.
Chain rule 2 [7, Theorem 1.87]:
If f and g satisfy the conditions of Chain rule 1, Then f og : T→ℝ is delta differentiable

and there exists c in the real interval ½t; σðtÞ� such that

ð f ogÞΔðtÞ ¼ f
0 ðgðcÞÞgΔðtÞ: (7)

H€older’s inequality [7, Theorem 6.13]:
For continuous real-valued functions g : T→ℝ, h : T→ℝ, let a; b∈T, p > 1 and

1
p
þ 1

q
¼ 1, then Z b

a

gðtÞhðtÞdt ¼
�Z b

a

gpðtÞdt
�1=p�Z b

a

hqðtÞdt
�1=q

: (8)

Fubini’s Theorem on time scales [6]:
Let ðψ ; M ; μΔÞ and ðΓ; N ; λΔÞ be two finite dimensional time scales measure spaces. If

Λ : ψ 3Γ→ℝ is a μΔ 3 λΔ-integrable function. The function ςðt2Þ ¼
R
ψΛðt1; t2ÞΔt1 exists for

any t1 ∈Γ and ξðt1Þ ¼
R
Γ Λðt1; t2ÞΔt2 exists for t2 ∈ψ, thenZ
ψ
Δt1

Z
Γ

Λðt1; t2ÞΔt2 ¼
Z
Γ

Δt2

Z
ψ
Λðt1; t2ÞΔt1: (9)

We assume throughout that all the functions are non-negative and the integrals
considered exist.

In this paper, we use the following notations. We assume that there exists constant ki > 0
with

si

σiðsiÞ ≥
1

ki
for si ≥ ai; i∈ f1; . . . ; ng: (10)

Λ
σ1���σj
k ðt1; . . . ; tnÞ¼: Λσ1 ���σj

k ¼: Λkðσ1ðt1Þ; . . . ; σjðtjÞ; tjþ1; . . . ; tnÞ; k; j∈ f1; . . . ; ngZ
∞

a1

. . .

Z
∞

an

f ðt1; . . . ; tnÞΔt1; . . . ;Δtn ¼:
Z

∞Yn

i¼1
ai

f ðt1; . . . ; tnÞ
Yn
i¼1

Δti:
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3. Hardy and Littlewood-type inequalities for p/q ≥ 2 and γ > 1
The following inequalities are used to prove next results.

aλ þ bλ ≤ ðaþ bÞλ ≤ 2λ−1ðaλ þ bλÞ for a; b ≥ 0; λ ≥ 1: (11)

2λ−1ðaλ þ bλÞ ≤ ðaþ bÞλ ≤ aλ þ bλ for a; b ≥ 0; 0 ≤ λ ≤ 1: (12)

Theorem3.1. Assume i∈ f1; . . . ; ng,Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi > 1, further

assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integralsR
∞Qn

i¼1
ai

Qn
i¼1ðtiÞ

p
q
−γi gp=qðt1; . . . ; tnÞΔti for any ðt1; . . . ; tnÞ∈ ½a1;∞ÞT1

3 � � �3 ½an;∞ÞTn
exist,

define

Λkðt1; . . . ; tnÞ ¼
Z

∞Yk

j¼1
aj

gðs1; . . . ; snÞ
Yk
j¼1

Δsj; k∈ f1; . . . ; ng; (13)

then for p; q > 0 and p=q≥ 2Z
∞Yn

i¼1
ai

ðΛσ1 ...σn
n Þp=qYn

i¼1
t
γi
i

Yn
i¼1

Δti

≤
Xn
r¼1

Yn
j¼rþ1

cj~cr

Z
∞Yn

j¼rþ1
aj

Yn
j¼rþ1

ðμjðtjÞÞðp=q−1Þ

t
γj−1

j

Z
∞Yr�1

i¼1
ai

Yr−1
i¼1

1

t
γi
i

3

(Z
∞

ar

ðΛσ1 ���σr−1
r−1 Þp=q
t
γr− p=q
r

Δtr

)q=p�	
Λσ1...σr
r ÞðΛσ1 ...σr−1

r Þp=qΔtr

p−q

p
Yr−1
i¼1

Δti
Yn
j¼rþ1

Δtj

þ
Yn
i¼1

~ci

Z
∞Yn
i¼1

ai

Yn
i¼1

ðμiðtiÞÞðp=q−1Þ
t
γi−1
i

gp=qðt1; . . . ; tnÞ
Yn
i¼1

Δti

(14)

holds, where ~cr ¼ cr p=q; cr ¼ 2p=q−2k
γr
r

γr−1
:

Proof. To prove the result, we use the principle of mathematical induction. For n ¼ 1 the
statement is true by Theorem 1.1. Let the statement be true for 1≤ n≤ k.

To prove the result for n ¼ kþ 1. The left-hand side of (14) can be written as,Z ∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

ðΛσ1 ���σkþ1

kþ1 Þp=q
Ykþ1

i¼1

Δti: (15)

Denote
R
∞

akþ1

ðΛσ1 ���σkþ1
kþ1

Þp=q

t
γkþ1
kþ1

Δtkþ1 ¼ Ikþ1. Apply (5) with v
Δtkþ1

uðtkþ1Þ ¼ 1

t
γkþ1
kþ1

and

vσkþ1ðtkþ1Þ ¼ ðΛσ1���σkþ1

kþ1 Þp=q by keeping fix ðt1; . . . ; tkÞ∈ ½a1;∞ÞT1
3 � � �3 ½ak;∞ÞTk

.

Ikþ1 ¼
�
uðtkþ1ÞððΛσ1 ���σk

kþ1 Þp=qÞ�

∞
akþ1

Z ∞

akþ1

−uðtkþ1Þ v

Δtkþ1

ðΛσ1���σk
kþ1 Þp=qΔtkþ1; (16)
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where,
uðtkþ1Þ ¼

Z
∞

tkþ1

−
1

s
γkþ1

kþ1

Δskþ1: (17)

Use chain rule (6) and the fact that σkþ1ðskþ1Þ ≥ skþ1 to get

v

Δskþ1

 
� 1

s
γkþ1−1

kþ1

!
¼ ðγkþ1 � 1Þ

Z 1

0

½hkþ1σkþ1ðskþ1Þ þ ð1� hkþ1Þskþ1�−γkþ1dhkþ1

≥
ðγkþ1 � 1Þ
σγkþ1

kþ1 ðskþ1Þ:
(18)

(10) together with (18) gives

v

Δskþ1

 
−

1

s
γkþ1−1

kþ1

!
≥
ðγkþ1 � 1Þ
k
γkþ1

kþ1 s
γkþ1

kþ1

:

Therefore Z
∞

tkþ1

� 1

s
γkþ1

kþ1

Δskþ1

≥

Z
∞

tkþ1

� k
γkþ1

kþ1

γkþ1 � 1

v

Δskþ1

 
� 1

s
γkþ1−1

kþ1

!
Δskþ1 ¼ −

k
γkþ1

kþ1

γkþ1 � 1

 
1

t
γkþ1−1

kþ1

!
:

(19)

(17) together with (19) gives

−uðtkþ1Þ ¼ −

Z
∞

tkþ1

−
1

s
γkþ1

kþ1

Δskþ1 ≤
k
γkþ1

kþ1

γkþ1 � 1

 
1

t
γkþ1−1

kþ1

!
: (20)

From (13), (16), (17), (20), we have (note that ukþ1ð∞Þ ¼ 0 and Λkþ1ðt1; . . . ; tk; akþ1Þ ¼ 0)

Ikþ1 ¼
k
γkþ1

kþ1

γkþ1 � 1

Z
∞

akþ1

1

t
γkþ1−1

kþ1

v

Δtkþ1

ðΛσ1 ���σk
kþ1 Þp=qΔtkþ1: (21)

Apply chain rule 1 (6) on the right-hand side of (21)

v

Δtkþ1

ðΛσ1���σk
kþ1 Þp=q

¼ p

q

v

Δtkþ1

Λσ1 ���σk
kþ1

Z 1

0

�
Λkþ1 þ hkþ1μkþ1ðtkþ1Þ v

Δtkþ1

Λσ1 ���σk
kþ1

�p
q−1

dhkþ1:

(22)

Use right part of (11) on the right-hand side of (22),

v

Δtkþ1

ðΛσ1 ���σk
kþ1 Þp=q

≤
p

q
2p=q−2ðΛσ1 ���σk

kþ1 Þp=q−1 v

Δtkþ1

ðΛσ1 ���σk
kþ1 Þ

þ p

q
2p=q−2ðμkþ1ðtkþ1ÞÞp=q−1ð v

Δtkþ1

Λσ1 ���σk
kþ1 Þ

p=q

:

(23)
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Substitute (23) into (21)

Ikþ1 ≤
p2p=q−2k

γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðΛσ1 ���σk
kþ1 Þp=q−1 v

Δtkþ1

Λσ1 ���σk
kþ1 Δtkþ1

þ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðμkþ1ðtkþ1ÞÞp=q−1ð v

Δtkþ1

Λσ1 ���σk
kþ1 Þ

p=q

Δtkþ1:

(24)

Since

v

Δtkþ1

Λσ1���σk
kþ1 ¼ Λσ1 ���σk

k ≥ 0: (25)

Use (25) in (24)

Ikþ1 ≤
p2p=q−2k

γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðΛσ1 ���σk
kþ1 Þp=q−1Λσ1 ���σk

k Δtkþ1

þ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðμkþ1ðtkþ1ÞÞp=q−1ðΛσ1 ���σk
k Þp=qΔtkþ1:

(26)

Substitute (26) in (15)Z
∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

ðΛσ1 ���σkþ1

kþ1 Þp=q
Ykþ1

i¼1

Δti

≤

Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðΛσ1 ���σk
kþ1 Þp=q−1Λσ1���σk

k

Yk
i¼1

Δtkþ1Δti

þ
Z

∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

ðμkþ1ðtkþ1ÞÞp=q−1
t
γkþ1−1

kþ1

ðΛσ1 ���σk
k Þp=q

Yk
i¼1

Δtkþ1Δti:

(27)

Exchange integrals on right-hand side of (27) k -times by using (9)

¼ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

ðΛσ1 ���σk
kþ1 Þp=q−1Λσ1 ���σk

k

Yk
i¼1

ΔtiΔtkþ1

þ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þðμkþ1ðtkþ1ÞÞp=q−1
Z

∞

akþ1

1

t
γkþ1−1

kþ1

3

Z ∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

ðΛσ1 ���σk
k Þp=q

Yk
i¼1

ΔtiΔtkþ1:

(28)

Use the induction hypothesis with Λσ1���σk
k in (28) for fixed tkþ1 ∈Tkþ1 and again apply (9)

k-times to get
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¼ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þ
Z ∞

akþ1

1

t
γ
kþ1−1

kþ1

Z ∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

ðΛσ1 ���σk
kþ1 Þp=q−1Λσ1 ���σk

k

Yk
i¼1

ΔtiΔtkþ1

þ p2p=q−2k
γkþ1

kþ1

qðγkþ1 � 1Þðμkþ1ðtkþ1ÞÞp=q−1
Z

∞

akþ1

1

t
γkþ1−1

kþ1

3
Xk
r¼1

Yk
j¼rþ1

cj~cr

Z ∞Yk

j¼rþ1
aj

Yk
j¼rþ1

ðμjðtjÞÞðp=q−1Þ

t
γj−1

j

3

Z ∞Yr�1

i¼1
aj

Yr−1
i¼1

1

t
γi
i

(Z ∞

ar

ðΛσ1 ���σr−1
r−1 Þp=q
t
γr−p=q
r

Δtr

)q=p

3
�	

Λσ1 ���σr
r ÞðΛσ1���σr−1

r Þp=qΔtr

p−q

p
Yr−1
i¼1

Δti
Yk
j¼rþ1

Δtj

þ
Yk
i¼1

~ci

Z
∞Yk

i¼1
aj

Yk
i¼1

ðμiðtiÞÞðp=q−1Þ
t
γi−1
i

gp=qðt1; . . . ; tkÞ
Yk
i¼1

Δti:

Hence Z
∞Ykþ1

i¼1
ai

ðΛσ1 ...σn
n Þp=qYkþ1

i¼1
t
γi
i

Ykþ1

i¼1

Δti

≤
Xkþ1

r¼1

Ykþ1

j¼rþ1

cj~cr

Z
∞Ykþ1

j¼rþ1
aj

Ykþ1

j¼rþ1

ðμjðtjÞÞðp=q−1Þ

t
γj−1

j

Z
∞Yr�1

i¼1
ai

Yr−1
i¼1

1

t
γi
i

3

(Z ∞

ar

ðΛσ1 ���σr−1
r−1 Þp=q
t
γr−p=q
r

Δtr

)q=p�
Λσ1 ...σr
r ðΛσ1 ...σr−1

r Þp=qΔtr

p−q

p
Yr−1
i¼1

Δti
Ykþ1

j¼rþ1

Δtj

þ
Ykþ1

i¼1

~ci

Z
∞Ykþ1

i¼1
ai

Ykþ1

i¼1

ðμiðtiÞÞðp=q−1Þ
t
γi−1
i

gp=qðt1; . . . ; tkþ1Þ
Ykþ1

i¼1

Δti:

Hence by induction principle, the statement is true ∀ n∈ℕ. ,

Theorem 3.2. Assume i∈ f1; . . . ; ng, Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi > 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integrals
R
∞Qn

i¼1
aiQn

i¼1ðtiÞ
p
q
−γi gp=qðt1; . . . ; tnÞ

Qn
i¼1 Δti exist. Let Λkðt1; . . . ; tnÞ be defined in (13), then for p; q > 0

and p=q≥ 2Z
∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

ðΛσ1 ���σn
n Þp=q

Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
2
p
q�1k

γi
i

ðγi � 1Þ
�p=q Z

∞Yn

i¼1
ai

Yn
i¼1

1

t
γi−p=q
i

gp=qðt1; . . . ; tnÞ
Yn
i¼1

Δti;

(29)

holds.
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Proof. To prove the result, we use the principle of mathematical induction. For n ¼ 1 the
statement is true by Theorem 1.2. Let the statement be true for 1≤ n≤ k.

To prove the result for n ¼ kþ 1. Proceed it as in the proof of Theorem 3.1 up to (21). Apply
chain rule 1 (6) on the right-hand side of (21) yields

v

Δtkþ1

ðΛσ1 ���σk
kþ1 Þp=q

¼
�
p

q

�
v

Δtkþ1

Λσ1 ���σk
kþ1

Z 1

0

�
hkþ1Λ

σ1 ���σkþ1

kþ1 þ ð1� hkþ1ÞΛσ1 ���σk
kþ1

�p
q−1dhkþ1:

(30)

Use (11) on the right-hand side of (30),

≤

�
p

q

�
2
p
q−2ðΛσ1 ���σkþ1

kþ1 Þ
p
q−1

v

Δtkþ1

Λσ1 ���σk
kþ1 þ

�
p

q

�
2
p
q−2ðΛσ1 ���σk

kþ1 Þpq−1 v

Δtkþ1

Λσ1 ���σk
kþ1 ;

use the fact σkþ1ðtkþ1Þ≥ tkþ1

¼
�
p

q

�
2
p
q−2ðΛσ1 ���σkþ1

kþ1 Þ
p
q−1

v

Δtkþ1

Λσ1 ���σk
kþ1 þ

�
p

q

�
2
p
q−2ðΛσ1 ���σkþ1

kþ1 Þ
p
q−1

v

Δtkþ1

Λσ1 ���σk
kþ1

¼
�
p

q

�
2
p
q−1ðΛσ1 ���σkþ1

kþ1 Þ
p
q−1

v

Δtkþ1

Λσ1 ���σk
kþ1 :

(31)

Since

v

Δtkþ1

Λσ1 ���σk
kþ1 ¼ Λσ1���σk

k ≥ 0: (32)

Use (32) in (31) and substitute in (21) to get

Ikþ1 ≤
p2

p
q−1k

γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

1

t
γkþ1−1

kþ1

ðΛσ1 ���σkþ1

kþ1 Þ
p
q−1Λσ1 ���σk

k Δtkþ1: (33)

Apply H€older’s inequality on the right-hand side of (33) with indices p=q and p=ðp− qÞ

Ikþ1 ≤
p2

p
q−1k

γkþ1

kþ1

qðγkþ1 � 1Þ

8>>>><
>>>>:
Z

∞

akþ1

8<
:t

γkþ1ðp−qq Þ
kþ1

t
γkþ1−1

kþ1

Λσ1 ���σk
k

9=
;

p=q

Δtkþ1

9>>>>=
>>>>;

q=p

3 fIkþ1g
p−q
p :

After simplification, we get

Ikþ1 ≤

 
p2

p
q�1k

γkþ1

kþ1

qðγkþ1 � 1Þ

!p=q Z
∞

akþ1

ðΛσ1 ���σk
k Þp=q

t
−
p
qþγkþ1

kþ1

Δtkþ1: (34)
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Substitute (34) into (15)Z
∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

ðΛσ1 ���σkþ1

kþ1 Þp=q
Ykþ1

i¼1

Δti

≤

Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

 
p2

p
q�1k

γkþ1

kþ1

qðγkþ1 � 1Þ

!p=q Z
∞

akþ1

ðΛσ1 ���σk
k Þp=q

t
−
p
qþγkþ1

kþ1

Δtkþ1:

(35)

Exchange integrals on right-hand side of (35) k -times by using (9)

 
p2

p
q�1k

γkþ1

kþ1

qðγkþ1 � 1Þ

!p=q Z
∞

akþ1

1

t
−
p
qþγkþ1

kþ1

(Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

ðΛσ1 ���σk
k Þp=q

Yk
i¼1

Δti

)
Δtkþ1: (36)

Use the induction hypothesis forΛσ1���σk
k in (36) for fixed tkþ1 ∈Tkþ1 and again apply (9) k times

to get Z
∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

ðΛσ1 ���σkþ1

kþ1 Þp=q
Ykþ1

i¼1

Δti

≤

�
p

q

�ðkþ1Þp
q Ykþ1

i¼1

 
2
p
q�1k

γi
i

γi � 1

!p=q Z
∞Ykþ1

i¼1
ai

Ykþ1

i¼1

1

t
γi−p=q
i

gp=qðt1; . . . ; tkþ1Þ
Yk
i¼1

Δti:

Hence by induction principle, the statement is true ∀ n∈ℕ. ,

Corollary 3.3. As a special case of Theorem 3.2, when T1 ¼ � � � ¼ Tn ¼ ℝ, p=q ¼ λ > 1
and γi < 1, (29) becomes the following Wirtinger type inequalityZ

∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

ðGðt1; . . . ; tnÞÞλ
Yn
i¼1

dti

≤
Yn
i¼1

�
λ2λ�1

1� γi

�λ Z ∞Yn

i¼1
ai

1Yn

i¼1
t
γi−λ
1

�
vn

vt1 � � � vtnG
λðt1; . . . ; tnÞ

�Yn
i¼1

dti;

where Gðt1; . . . ; tnÞ¼:
R tiQn

i¼1
ai
gðs1; . . . ; snÞ

Qn

i¼1dsi.

When γ1 ¼ � � � ¼ γn ¼ λ > 1, we have another Hardy type inequality for function of
n-variables Z

∞Yn

i¼1
ai

1Yn

i¼1
ti

 Z tiYn

i¼1
ai

gðs1; . . . ; snÞ
Yn
i¼1

dsi

!λYn
i¼1

dti

≤

�
λ2λ�1

λ� 1

�λ

gλðt1; . . . ; tnÞ
Yn
i¼1

dti:
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Remark 3.4. Assume that T1 ¼ � � � ¼ Tn ¼ ℕ in Theorem 3.2, p=q ¼ λ > 1, ai > 1,
γi > 1 for i∈ f1; . . . ; ng, further assume that

P
∞

m1¼1 . . .
P

∞

mn¼1 g
λðm1; . . . ;mnÞ is convergent.

(29) becomes the following discrete Hardy and Littlewood inequality

X∞
m1¼1

� � �
X∞
mn¼1

1

m
γ1
1 . . .m

γn
n

 Xm1

k1¼1

� � �
Xmn

kn¼1

gðk1; . . . ; knÞ
!λ

≤
Yn
i¼1

�
2λ�1λ
γi � 1

�λ X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
m

γi−λ
i

gλðm1; . . . ;mnÞ:

4. Hardy and Littlewood-type inequalities for p/q ≥ 1 and γ > 1

Theorem 4.1. Assume i∈ f1; . . . ; ng, Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi < 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ ℝþ is such that the delta integrals
R
∞Qn

i¼1
aiQn

i¼1 ti
p
q
−γi gp=qðt1; . . . ; tnÞ

Qn
i¼1 Δti exist. Let Λkðt1; . . . ; tnÞ be defined in (13), then for p; q > 0

and p=q > 1Z
∞Yn

i¼1
ai

1Yn

i¼1
ti
γi
ðΛσ1 ���σn

n Þp=q
Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
k
γi
i

γi � 1

�p=q Z ∞Yn

i¼1
ai

Yn
i¼1

1

t
γi−p=q
i

gp=qðt1; . . . ; tnÞ
Yn
i¼1

Δti;

(37)

holds, where n is a positive integer.

Proof. To prove the result, we use the principle of mathematical induction. For n ¼ 1
the statement is true by Theorem 1.3. Let the statement be true for 1≤ n≤ k.

To prove the result for n ¼ kþ 1. Proceed it as in the proof of Theorem 3.1 up to (21).
Apply the chain rule 2 (7) to get

v

Δtkþ1

ðΛσ1 ���σk
kþ1 Þp=q ¼ p

q
ðΛσ1 ���σk

kþ1 ðt1; . . . ; tk; ckþ1ÞÞ
p
q−1

v

Δtkþ1

Λσ1���σk
kþ1 ;

where ckþ1 ∈ ½tkþ1; σkþ1ðtkþ1Þ�. Since
v

Δtkþ1

Λσ1 ���σk
kþ1 ¼: Λσ1 ���σk

k ≥ 0;

and σkþ1ðtkþ1Þ≥ ckþ1, one has that

v

Δtkþ1

Λσ1 ���σk
kþ1 ≤

p

q

	
Λσ1 ���σkþ1

kþ1

�p
q−1Λσ1 ���σk

k : (38)

Substitute (38) into (21)

Ikþ1 ≤
pk

γkþ1

kþ1

qðγkþ1 � 1Þ
Z

∞

akþ1

	
Λσ1 ���σkþ1

kþ1

�p
q−1

t
γkþ1−1

kþ1

Λσ1 ���σk
k Δtkþ1: (39)
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Apply H€older’s inequality on the right-hand side of (39) with indices p=q and p=ðp− qÞ

Ikþ1 ≤
pk

γkþ1

kþ1

qðγkþ1 � 1Þ

8><
>:
Z

∞

akþ1

8<
:t

γkþ1

	
p−q
p

�
kþ1

t
γkþ1−1

kþ1

Λσ1;...;σk
k

9=
;

p=q

Δtkþ1

9>=
>;

q=p

3 fIkþ1g
p−q
p :

After simplification, we get

Ikþ1 ≤

�
pk

γkþ1

kþ1

qðγkþ1 � 1Þ
�p=q Z ∞

akþ1

	
Λσ1 ;...;σk
k

�p=q
t
−
p
qþγkþ1

kþ1

Δtkþ1: (40)

Substitute (40) into (15)Z
∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

	
Λσ1 ���σkþ1

kþ1

�p=qYkþ1

i¼1

Δti

≤

Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

�
pk

γkþ1

kþ1

qðγkþ1 � 1Þ
�p=q Z ∞

akþ1

	
Λσ1 ;...;σk
k

�p=q
t
γkþ1−

p
q

kþ1

Δtkþ1:

(41)

Exchange integrals on right-hand side of (41) k -times by using (9)

¼
�

pk
γkþ1

kþ1

qðγkþ1 � 1Þ
�p=q Z ∞

akþ1

1

t
γkþ1−

p
q

kþ1

(Z
∞Yk

i¼1
ai

1Yk

i¼1
t
γi
i

ðΛσ1 ���σk
k Þp=q

Yk
i¼1

Δti

)
Δtkþ1: (42)

Use the induction hypothesis with ðΛσ1���σk
k Þp=q in (42) for fixed tkþ1 ∈Tkþ1 and again apply (9)

k-times to getZ
∞Ykþ1

i¼1
ai

1Ykþ1

i¼1
t
γi
i

ðΛσ1 ���σkþ1

kþ1 Þp=q
Ykþ1

i¼1

Δti

≤

�
p

q

�ðkþ1Þp
q Ykþ1

i¼1

�
k
γi
i

γi � 1

�p=q Z ∞Ykþ1

i¼1
ai

Ykþ1

i¼1

1

t
γi−p=q
i

gp=qðt1; . . . ; tkþ1Þ
Ykþ1

i¼1

Δti:

Hence by induction principle, the statement is true ∀ n∈ℕ. ,

Corollary 4.2. As a special case of Theorem 4.1, when T1 ¼ � � � ¼ Tn ¼ ℝ, p=q ¼ λ > 1
and γ1; . . . ; γn < 1, (37) becomes the following Wirtinger type inequality,Z

∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

Gλðt1; . . . ; tnÞ
Yn
i¼1

dti

≤
Yn
i¼1

�
λ

1� γi

�λ Z ∞Yn

i¼1
ai

1Yn

i¼1
t
γi−λ
1

�
vn

vt1 � � � vtn G
λðt1; . . . ; tnÞ

�Yn
i¼1

dti;

where Gðt1; . . . ; tnÞ¼:
R tiQn

i¼1
ai
gðs1; . . . ; snÞ

Qn

i¼1 Δsi .
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When γ1 ¼ � � � ¼ γn ¼ λ > 1, we have the classical Hardy type inequality for function of
n -variables Z

∞Yn

i¼1
ai

1Yn

i¼1
ti

 Z tiYn

i¼1
ai

gðs1; . . . ; snÞ
Yn
i¼1

dsi

!λYn
i¼1

dti

≤

� λ
λ� 1

�λ
gλðt1; . . . ; tnÞ

Yn
i¼1

dti:

Corollary 4.3. Assume that T1 ¼ � � � ¼ Tn ¼ ℕ in Theorem 4.1, p=q ¼ λ > 1, ai > 1,
γi > 1 for i∈ f1; . . . ; ng, further assume that

P
∞

m1¼1 � � �
P

∞

mn¼1 g
λðm1; . . . ;mnÞ is

convergent. Note that in this case mi

σiðmiÞ ¼
mi

miþ1 therefore
1
2 ≤

mi

miþ1 ≤ 1, and we get following

discrete Hardy and Littlewood inequality

X∞
m1¼1

� � �
X∞
mn¼1

1

m
γ1
1 . . .m

γn
n

 Xm1

k1¼1

� � �
Xmn

kn¼1

gðk1; . . . ; knÞ
!λ

≤
Yn
i¼1

�
2λλ

γi � 1

�λ X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
m

γi−λ
i

gλðm1; . . . ;mnÞ:

Remark 4.4. Assume i∈ f1; . . . ; ng, Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi < 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integrals

R
∞Qn

i¼1
ai

Qn
i¼1 σiðtiÞ

p
q
−γi
�
σiðtiÞ
ti

�p
q
ðγi−1Þ

g
p=q
n ðt1; . . . ; tnÞ

Qn
i¼1 Δti exist. Let Λkðt1; . . . ; tnÞ be defined

in Theorem 3.1, then for p; q > 0 and p=q > 1Z
∞Yn

i¼1
ai

ðΛσ1���σn
n Þp=qYn

i¼1
ðσiðtiÞÞγi

Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
1

γi � 1

�p=q Z ∞Yn

i¼1
ai

gp=qðt1; . . . ; tnÞYn

i¼1
σγi−

p
qðtiÞ

Yn
i¼1

�
σiðtiÞ
ti

�p
qðγi−1ÞYn

i¼1

Δti;

holds.

Proof. Replace left-hand side of (37) in Theorem 4.1 byZ ∞Yn

i¼1
ai

ðΛσ1 ���σn
n Þp=qYn

i¼1
ðσiðtiÞÞγi

Yn
i¼1

Δti;

and proceed as in the proof of Theorem 4.1. ,

5. Hardy and Littlewood-type inequalities for p/q ≤ 2 and γ > 1

Theorem 5.1. Assume i∈ f1; . . . ; ng, Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi < 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integrals
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R
∞Qn

i¼1
ai

Qn
i¼1ðtiÞ

p
q
−γi gp=qðt1; . . . ; tnÞ

Qn
i¼1 Δti exist. Let Λkðt1; . . . ; tnÞ be defined in (13), then for

p; q > 0 and p=q≤ 2Z
∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

ðΛσ1 ���σn
n Þp=q

Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
2k

γi
i

ðγi � 1Þ
�p=q Z ∞Yn

i¼1
ai

1Yn

i¼1
t
γi−

p
q

i

gp=qðt1; . . . ; tnÞ
Yn
i¼1

Δti:

(43)

Proof. Proceed as in the proof of Theorem 3.2 and apply inequality (12) in (21) to get (43).,

Remark 5.2. As a special case of Theorem 5.1, when T1 ¼ � � � ¼ Tn ¼ ℝ, p=q ¼ λ > 1
and γ1; . . . ; γn < 1, we have the following Hardy type inequalityZ

∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

 Z tiYn

i¼1
ai

gðs1; . . . ; snÞ
Yn
i¼1

dsi

!λYn
i¼1

dti

≤
Yn
i¼1

�
2λ

1� γi

�λ Z ∞Yn

i¼1
ai

1Yn

i¼1
t
γi−λ
i

gλðt1; . . . ; tnÞ
Yn
i¼1

dti:

Remark 5.3. Assume that T1 ¼ � � � ¼ Tn ¼ ℕ in Theorem 5.1, p=q ¼ λ > 1, ai > 1,
γi > 1 for i∈ f1; . . . ; ng, further assume that

P
∞

m1¼1 � � �
P

∞

mn¼1 g
λðm1; . . . ;mnÞ is

convergent. In this case, (43) becomes the following discrete Hardy and Littlewood inequality

X∞
m1¼1

� � �
X∞
mn¼1

1

m
γ1
1 . . .m

γn
n

 Xm1

k1¼1

� � �
Xmn

kn¼1

gðk1; . . . ; knÞ
!λ

≤
Yn
i¼1

�
2λ

γi � 1

�λ X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
m

γi−λ
i

gλðm1; . . . ;mnÞ:

6. Hardy and Littlewood-type inequalities for p/q > 1 and γ < 1

Theorem 6.1. Assume i∈ f1; . . . ; ng,Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi < 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integralsR
∞Qn

i¼1
ai

Qn
i¼1 ðσiðtiÞÞ

p
q−γi gp=qðt1; . . . ; tnÞ

Qn
i¼1 Δti exist, for any ðt1; . . . ; tnÞ∈ ½a1;∞ÞT1

3 � � �3
½an;∞ÞTn

, define

Ωkðt1; . . . ; tnÞ ¼
Z tjYk

j¼1
aj

gðs1; . . . ; snÞ
Yk
j¼1

Δsj; k∈ f1; . . . ; ng (44)

then for p; q > 0 and p=q > 1
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Z
∞Yn

i¼1
ai

Ωp=q
n ðt1; . . . ; tnÞYn

i¼1
σγi
i ðtiÞ

Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
1

1� γi

�p=q Z ∞Yn

i¼1
ai

1Yn

i¼1
ðσiðtiÞÞγi−p=q

gp=qðt1; . . . ; tnÞ
Yn
i¼1

Δti

(45)

holds, where n is any positive integer.

Proof. To prove the result, we use the principle of mathematical induction. For n ¼ 1 the
statement is true by Theorem 1.4. Let the statement be true for 1≤ n≤ k.

To prove the result for n ¼ kþ 1. The left-hand side of (45) can be written asZ
∞Yn

i¼1
ai

Ωp=q
kþ1ðt1; . . . ; tkþ1ÞYkþ1

i¼1
σγii ðtiÞ

Ykþ1

i¼1

Δti (46)

Denote
R
∞

akþ1

Ωp=q

kþ1
ðt1;...;tkþ1Þ

σ
γkþ1
kþ1

ðtkþ1Þ
Δtkþ1 ¼ Ikþ1. Apply (5) with v

Δtkþ1
vðtkþ1Þ ¼ 1

σ
γkþ1
kþ1

ðtkþ1Þ
and uðtkþ1Þ ¼

Ωp=q
kþ1ðt1; . . . ; tkþ1Þ. Thus

Ikþ1 ¼ vðtkþ1ÞΩp=q
kþ1ðt1; . . . ; tkþ1Þj∞akþ1

þ
Z ∞

akþ1

vσkþ1ðtkþ1Þð− v

Δtkþ1

Ωp=q
kþ1ðt1; . . . ; tkþ1ÞÞΔtkþ1;

(47)

where vðtkþ1Þ ¼
R tkþ1

akþ1
1=σγkþ1

kþ1ðskþ1ÞΔskþ1. Use chain rule (6) and the fact that σkþ1ðskþ1Þ≥ skþ1

to get

v

Δskþ1

ðs1−γkþ1

kþ1 Þ ¼ ð1� γkþ1Þ
Z 1

0

½hkþ1σkþ1ðskþ1Þ þ ð1� hkþ1Þskþ1�−γkþ1dhkþ1

≥ ð1� γkþ1Þ
1

σγkþ1

kþ1 ðskþ1Þ;

which gives

vσkþ1ðtkþ1Þ ¼
Z σkþ1ðtkþ1Þ

akþ1

1

σγkþ1

kþ1 ðskþ1ÞΔskþ1 ≤
1

ð1� γkþ1Þ
ðσkþ1ðtkþ1ÞÞ1−γkþ1 : (48)

Combine (47), (48) and use the facts Ωkþ1ðt1; . . . ; tk;∞Þ ¼ 0, vðakþ1Þ ¼ 0 to get

Ikþ1 ≤
1

ð1� γkþ1Þ
Z

∞

akþ1

� v
Δtkþ1

Ωp=q
kþ1ðt1; . . . ; tkþ1Þ

ðσkþ1ðtkþ1ÞÞγkþ1−1
Δtkþ1: (49)

Apply chain rule 2 (7) to find

−
v

Δtkþ1

Ωp=q
kþ1ðt1; . . . ; tkþ1Þ ¼ −

�
p

q

�
Ω

p
q−1

kþ1ðt1; . . . ; tk; ckþ1Þ v

Δtkþ1

Ωkþ1ðt1; . . . ; tkþ1Þ;

where, ckþ1 ∈ ½tkþ1; σkþ1ðtkþ1Þ�. Since
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v

Δtkþ1

Ωkþ1ðt1; . . . ; tkþ1Þ ¼ −

Z
∞Yk

i¼1
ai

gðs1; . . . ; sk; tkþ1Þ
Yk
i¼1

Δsi

¼: Ωkðt1; . . . ; tkþ1Þ ≤ 0;

and ckþ1 ≥ tkþ1, one has that

−
v

Δtkþ1

Ωp=q
kþ1ðt1; . . . ; tkþ1Þ≤ p

q
Ω

p
q−1

kþ1ðt1; . . . ; tkþ1ÞΩk ðt1; . . . ; tkþ1Þ: (50)

Substitute (50) into (49)

Ikþ1 ≤
p

qð1� γkþ1Þ
Z

∞

akþ1

Ω
p
q−1

kþ1ðt1; . . . ; tkþ1Þ
ðσkþ1ðtkþ1ÞÞγkþ1−1

Ωkðt1; . . . ; tkþ1ÞΔtkþ1: (51)

Apply H€older’s inequality on the right-hand side of (51) with indices p=q and p=ðp− qÞ to
obtain

Ikþ1 ≤
p

qð1� γkþ1Þ

"Z
∞

akþ1

"
ðσγkþ1

kþ1 ðtkþ1ÞÞ
p�q
p

ðσkþ1ðtkþ1ÞÞγkþ1�1
Ωkðt1; . . . ; tkþ1Þ

#p=q
Δtkþ1

#q=p

3 ½Ikþ1�
p−q
p :

After simplification, we get

Ikþ1 ≤

�
p

qð1� γkþ1Þ
�p=q Z ∞

akþ1

Ωp=q
k ðt1; . . . ; tkþ1Þ

ðσkþ1ðtkþ1ÞÞ−
p
qþγkþ1

Δtkþ1: (52)

Substitute (52) into (46)Z
∞Ykþ1

i¼1
ai

Ωp=q
kþ1ðt1; . . . ; tkþ1ÞYkþ1

i¼1
σγii ðtiÞ

Ykþ1

i¼1

Δti

≤

Z
∞Yk

i¼1
ai

1Yk

i¼1
σγi
i ðtiÞ

�
p

qð1� γkþ1Þ
�p=q Z ∞

akþ1

Ωp=q
k ðt1; . . . ; tkþ1Þ

ðσkþ1ðtkþ1ÞÞ−
p
qþγkþ1

Ykþ1

i¼1

Δti:

(53)

Exchange integrals on right-hand side of (53) k-times by using (9)

¼
�

p

qð1� γkþ1Þ
�p=q Z ∞

akþ1

1

ðσkþ1ðtkþ1ÞÞ−
p
qþγkþ1

3

(Z
∞Yk

i¼1
ai

Ωp=q
k ðt1; . . . ; tkþ1ÞYk

i¼1
σγii ðtiÞ

Yk
i¼1

Δti

)
Δtkþ1:

(54)
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Use the induction hypothesis for Ωkðt1; . . . ; tkþ1Þ in (54) instead for Ωkðt1; . . . ; tkÞ for fixed
tkþ1 ∈Tkþ1 and again apply (9) k times to get

Z
∞Ykþ1

i¼1
ai

Ωp=q
kþ1ðt1; . . . ; tkþ1ÞYkþ1

i¼1
σγii ðtiÞ

Ykþ1

i¼1

Δti

≤

�
p

q

�ðkþ1Þp
q Ykþ1

i¼1

�
1

1� γi

�p=q Z ∞Ykþ1

i¼1
ai

Ykþ1

i¼1

1

ðσiðtiÞÞγi−p=q
gp=qðt1; . . . ; tkþ1Þ

Ykþ1

i¼1

Δti:

Hence by induction principle, the statement is true ∀ n∈ℕ. ,

Corollary 6.2. Under the conditions of Theorem 6.1, we get the following inequalityZ
∞Yn

i¼1
ai

1Yn

i¼1
σγii ðtiÞ

ðΩnðσ1ðt1Þ; . . . ; σnðtnÞÞÞp=q
Yn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
1

1� γi

�p=q Z ∞Yn

i¼1
ai

Yn
i¼1

1

ðσiðtiÞÞγi−p=q
gp=qðt1; . . . ; tnÞ

Yn
i¼1

Δti:

(55)

Proof. The fact vn Ωn

Δt1 ���Δtn ≤ 0 impliesZ
∞Yn

i¼1
ai

1Yn

i¼1
σγii ðtiÞ

ðΩnðσ1ðt1Þ; . . . ; σnðtnÞÞÞp=q
Yn
i¼1

Δti

≤

Z
∞Yn

i¼1
ai

1Yn

i¼1
σγi
i ðtiÞ

ðΩnðt1; . . . ; tnÞÞp=q
Yn
i¼1

Δti:

(56)

Now use (45) in (56) to get (55). ,

Remark 6.3. Consider T1 ¼ � � � ¼ Tn ¼ ℝ, p=q ¼ λ > 1 and γ1; . . . ; γn < 1, in Theorem
6.1. Denote Gðt1; . . . ; tnÞ ¼

R
∞Qn

i¼1
ti
gðs1; . . . ; snÞ

Qn
i¼1 dsi. Thus, (45) takes the form

Z
∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

ðGλðt1; . . . ; tnÞÞ
Yn
i¼1

dti

≤
Yn
i¼1

�
λ

1� γi

�λ Z ∞Yn

i¼1
ai

1Yn

i¼1
ðtiÞγi−λ

vn

vt1 . . . vtn
Gλðt1; . . . ; tnÞ

Yn
i¼1

dti;

which can be considered as a generalization of Wirtinger’s inequality [1].

Remark 6.4. As a special case of Theorem 6.1, assume that T1 ¼ � � � ¼ Tn ¼ ℕ,
p=q ¼ λ > 1, a1 ¼ � � � ¼ an ¼ 1 and γ1; . . . ; γn < 1. In this case (55) becomes the following
discrete Hardy and Littlewood inequality
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X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
ðmi þ 1Þγi

 X∞
k1¼m1þ1

� � �
X∞

kn¼mnþ1

gðk1; . . . ; knÞ
!λ

≤
Yn
i¼1

�
λ

1� γi

�λ X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
ðmi þ 1Þγi−λ

gλðm1; . . . ;mnÞ:

7. Hardy and Littlewood-type inequalities for p/q ≤ 2 and γ < 1

Theorem 7.1. Assume i∈ f1; . . . ; ng,Ti is a time scale with ai ∈ ð0;∞ÞTi
and γi < 1,

further assume g : ½a1;∞ÞT1
3 � � �3 ½an;∞ÞTn

→ℝþ is such that the delta integralsR
∞Qn

i¼1
ai

Qn
i¼1 ðσiðtiÞÞ

p
q
−γi gp=qðt1; . . . ; tnÞ

Qn
i¼1 Δti exist, then for p; q > 0 and p=q≤ 2. Then

Z
∞Yn

i¼1
ai

1Yn

i¼1
σγi
i ðtiÞ

 Z
∞Yn

i¼1
ti

gðs1; . . . ; snÞ
Yn
i¼1

Δsi

!p=qYn
i¼1

Δti

≤

�
p

q

�np
q Yn

i¼1

�
2

1� γi

�p=q Z ∞Yn

i¼1
ai

Yn
i¼1

1

ðσiðtiÞÞγi−p=q
gp=qðt1; . . . ; tnÞ

Yn
i¼1

Δti:

(57)

Proof: Use (12) and proceed as in the proof of Theorem 6.1 to get (57). ,

Remark 7.2. In Theorem 7.1, when T1 ¼ � � � ¼ Tn ¼ ℝ, p=q ¼ λ > 1 and γi < 1, (57)
becomes the following Wirtinger type inequality,Z

∞Yn

i¼1
ai

1Yn

i¼1
t
γi
i

ðGðt1; . . . ; tnÞÞλ
Yn
i¼1

dti

≤
Yn
i¼1

�
2λ

1� γi

�λ Z ∞Yn

i¼1
ai

1Yn

i¼1
ðtiÞγi−λ

ð vn

vt1 . . . vtn
Gðt1; . . . ; tnÞÞλ

Yn
i¼1

dti;

where Gðt1; . . . ; tnÞ¼:
R
∞Qn

i¼1
ti
gðs1; . . . ; snÞ

Qn

i¼1 dsi.

Remark 7.3. In Theorem 7.1, assume that T1 ¼ � � � ¼ Tn ¼ ℕ, p=q ¼ λ > 1,
a1 ¼ � � � ¼ an ¼ 1 and γi < 1. (57) becomes the following discrete Hardy and Littlewood
inequality

X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
ðmi þ 1Þγi

 X∞
k1¼m1þ1

� � �
X∞

kn¼mnþ1

gðk1; . . . ; knÞ
!λ

≤
Yn
i¼1

�
2λ

1� γi

�λ X∞
m1¼1

� � �
X∞
mn¼1

1Yn

i¼1
ðmi þ 1Þγi−λ

gλðm1; . . . ;mnÞ:
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