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Abstract
It is known that the iterative roots of continuous functions are not necessarily unique, if it exist. In this note, by
introducing the set of points of coincidence, we study the iterative roots of order preserving homeomorphisms.
In particular, we prove a characterization of identical iterative roots of an order preserving homeomorphism
using the points of coincidence of functions.
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1. Introduction
Given a function F : X →X and a positive integer n, if there is a function f : X →X such that

f nðxÞ ¼ FðxÞ; for all x∈X (1)

(where f n is n times composition of f ) then f is called an n th iterative root or fractional iterate of
order n of F. The problem of finding the iterative root of functions was initiated in the classical
works of Charles Babbage [1]. The iterative roots of continuous monotone and piecewise
monotone function was developed in the works of B€odewadt [2], Łojasiewicz [7], Kuczma [4],
Zhang [6,12] and many others. For a detailed study of recent results on iterative roots of
continuous piecewise monotone functions can be found in the survey paper by Zdun and
Solarz [11].
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For the class of strictly increasing continuous functions, we have the following result.
Theorem 1.1 ([5]). Let I ⊆ ℝ be any interval. Then every strictly increasing continuous

function F from I into itself possesses a strictly increasing continuous iterative roots of order n, for
all n∈ℕ.

Theorem 1.1 guarantees the existence of strictly increasing continuous iterative roots of a
strictly increasing continuous functions. Moreover, this strictly increasing continuous nth
order iterative root depends on arbitrary strictly increasing homeomorphisms (see Theorem
11.2.2 [5]), and hence its iterative roots are not necessarily unique. In fact, every strictly
increasing continuous function, other than identity, possesses infinitely many strictly
increasing continuous nth order iterative roots.

In fact, uniqueness of iterative roots of a special class ofmonotonic functionswas conjectured
by B€odewadt [2] and answered in negative by Smajdor [9]. Motivated by B€odewadt, suppose
f and g are two iterative roots of order n of a strictly increasing homeomorphism F (i.e.
f n ¼ gn ¼ F ), it is reasonable to ask under what condition f and g are identically equal?
It is known that, if f n ¼ gn ¼ F and f ; g commutes each other (i.e. f g ¼ g f ) then f must be

equal to g (see [10]). In this article, we further investigate this problem. We give some sufficient
conditions, using the set of points of coincidence of two functions. Also, for given order
preserving homeomorphism from an interval onto itself, by generalizing the result in [10], we
characterize the conditions of identical iterative roots of an order preserving homeomorphism.

2. Set of points of coincidence
Throughout our discussion we fix I ¼ ða; bÞ, where −∞≤ a≤ b≤∞, and HðIÞ denotes the
set of all order preserving homeomorphisms from I onto itself. Here after we always assume
all the functions are in the class HðIÞ unless otherwise stated.

Let f and g be two order preserving homeomorphisms from the interval I onto J ⊆ I. We
say f and g are comparable, if either f ðxÞ≤ gðxÞ or gðxÞ≤ f ðxÞ for all x∈ I, and if the
inequalities are strict then we say f and g are strictly comparable.

Proposition 2.1. If f and g are two strictly comparable order preserving
homeomorphisms from I onto J ⊆ I, then f n and gn are strictly comparable order preserving
homeomorphisms, for all n∈ℕ. In addition to that, if J ¼ I then f −n and g−n are also strictly
comparable order preserving homeomorphisms, for all n∈ℕ.

Proof. First we prove the result for positive integers using induction on n. Assume
f ðxÞ < gðxÞ for all x∈ I. Suppose there exists t ∈ f ðIÞ such that f 2ðtÞ≥ g2ðtÞ. Since
f ðtÞ < gðtÞwe have f ðf ðtÞÞ < f ðgðtÞÞ. Therefore

gðgðtÞÞ≤ f ðf ðtÞÞ < f ðgðtÞÞ:
i:e:; ðf � gÞðgðtÞÞ > 0:

Since ðf – gÞðtÞ < 0, by intermediate value theorem there exists c∈ ðt; gðtÞÞ such that
f ðcÞ ¼ gðcÞ, which is a contradiction. Hence f 2 < g2 on ða; bÞ.

Assume f kðxÞ < gkðxÞ for all x∈ ða; bÞ and 1≤ k≤ n – 1. Suppose there is a t ∈ f n – 1ðIÞ
such that

f nðtÞ≥ gnðtÞ:
Since f n−1ðtÞ < gn−1ðtÞwe have f nðtÞ < f ðgn−1ðtÞÞ. Therefore

gnðtÞ≤ f nðtÞ < f ðgn−1ðtÞÞ:
i:e:; ðf � gÞðgn−1ðtÞÞ > 0:

Since ðf – gÞðtÞ < 0, by intermediate value theorem there exists c∈ ðt; gn−1ðtÞÞ such that
f ðcÞ ¼ gðcÞ, which is a contradiction. Hence f n < gn on ða; bÞ.
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Now, we prove the result for negative integers by assuming J ¼ I. First we prove if
f ðxÞ < gðxÞ for all x∈ I, then g−1ðxÞ < f −1ðxÞ for all x∈ I. Suppose there is a t ∈ I such that
g−1ðtÞ≥ f −1ðtÞ. If g−1ðtÞ ¼ f −1ðtÞ then there exists x∈ I such that f ðxÞ ¼ gðxÞ ¼ t, which is
not possible as f ðxÞ < gðxÞ for all x∈ I. Therefore g−1ðtÞ > f −1ðtÞ. But this implies

f ðg−1ðtÞÞ > t > gðf −1ðtÞÞ:

Since f ðg−1ðtÞÞ < gðg−1ðtÞÞ we have t > f ðg−1ðtÞÞ > t, which is a contradiction. Thus
g−1ðxÞ < f −1ðxÞ for all x∈ I. Therefore, as above g−nðxÞ < f −nðxÞ for all x∈ I and for all
n∈ℕ. ,

For any two functions f and g, we denote the set of points of coincidence of f and g by
Zðf ; gÞ. i.e., Zðf ; gÞ ¼ fx∈ I j f ðxÞ ¼ gðxÞg.

Theorem 2.2. If Zðf ; gÞ is a finite set, then f n ≠ gn for all n∈ℤnf0g.
Proof. If Zðf ; gÞ is empty, then either f ðxÞ < gðxÞ or gðxÞ < f ðxÞ for all x∈ I. Therefore

by Proposition 2.1, gnðxÞ≠ f nðxÞ for all x∈ I and for all n∈ℤnf0g.
On the other hand, if Zðf ; gÞ is non empty, we argue as follows:
If f and g do not have a common fixed point, then there exists t ∈ I such that f ðtÞ ¼ t but

gðtÞ≠ t. Without loss of generality, let gðtÞ < t. Therefore gnðtÞ < t but f nðtÞ ¼ t which in
turn implies f n ≠ gn for all n∈ℤ.

If f and g have common fixed points, then the set fx∈ I j f ðxÞ ¼ gðxÞ ¼ xg must be
finite. Let αi where 1≤ i≤ k be the common fixed points of f and g with

a ¼ α0 < α1 < � � � < αk < αkþ1 ¼ b:

Now, to prove our result it is enough to prove f n ≠ gn on ðαi; αiþ1Þ for some i. Since on each
ðαi; αiþ1Þ both the functions f and g are self maps and has no fixed points, we may assume f
and g do not have fixed points in I.

Case 1. x < f ðxÞ and gðxÞ < x for all x∈ I.
Since gðxÞ < x < f ðxÞ for all x∈ ða; bÞ, for any positive integer n, gnðxÞ < x < f nðxÞ.

Moreover for any positive integer n, f −nðxÞ < x < g−nðxÞ for all x∈ ða; bÞ as
f −1ðxÞ < x < g−1ðxÞ for all x∈ ða; bÞ. Hence for any n∈ℤnf0g, f n ≠ gn.

Case 2. x < f ðxÞ and x < gðxÞ for all x∈ I.
Step 1: We prove the result for positive integers.
Let α ¼ maxfx∈ ða; bÞj f ðxÞ ¼ gðxÞg, then f ðαÞ ¼ gðαÞ and f ðxÞ≠ gðxÞ for all x∈ ðα; bÞ.

Without loss of generality assume f ðxÞ < gðxÞ for all x∈ ðα; bÞ. To prove f n ≠ gn on I, we
prove f n < gn on ðα; bÞ for all n∈ℕ.

Since f and g are self maps on ðα; bÞ, By Proposition 2.1, f nðxÞ < gnðxÞ for all x∈ ðα; bÞ.
Step 2: We prove the result for negative integers.
Let β ¼ minfx∈ ða; bÞj f ðxÞ ¼ gðxÞg, then f ðβÞ ¼ gðβÞ and f ðxÞ≠ gðxÞ for all x∈ ða; βÞ.

We may assume f ðxÞ < gðxÞ for all x∈ ða; βÞ. Since
x < f ðxÞ < gðxÞ for all x∈ ða; βÞ; (2)

replacing x by g−1ðxÞ in Eq. (2) we get g−1ðxÞ < f ðg−1ðxÞÞ < x for all x∈ ða; g−1ðβÞÞ. In
particular,

g−1ðxÞ < f −1ðxÞ for all x∈ ða; g−1ðβÞÞ: (3)

To prove f −n ≠ g−n on I, we prove g−n < f −n on ða; g−1ðβÞÞ for all n∈ℕ. Since, both f −1 and
g−1 are self maps on ða; g−1ðβÞÞ, by Proposition 2.1, g−nðxÞ < f −nðxÞ for all x∈ ða; g−1ðβÞÞ.

Moreover the cases f ðxÞ < x and x < gðxÞ for all x∈ I and f ðxÞ < x and gðxÞ < x for all
x∈ I are similar to case 1 and case 2. ,

Lemma 2.3. If fg ¼ gf , then f ngm ¼ gmf n for all n;m∈ℤ .
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Proof. First we prove f ng ¼ g f n for all n∈ℤ. As f and g commute, we see that

f 2g ¼ f ðfgÞ ¼ f ðgf Þ ¼ ðgf Þf ¼ gf 2:

Assume f kg ¼ gf k for all 1≤ k≤ n− 1. Again, by using induction hypothesis and f and g
commute, we see that

gf n ¼ ðgf n−1Þf ¼ ðf n−1gÞf ¼ f n−1ðgf Þ ¼ f n−1ðfgÞ ¼ f ng:

Therefore f ng ¼ g f n for all n∈ℕ. Since g f ¼ f g, pre-multiplying by f −1 we get f −1g f ¼ g.
Now, post multiply by f −1 to get f −1g ¼ g f −1. Hence by repeating the above process we get
f −ng ¼ g f −n. Therefore f −ng ¼ g f −n for all n∈ℤ.

Since f ng ¼ g f n for each n∈ℤ, again by above argument, we have f ngm ¼ gmf n for
all m∈ℤ. ,

Proposition 2.4. If x∈ Zðf ; gÞ and f g ¼ g f , then f nðxÞ; gnðxÞ∈ Zðf ; gÞ for all n∈ℤ.
Proof. For x∈ Zðf ; gÞ, we have f ðf ðxÞÞ ¼ f ðgðxÞÞ ¼ gðf ðxÞÞ. Therefore f ðxÞ∈ Zðf ; gÞ.

By repeating the above process we see that f nðxÞ∈ Zðf ; gÞ for all n∈ℕ. Now, by applying
Lemma 2.3, we see that

f ðf −1ðxÞÞ ¼ f −1ðf ðxÞÞ ¼ f −1ðgðxÞÞ ¼ gðf −1ðxÞÞ:
Therefore f −1ðxÞ∈ Zðf ; gÞ. Hence, by above argument, f −nðxÞ∈ Zðf ; gÞ for all n∈ℕ. i.e.,
f nðxÞ∈ Zðf ; gÞ for all n∈ℤ. Similarly gnðxÞ∈ Zðf ; gÞ for all n∈ℤ. ,

Theorem 2.5. If f g ¼ g f , then Zðf ; gÞ ¼ Zðf n; gnÞ for all n∈ℤnf0g
Proof. Step 1:We prove Zðf ; gÞ ¼ Zðf n; gnÞ for all n∈ℕ using induction on n. First we

prove Zðf ; gÞ ¼ Zðf 2; g2Þ.
For x∈ Zðf ; gÞ, we have

f 2ðxÞ ¼ f ðf ðxÞÞ ¼ f ðgðxÞÞ ¼ gðf ðxÞÞ ¼ gðgðxÞÞ ¼ g2ðxÞ:
Let x∈ Zðf 2; g2Þ. If f ðxÞ≠ gðxÞ, without loss of generality, say f ðxÞ < gðxÞ then

f 2ðxÞ < f ðgðxÞÞ ¼ gðf ðxÞÞ ¼ g2ðxÞ
which is not possible. Therefore Zðf ; gÞ ¼ Zðf 2; g2Þ.

Assume Zðf ; gÞ ¼ Zðf k; gkÞ for 2≤ k≤ n− 1. Therefore, by applying Proposition 2.4, for
x∈ Zðf ; gÞ, we have

f nðxÞ ¼ f n−1ðf ðxÞÞ ¼ f n−1ðgðxÞÞ ¼ gn−1ðgðxÞÞ:
This shows that Zðf ; gÞ ⊆ Zðf n; gnÞ. Suppose x∈ Zðf n; gnÞ with f ðxÞ < gðxÞ. Then, by
applying Lemma 2.3

f nðxÞ < f n−1ðgðxÞÞ ¼ gn−1ðf ðxÞÞ ¼ gðgn−1ðxÞÞ ¼ gnðxÞ;
which is not possible. Therefore Zðf n; gnÞ ⊆ Zðf ; gÞ. This completes the proof of step 1.

Step 2: We prove Zðf ; gÞ ¼ Zðf −n; g−nÞ for all n∈ℕ.
It is clear from Step 1 that, Zðf −1; g−1Þ ¼ Zðf −n; g−nÞ for all n∈ℕ. Therefore to prove

Step 2, it is enough to prove Zðf ; gÞ ¼ Zðf −1; g−1Þ.
Let x∈ Zðf ; gÞ. Suppose f −1ðxÞ < g−1ðxÞ. Then, by applying Lemma 2.3 we see that,

x < f ðg−1ðxÞÞ ¼ g−1ðf ðxÞÞ ¼ g−1ðgðxÞÞ ¼ x:

which is not possible. On the other hand, if g−1ðxÞ < f −1ðxÞ then
x < gðf −1ðxÞÞ ¼ f −1ðgðxÞÞ ¼ f −1ðf ðxÞÞ ¼ x;
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again a contradiction. Therefore f −1ðxÞ ¼ g−1ðxÞ whenever f ðxÞ ¼ gðxÞ, i.e. Zðf ; gÞ⊆
Zðf −1; g−1Þ. Now by replacing f and g by f −1 and g−1 respectively, we get
Zðf ; gÞ ¼ Zðf −1; g−1Þ. ,

Corollary 2.6. If f ; g satisfy f g ¼ g f and f n ¼ gn for some n∈ Z then f ¼ g.
Proof. Since fg ¼ gf , by Theorem 2.5, we have Zðf n; gnÞ ¼ Zðf ; gÞ. But Zðf n; gnÞ ¼ I as

f n ¼ gn. Therefore f ¼ g on I. ,
Theorem2.7. Let f ; g ∈HðIÞwithout fixed points such that fg ¼ gf . Suppose Zðf n; gnÞ is

an interval for some n∈ℤ , then f ¼ g on I.
Proof. Since fg ¼ gf , by Theorem 2.5, Zðf ; gÞ ¼ Zðf n; gnÞ. Without loss of generality, let

α∈ Zðf ; gÞ such that α < f ðαÞ. Also by Proposition 2.4, f ðαÞ∈ Zðf ; gÞ. Since f mðαÞ→ b and
f −mðαÞ→ a as m→∞. Therefore

I ¼ ða; bÞ ¼
[
m∈ℤ

½f mðαÞ; f mþ1ðαÞ�:

Let y∈ ½f mðαÞ; f mþ1ðαÞ� be arbitrary. Then there is an element x∈ ½α; f ðαÞ� such that
y ¼ f nðxÞ. Since f ¼ g on ½α; f ðαÞ�we have y ¼ f mðxÞ ¼ gmðxÞ. Therefore, by Lemma 2.3,

f ðyÞ ¼ f ðgmðxÞÞ ¼ gmðf ðxÞÞ ¼ gmðgðxÞÞ ¼ gðgmðxÞÞ ¼ gðyÞ:
This completes the proof. ,

3. Subcommuting and comparable iterative roots
Definition 3.1 ([3]). Let f and g be two order preserving homeomorphisms on I. We say f
subcommutes with g if f ðgðxÞÞ≤ gðf ðxÞÞ, for all x∈ I .

Note that every commuting functions are subcommuting, but the converse is not
necessarily true. For example, consider the functions f ; g : ð0;∞Þ→ ð0;∞Þ by f ðxÞ ¼ 2x and
gðxÞ ¼ x2. Clearly f subcommutes with g as f ðgðxÞÞ ¼ 2x2 ≤ gðf ðxÞÞ ¼ 4x2 for all x∈ ð0;∞Þ.
But f ðgðxÞÞ ¼ 2x2 ≠ gðf ðxÞÞ ¼ 4x2 for all x∈ ð0;∞Þ.

Let F : I → I be an order preserving homeomorphism. We prove that it is not possible to
have different iterative roots of F which are either comparable or subcommuting.

Theorem 3.2. Let F ∈HðIÞ. Suppose f ; g ∈HðIÞ satisfy f n ¼ gn ¼ F for some n∈ℤ.
Then the following are equivalent.

1. f subcommutes with g.

2. f and g are comparable.

3. f ¼ g.

Proof. 3 implies 1 and 2 are trivial.
(103) In view of Corollary 2.6, it is enough to prove that f g ¼ g f on I.
Suppose f gðxÞ < g f ðxÞ for some x. Then

gnþ1ðxÞ ¼ gnðgðxÞÞ
¼ f nðgðxÞÞ
¼ f n−1ðf ðgðxÞÞÞ
< f n−1ðgðf ðxÞÞÞ
≤ f n−2ðgðf 2ðxÞÞÞ
..
.

≤ gðf nðxÞÞ
¼ gnþ1ðxÞ:

i.e., gnþ1ðxÞ < gnþ1ðxÞ, a contradiction. Hence f g ¼ g f . Therefore by Corollary 2.6, f ¼ g on I.
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(203) Assume f ≤ g. If possible, let f ðtÞ≠ gðtÞ for some t ∈ I, therefore f ðtÞ < gðtÞ. Since
f n ¼ gn, we have

gnðtÞ ¼ f nðtÞ < f n−1ðgðtÞÞ≤ gðf n−2ðgðtÞÞÞ;

where the last inequality holds since f ≤ g. But then gn−1ðtÞ < f n−2ðgðtÞÞ as g−1 is an order-
preserving homeomorphisms. Now

gn−1ðtÞ < f n−2ðgðtÞÞ≤ gðf n−3ðgðtÞÞÞ;

since f ≤ g. This implies gn−2ðtÞ < f n−3ðgðtÞÞ, since g−1 is an order-preserving
homeomorphisms. Continuing this process up to ðn− 2Þ times we get

gðgðtÞÞ < f ðgðtÞÞ;

a contradiction to our assumption. Therefore f ¼ g on I. ,
Part of a theorem due to McShane [8] is observed below.
Corollary 3.3 ([8]). The only order preserving iterative root of any order of the identity

function on ℝ is the identity function.
Proof. Clearly, identity function is an iterative root of any order of the identity function, it

follows from Theorem 3.2, that any order preserving homeomorphism whose iteration is
identity becomes identity, as the identity function subcommutes (also commutes, so Corollary
2.6 also applicable) with any function. ,

Further, if f ∈HðIÞ such that f nðxÞ ¼ x for all x∈ I but f is not the identity, then there
exists an interval ðα; βÞ such that either f ðxÞ < x or f ðxÞ > x for all x∈ ðα; βÞ and
f ððα; βÞÞ ¼ ðα; βÞ. Since f nðxÞ ¼ x for all x∈ ðα; βÞ and f is comparable with identity, by
Theorem 3.2 f ðxÞ ¼ x on ðα; βÞ, which is a contradiction. This forces that identity is the only
order preserving homeomorphism of the identity function.

From Theorem 3.2, we can conclude that the non-commuting, non-comparable iterative
roots of an order preserving homeomorphism are all different. We provide an illustrative
example. The construction given in this example is based on Theorem 11.2.2 in [5].

Example 1. Consider the order preserving homeomorphism F : ½0; 1�→ ½0; 1�defined by

FðxÞ ¼

8>>>>>>><
>>>>>>>:

4x if x∈

�
0;
1

8

�

4

3
xþ 1

3
if x∈

�
1

8
;
1

4

�

4

9
xþ 5

9
if x∈

�
1

4
; 1

�
:

In order to construct iterative roots of this function, first we define a sequence of disjoint
intervals whose union is ½0; 1� and on each interval we define homeomorphism which serves
as an iterative root of order 2 of F.

To start with, let x0 ¼ 1
8 and x1 ¼ 1

4. Define x2k :¼ Fðx2k−2Þ; x2kþ1 :¼ Fðx2k−1Þ for all
k∈ℕ and x−ð2kþ1Þ :¼ F−1ðx−ð2k−1ÞÞ; x−2k :¼ F−1ðx−ð2k−2ÞÞ for all k∈ℕ ∪f0g. Note that

x2 ¼ Fðx0Þ ¼ 1
2; x3 ¼ Fðx1Þ ¼ 2

3; x4 ¼ Fðx2Þ ¼ 1
2 ð49Þ þ 5

9; x5 ¼ Fðx3Þ ¼ 2
3 ð49Þ þ 5

9 , in general
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x2k ¼ 1

2

�
4

9

�k−1

þ 5

9

Xk−2
i¼0

�
4

9

�i

; x2kþ1 ¼ 2

3

�
4

9

�k−1

þ 5

9

Xk−2
i¼0

�
4

9

�i

∀ k∈ℕ;

and x−1 ¼ F−1ðx1Þ ¼ 1
4
ð1
4
Þ; x−2 ¼ F−1ðx0Þ ¼ 1

8
ð1
4
Þ; x−3 ¼ F−1ðx−1Þ ¼ 1

4
ð1
4
Þ2; x−4 ¼ F−1ðx−2Þ ¼ 1

8
ð1
4
Þ2, in

general
x−ð2kþ1Þ ¼ 1

4

�
1

4

�kþ1

; x−2k ¼ 1

8

�
1

4

�k

∀ k∈ℕ ∪ f0g:

Define Ik ¼ ½xk; xkþ1� for k∈ℤ. Since x2k → 1; x2kþ1 → 1; x−2k → 0, x−ð2kþ1Þ → 0 as k→∞ we
have∪k∈ℤIk

¼ ½0; 1�. Letf0 : I0 → I1 be thehomeomorphismdefinedby㱦0ðxÞ ¼ 2x for allx∈ I0.

Now, define fk : Ik → Ikþ1 by fkðxÞ ¼ F+f−1
k−1ðxÞ for all x∈ Ik and k∈ℕ, also define

f−k : I−k → I−ðk−1Þ by f−kðxÞ ¼ f−1
−ðk−1Þ+FðxÞ for all x∈ Ik and k∈ℕ. Consider the

homeomorphism f : ½0; 1�→ ½0; 1� defined by f ðxÞ ¼ fkðxÞ if x∈ Ik for all k∈ℤ. By calculation
we can show that

f ðxÞ ¼

8>><
>>:

2x if x∈

�
0;
1

4

�

2

3
xþ 1

3
if x∈

�
1

4
; 1

�
:

and f 2ðxÞ ¼ FðxÞ ∀ x∈ ½0; 1�. Now we construct another order preserving homeomorphism g
which do not subcommute and not comparable with f but g2 ¼ F. For this, let ψ 0: I0 → I1 be the
homeomorphism defined by

ψ 0ðxÞ ¼

8>><
>>:

xþ 1

8
if x∈

�
1

8
;
3

16

�

3x� 1

4
if x∈

�
3

16
;
1

4

�
:

Now, define ψ k : Ik → Ikþ1 by ψ kðxÞ ¼ F+ψ−1
k−1ðxÞ for all x∈ Ik and k∈ℕ, also define

ψ−k : I−k → I−ðk−1Þ by ψ−kðxÞ ¼ ψ−1
−ðk−1Þ+FðxÞ for all x∈ Ik and k∈ℕ. Then the homeomorphism

g : ½0; 1�→ ½0; 1� defined by gðxÞ ¼ ψ kðxÞ if x∈ Ik for all k∈ℤ satisfies g2ðxÞ ¼ FðxÞ for all
x∈ ½0; 1�. Since,

ψ 1ðxÞ ¼ F+ψ−1
0 ðxÞ ¼

8>>>><
>>>>:

4

3
xþ 1

6
if x∈

�
1

4
;
5

16

�

4

9
xþ 4

9
if x∈

�
5

16
;
1

2

�
;

and

ψ 2ðxÞ ¼ F+ψ−1
1 ðxÞ ¼

8>>>><
>>>>:

1

3
xþ 1

2
if x∈

�
1

2
;
7

12

�

xþ 1

9
if x∈

�
7

12
;
2

3

�
;
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we observe that

f

�
g

�
3

16

��
¼ f

�
ψ 0

�
3

16

��
¼ f

�
5

16

�
¼ 13

24
< g

�
f

�
3

16

��
¼ ψ 1

�
3

8

�
¼ 11

18
;

and

g

�
f

�
13

32

��
¼ ψ 2

�
29

48

�
¼ 103

144
< f

�
g

�
13

32

��
¼ f

�
ψ 1

�
13

32

��
¼ f

�
45

72

�
¼ 27

36
:

Moreover, gð 316Þ ¼ 5
16 < f ð 316Þ ¼ 3

8 and f ð 516Þ ¼ 13
24 < gð 516Þ ¼ 7

12 . Thus we have two order
preserving homeomorphisms f and g such that they are neither comparable nor
subcommuting but f 2 ¼ g2 ¼ F and f ≠ g.
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