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Abstract
In this paper, we study a Cauchy-type problem for Hilfer fractional integrodifferential equationswith boundary
conditions. The existence of solutions for the given problem is proved by applyingmeasure of noncompactness
technique in an abstract weighted space. Moreover, we use generalized Gronwall inequality with singularity to
establish continuous dependence and uniqueness of e-approximate solutions.
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1. Introduction
Fractional calculus has emerged as a powerful tool to study complex phenomena in numerous
scientific and engineering disciplines such as viscoelasticity, fluid mechanics, physics and
heat conduction in materials with memory. For examples and applications, see [2,14,17–21]
and references cited therein. Many authors focused on Riemann–Liouville and Caputo type
derivatives in investigating fractional differential equations. In [7], Hilfer introduced a new
concept of generalized Riemann–Liouville derivative (Hilfer derivative) of order α and type β.
This definition facilitated dynamic modeling of non-equilibrium processes based on
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interpolation with respect to parameter of the Riemann–Liouville and Caputo type operators;
for instance, see [1,4,6,8,10,11].

Furati et al. [6] established the existence and uniqueness of solutions for the problem:(
Dα; β

aþ yðtÞ ¼ f ðt; yðtÞÞ; t ∈ J ¼ ða; b�; 0 < α < 1; 0≤ β≤ 1;

I 1−γaþ yðaþÞ ¼ w; α ≤ γ ¼ αþ β � αβ;

by applying Banach fixed point theorem in weighted space Cγ
1−γ½ J ;ℝ�. Abbas et al. [1]

discussed the above problem by using Kuratowski measure of noncompactness.
Motivated by the works [1,6], we will study a more general problem of Hilfer fractional

integrodifferential equations with boundary conditions given by(
Dα; β

aþ yðtÞ ¼ f ðt; yðtÞ; ðSyÞðtÞÞ; t ∈ J ¼ ða; b�; 0 < α < 1; 0≤ β≤ 1;

I 1−γaþ ½uyðaþÞ þ vyðb−Þ� ¼ w; α≤ γ ¼ αþ β � αβ;
(1.1)

where Dα; β
aþ is the left-sided Hilfer fractional derivative of order α and type β,

f : J 3X 3X →X, X is an abstract Banach space, u; v;w∈ℝ; uþ v≠ 0, and S is a linear

integral operator defined by ðSyÞðtÞ ¼ R t

a
kðt; sÞyðsÞds with ζ ¼ maxf R t

a
kðt; sÞds : ðt; sÞ∈

J 3 Jg, k∈ ðJ 3 J ;ℝÞ.
This article is constructed as follows: In Section 2, we recall some preliminaries. Section 3

contains the existence result obtained by usingmeasure of noncompactness andM€onch fixed
point theorem. We discuss the e-approximate solution of Hilfer fractional integrodifferential
equations in Section 4.

2. Preliminaries
In this section, we present some necessary definitions, notations and preliminaries, whichwill
be used throughout this work.

For −∞ < a < b < ∞, let C½J ;X � denote the space of all continuous functions on J into X
endowed with supremum norm kxkC :¼ supfkxðtÞk : t ∈ Jg. Define by C1−γ ½J ;X � ¼ ff ðxÞ :
ða; b�→X jðx− aÞ1−γf ðxÞ∈C½J ;X �g the weighted space of the abstract continuous functions.
Obviously, C1−γ ½J ;X � is a Banach space equipped with the norm kfkC1− γ

¼ ��ðx− aÞ1− γ
f ðxÞ��

C
,

and Cn
1−γ ½J ;X � ¼ ff ∈Cn−1½J ;X � : f ðnÞ ∈C1−γ ½J ;X �g is the Banach space endowed with the

norm

kfkCn
1−γ

¼
Xn−1
i¼0

kf ðkÞkC þ kf ðnÞkC1�γ
; n∈ℕ;

where, C0
1−γ :¼ C1−γ

Definition 2.1 (See [13]). The left-sided Riemann–Liouville fractional integral of order
α > 0 of function f : ½a;∞Þ→ℝ is defined by�

Iαaþ f
�ðtÞ ¼ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðsÞds; t > a;

where a∈ℝ and Γ is the Gamma function.

Definition 2.2 (See [13]). The left-sided Riemann–Liouville fractional derivative of order
α∈ ðn− 1; n� of function f : ½a;∞Þ→ℝ, is defined by
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�
Dα

aþ f
�ðtÞ ¼ 1

Γðn� αÞ
�
d

dt

�n Z t

a

ðt � sÞn−α−1f ðsÞds; t > a;

where n ¼ ½α� þ 1; ½α� denotes the integer part of α.
Remark 2.1. If f is an abstract function with values in X, then the integrals appearing in
Definitions 2.1 and 2.2 are taken in Bochner’s sense.

Definition 2.3 (See [7]). The left-sided Hilfer fractional derivative of order 0 < α < 1 and
type 0≤ β≤ 1, of function f ðtÞ is defined by�

Dα; β
aþ f
�ðtÞ ¼ �I βð1−αÞaþ D

�
I
ð1−βÞð1−αÞ
aþ

��
ðtÞ;

where D :¼ d
dt
:

Remark 2.2 (See [7]). From Definition 2.3, we observe that:

(i) the operator Dα; β
aþ can be written as

Dα; β
aþ ¼ I

βð1−αÞ
aþ DI

ð1−γÞ
aþ ¼ I

βð1−αÞ
aþ Dγ; γ ¼ αþ β � αβ;

(ii) The Hilfer fractional derivative can be regarded as an interpolator between the
Riemann–Liouville derivative (β ¼ 0) and Caputo derivative (β ¼ 1) as

Dα; β
aþ ¼

(
DI

ð1−αÞ
aþ ¼ Dα

aþ ; if β ¼ 0;

I
ð1−αÞ
aþ D ¼ CDα

aþ ; if β ¼ 1:

In the forthcoming analysis, we need the spaces:

Cα; β
1−γ ½J ;X � ¼

�
f ∈C1−γ½J ;X �;Dα; β

aþ f ∈C1−γ½J ;X �
�
;

and

Cγ
1−γ½J ;X � ¼

�
f ∈C1−γ½J ;X �;Dγ

aþ f ∈C1−γ½J ;X �
�
:

Since Dα; β
aþ f ¼ I

βð1−αÞ
aþ Dγ f , it is obvious that Cγ

1−γ ½J ;X �⊂C
α; β
1−γ ½J ;X �.

Now, we state some known results related to our work.

Lemma 2.1 (See [5]). Let β > 0 and α > 0. Then	
Iαaþðt � aÞβ−1
ðxÞ ¼ ΓðβÞ

Γðβ þ αÞðx� aÞβþα−1

and 	
Dα

aþðt � aÞα−1
ðxÞ ¼ 0; 0 < α < 1:

Lemma 2.2 (See [5]). If α > 0 and β > 0, and f ∈ L1ðJÞ for t ∈ ½a; b�, then the following
properties hold: �

Iαaþ I
β
aþ f
�ðtÞ ¼ �I αþβ

aþ f
�ðtÞ and

�
Dα

aþ I
β
aþ f
�ðtÞ ¼ f ðtÞ:

In particular, if f ∈Cγ ½J ;X � or f ∈C½J ;X �, then the above properties hold for each t ∈ ða; b� or
t ∈ ½a; b� respectively.
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Lemma 2.3 (See [5]). If 0 < α < 1, 0≤ γ < 1 and that f ∈Cγ ½J ;X �, I 1−αaþ f ∈C1
γ ½J ;X �, then

I αaþD
α
aþ f ðtÞ ¼ f ðtÞ �

�
I 1−αaþ f

�ðaÞ
ΓðαÞ ðt � aÞα−1; ∀ t ∈ J :

Lemma 2.4 (See [6]). If 0≤ γ < 1 and f ∈Cγ ½J ;X �, then�
I αaþ f

�ðaÞ ¼ lim
t→aþ

I αaþ f ðtÞ ¼ 0; 0 ≤ γ < α:

Lemma 2.5 (See [6]). Let α > 0, β > 0 and γ ¼ αþ β− αβ. If f ∈C
γ
1−γ ½J ;X �, then

I γaþD
γ
aþ f ¼ I αaþ D

α; β
aþ f ;Dγ

aþ I
α
aþ f ¼ D

βð1−αÞ
aþ f :

Lemma 2.6 (See [6]). Let f ∈L1ðJÞ and D
βð1−αÞ
aþ f ∈L1ðJÞ exists, then

Dα; β
aþ I αaþ f ¼ I

βð1−αÞ
aþ D

βð1−αÞ
aþ f :

Lemma 2.7 (Theorem 23, [6]). Let f : J 3ℝ→ℝ be a function such that f ∈C1−γ ½J ;ℝ� for
any y∈C1−γ ½J ;ℝ�. Then y∈C

γ
1−γ ½J ;ℝ� is a solution of the initial value problem:(

Dα; β
aþ yðtÞ ¼ f ðt; yðtÞÞ; t ∈ J ¼ ða; b�; 0 < α < 1; 0≤ β≤ 1;

I 1−γaþ yðaþÞ ¼ ya; α ≤ γ ¼ αþ β � αβ;

if and only if y satisfies the following Volterra integral equation:

yðtÞ ¼ ya

ΓðγÞðt � aÞγ−1 þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞÞds:

Next we obtain the integral solution of the problem (1.1) by using Lemma 2.7.

Lemma 2.8. Let f : J 3X 3X →X be a function such that f ∈C1−γ ½J ;X � for any
y∈C1−γ ½J ;X �. Then y∈C

γ
1−γ ½J ;X � is a solution of the problem (1.1) if and only if y satisfies

the following integral equation

yðtÞ ¼ w

uþ v

ðt � aÞγ−1
ΓðγÞ � v

uþ v

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ

3

Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds:

(2.1)

Proof. In view of Lemma 2.7, the solution of (1.1) can be written as

yðtÞ ¼ I 1−γaþ yðaþÞ
ΓðγÞ ðt � aÞγ−1 þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds: (2.2)

Applying I
1−γ
aþ on both sides of (2.2) and taking the limit t→ b−, we obtain

I 1−γaþ yðb−Þ ¼ I 1−γaþ yðaþÞ þ 1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds: (2.3)
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In a similar manner, we find that

I 1−γaþ yðaþÞ ¼ 1

1þ v

u

�
w

u
� v

u

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds
�

¼ 1

uþ v

�
w� v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds
�
:

(2.4)

Submitting (2.4) into (2.2), we obtain

yðtÞ ¼ ðt � aÞγ−1
ΓðγÞ

1

uþ v

�
w� v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds
�

þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds;

¼ w

uþ v

ðt � aÞγ−1
ΓðγÞ � v

uþ v

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ

3

Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds:

Conversely, applying I
1−γ
aþ on both sides of (2.1) and using Lemmas 2.1 and 2.2, we get

I 1−γaþ yðtÞ ¼ w

uþ v
� v

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ I
1−βð1−αÞ
aþ f ðt; yðtÞ; ðSyÞðtÞÞ: (2.5)

Next, taking the limit t→ aþ of (2.5) and using Lemma 2.4, with 1− γ < 1− βð1− αÞ, we
obtain

I 1−γaþ yðaþÞ ¼ w

uþ v
� v

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds: (2.6)

Now, taking the limit t→ b− of (2.5), we get

I 1−γaþ yðb−Þ ¼ w

uþ v
� v

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ I
1−βð1−αÞ
aþ f ðb; yðbÞ; ðSyÞðbÞÞ: (2.7)
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From (2.6) and (2.7), we find that

uI 1−γaþ yðaþÞ þ vI 1−γaþ yðb−Þ

¼ uw

uþ v
� uv

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ vw

uþ v
� v2

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds:

þ vI
1−βð1−αÞ
aþ f ðb; yðbÞ; ðSyÞðbÞÞ

¼ wðuþ vÞ
uþ v

� vðuþ vÞ
uþ v

I 1−γþα
aþ f ðb; yðbÞ; ðSyÞðbÞÞ

þ vI
1−βð1−αÞ
aþ f ðb; yðbÞ; ðSyÞðbÞÞ

¼ w;

which shows that the boundary condition I 1−γaþ ½uyðaþÞ þ vyðb−Þ� ¼ w is satisfied.
Next, applying D

γ
aþ on both sides of (2.1) and using Lemmas 2.1 and 2.5, we have

Dγ
aþyðtÞ ¼ D

βð1−αÞ
aþ f ðt; yðtÞ; ðSyÞðtÞÞ: (2.8)

Since y∈C
γ
1−γ ½J ;X � and by definition of Cγ

1−γ ½J ;X �, we have D
γ
aþy∈C1−γ ½J ;X �, therefore,

D
βð1−αÞ
aþ f ¼ DI

1−βð1−αÞ
aþ f ∈C1−γ ½J ;X �. For f ∈C1−γ ½J ;X �, it is clear that I 1−βð1−αÞaþ f ∈C1−γ ½J ;X �.

Hence f and I
1−βð1−αÞ
aþ f satisfy the hypothesis of Lemma 2.3.

Now, applying I
βð1−αÞ
aþ on both sides of (2.8), and using Lemma 2.3, we get

Dα; β
aþ yðtÞ ¼ f ðt; yðtÞ; ðSyÞðtÞÞ � I

1−βð1−αÞ
aþ f ða; yðaÞ; ðSyÞðaÞÞ

Γðβð1� αÞÞ ðt � aÞβð1−αÞ−1:

By Lemma 2.4, we have I
1−βð1−αÞ
aþ f ða; yðaÞ; ðSyÞðaÞÞ ¼ 0. Therefore, we have D

α; β
aþ yðtÞ ¼

f ðt; yðtÞ; ðSyÞðtÞÞ. This completes the proof. ,
Next, we recall definition of noncompactness measure of HausdorffΨð$Þon each bounded

subset Ω of Banach space X defined by

ΨðΩÞ ¼ inf fr > 0;Ω can be covered by finite number of balls with radii rg:

Lemma 2.9 ([3]). For all nonempty subsets A;B⊂X, the Hausdorff measure of
noncompactness Ψð$Þ satisfies the following properties:

(1) A is precompact if and only if ΨðAÞ ¼ 0;

(2) ΨðAÞ ¼ ΨðAÞ ¼ ΨðconvAÞ, where Aand convAdenote the closure and convex hull of
A respectively;
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(3) ΨðAÞ≤ΨðBÞ when A⊆B;

(4) ΨðAþ BÞ≤ΨðAÞ þ ΨðBÞ, where Aþ B ¼ faþ b; a∈ A; b ∈ Bg;
(5) ΨðA∪BÞ≤maxfΨðAÞ;ΨðBÞg;
(6) ΨðλAÞ ¼ jλjΨðAÞ for any λ∈ℝ;

(7) Ψðfxg∪AÞ≤ΨðAÞ for any x∈X.

Lemma 2.10 ([3]). If B⊆Cð½a; b�;XÞ is bounded and equicontinuous, then ΨðBðtÞÞ
is continuous for t ∈ ½a; b� and Ψ ðBÞ ¼ supfΨðBðtÞÞ; t ∈ ½a; b�g, where BðtÞ ¼
fxðtÞ; x ∈Bg⊆X.

Lemma 2.11 ([16]). If fung∞n¼1 is a sequence of Bochner integrable functions from J into X
withkunðtÞk≤ μðtÞ for almost all t ∈ J and every n≥ 1, where μ∈L1ðJ ;RÞ, then the function
ΨðtÞ ¼ ΨðfunðtÞ : n≥ 1gÞ belongs to L1ðJ ;RÞ with

Ψ

��Z t

0

unðsÞds : n≥ 1

��
≤ 2

Z t

0

ΨðsÞds:

In order to prove the existence of solutions for our problemwith lesser number of constraints,
we will introduce another type of measure of noncompactness as follows.

Let Φ denote the measure of noncompactness in the Banach space C½J ;X � defined by

ΦðΩÞ ¼ max
E∈ΔðΩÞ

ðδðEÞ;modcðEÞÞ; (2.9)

for all bounded subsets Ω of C½J ;X �, where ΔðΩÞ is the set of countable subsets of Ω, δ is
the real measure of noncompactness given by

δðEÞ ¼ sup
t∈½0;b�

e−LtΨðEðtÞÞ;

with EðtÞ ¼ fxðtÞ : x∈Eg; t ∈ J, L is a suitably chosen constant and modcðEÞ is the
modulus of equicontinuity of the function set E defined as

modcðEÞ ¼ lim
δ→0

sup
x∈ E

max
jt2−t1j≤δ

kxðt2Þ � xðt1Þk:

Observe thatΦ is well defined [9] (i.e., E0 ∈ΔðΩÞwhich attends the maximum in (2.9)) and is
nonsingular, monotone and regular measure of noncompactness.

Lemma 2.12 (M€onch fixed point theorem, [15]). Let D be a closed convex subset of a Banach
space X with 0∈D. Suppose that F : D→X is a continuous map satisfying the M€onch’s
condition (if M⊆D is countable and M⊆ convðf0g∪FðMÞÞ, then M is compact), then F has a
fixed point in D.
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3. Existence of solutions
Let us begin this section by introducing the hypotheses needed to prove the existence of
solutions for the problem at hand.

(H1) The function f : J 3X 3X →X satisfies (i) f ð$; x; yÞ : J →X is measurable for all
x; y∈X and (ii) f ðt; $; $Þ : X 3X →X is continuous for a.e t ∈ J.

(H2) There exists a constant N > 0 such that

kf ðt; y; SyÞk ≤ Nð1þ ζkykÞ;

for each t ∈ J and all y∈X.

(H3) There exist constants m1;m2 > 0 such that

Ψðf ðt; x; yÞÞ ≤ m1ΨðxÞ þm2Ψ ðyÞ;

for bounded sets x; y⊂X, a.e t ∈ J.
Now, we are ready to present the existence result for the problem (1.1), which is based on
M€onch fixed point theorem.

Theorem 3.1. Suppose that f : J 3X 3X →X is such that f ð$; yð$Þ; Syð$ÞÞ∈C
βð1−αÞ
1−γ ½J ;X �

for any y∈C1−γ ½J ;X � and satisfies the hypotheses (H1)-(H3). Then the Hilfer problem (1.1) has

at least one solution in C
γ
1−γ ½J ;X �⊂C

α; β
1−γ ½J ;X �, provided that

Qd
1

ΓðγÞ
jvj

juþ vj
Nζ

Γð1� γ þ αÞðb� aÞαBðγ; α� γ þ 1Þ þ Nζ

ΓðαÞðb� aÞαBðγ; αÞ < 1:

Proof. Introduce the operator Q : C1−γ ½J ;X �→C1−γ ½J ;X � defined by

ðQyÞðtÞ ¼ w

uþ v

ðt � aÞγ−1
ΓðγÞ � v

uþ v

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ

3

Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ 1

ΓðαÞ
Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds:

(3.1)

Notice that the solutions of problem (1.1) are the fixed points of the operator Q. Define a
bounded closed convex set Br :¼ fy ∈ C1−γ ½J ;X � : kykC1−γ ≤ r; t ∈ Jgwith r ≥ ω

1�. ð. < 1Þ
and

ω :¼ 1

ΓðγÞ
jwj

juþ vj þ
Nðb� aÞα−γþ1

Γðαþ 1Þ þ 1

ΓðγÞ
jvj

juþ vj
Nðb� aÞα−γþ1

Γð2� γ þ αÞ :

In order to satisfy the hypotheses of the M€onch fixed point theorem, we split the proof into
four steps.

Step 1. The operator Qmaps the set Br into itself.
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By the assumption (H2), we have

kðQyÞðtÞðt � aÞ1−γk

¼
���� 1

ΓðγÞ
w

uþ v
� 1

ΓðγÞ
v

uþ v

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γf ðs; yðsÞ; ðSyÞðsÞÞds

þ ðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds
����≤ 1

ΓðγÞ
jwj

juþ vj þ
1

ΓðγÞ
jvj

juþ vj
1

Γð1� γ þ αÞ

3

Z b

a

ðb� sÞα−γkf ðs; yðsÞ; ðSyÞðsÞÞkdsþ ðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1kf ðs; yðsÞ; ðSyÞðsÞÞkds

≤
1

ΓðγÞ
jwj

juþ vj þ
1

ΓðγÞ
jvj

juþ vj
1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γNð1þ ζkyðsÞkÞds

þ ðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1Nð1þ ζkyðsÞkÞds≤ 1

ΓðγÞ
jwj

juþ vj

þ 1

ΓðγÞ
jvj

juþ vj
N

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γdsþ 1

ΓðγÞ
jvj

juþ vj
N

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γζkyðsÞkds

þ Nðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1dsþ Nðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1ζkyðsÞkds

≤
1

ΓðγÞ
jwj

juþ vj þ
1

ΓðγÞ
jvj

juþ vj
N

Γð1� γ þ αÞ
ðb� aÞα−γþ1

ðα� γ þ 1Þ

þ 1

ΓðγÞ
jvj

juþ vj
Nζ

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γðs� aÞγ−1kykc1�γ
dsþ Nðt � aÞ1−γ

ΓðαÞ
ðt � aÞα

α

þ Nζðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1ðs� aÞγ−1kykC1�γ
ds≤

1

ΓðγÞ
jwj

juþ vj þ
1

ΓðγÞ
jvj

juþ vj
Nðb� aÞα−γþ1

Γð2� γ þ αÞ

þ 1

ΓðγÞ
jvj

juþ vj
Nζr

Γð1� γ þ αÞðb� aÞαBðγ; α� γ þ 1Þ þ Nðb� aÞα−γþ1

Γðαþ 1Þ þ Nζr

ΓðαÞðt � aÞαBðγ; αÞ

≤
1

ΓðγÞ
jwj

juþ vj þ
Nðb� aÞα−γþ1

Γðαþ 1Þ þ 1

ΓðγÞ
jvj

juþ vj
Nðb� aÞα−γþ1

Γð2� γ þ αÞ

þ



1

ΓðγÞ
jvj

juþ vj
Nζ

Γð1� γ þ αÞðb� aÞαBðγ; α� γ þ 1Þ þ Nζ

ΓðαÞðb� aÞαBðγ; αÞ
�
r;

where we used the factZ t

a

ðt � sÞα−1kyðsÞkds≤
�Z t

a

ðt � sÞα−1ðs� aÞγ−1ds
�
kykC1�γ

¼ ðt � aÞαþγ−1
Bðγ; αÞkykC1�γ

In consequence, we get kQykC1− γ
≤ωþ . r≤ r, that is, QBr ⊂Br. Thus Q : Br →Br.

Step 2. The operator Q is continuous.

Suppose that fyng is a sequence such that yn → y inBr as n→∞. Since f satisfies (H1), for each
t ∈ J, we get
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��ððQynÞðtÞ � ðQyÞðtÞÞðt � aÞ1−γ��
≤

1

ΓðγÞ
jvj

juþ vj
1

Γð1� γ þ αÞ3
Z b

a

ðb� sÞα−γkf ðs; ynðsÞ; ðSynÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

þðt � aÞ1−γ
ΓðαÞ

Z t

a

ðt � sÞα−1kf ðs; ynðsÞ; ðSynÞðsÞÞ � f ðs; yðsÞ; ðSyÞðsÞÞkds

≤
1

ΓðγÞ
jvj

juþ vj
ðb� aÞαBðγ; α� γ þ 1Þ

Γð1� γ þ αÞ
3 k f ð$; ynð$Þ; ðSynÞð$ÞÞ � f ð$; yð$Þ; ðSyÞð$ÞÞkC1�γ

þðt � aÞα
ΓðαÞ Bðγ; αÞk f ð$; ynð$Þ; ðSynÞð$ÞÞ � f ð$; yð$Þ; ðSyÞð$ÞÞkC1�γ

:

By (H1) and using the Lebesgue dominated convergence theorem, we have

kðQyn � QyÞkC1�γ
→ 0 as n→∞;

which implies that the operator Q is continuous on Br.

Step 3. The operator Q is equicontinuous.

For any a < t1 < t2 < b and y∈Br, we get��ðt2 � aÞ1−γðQyÞðt2Þ � ðt1 � aÞ1−γðQyÞðt1Þ
��

≤
1

ΓðαÞ
����
����ðt2 � aÞ1−γ

Z t2

a

ðt2 � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds

�ðt1 � aÞ1−γ
Z t1

a

ðt1 � sÞα−1f ðs; yðsÞ; ðSyÞðsÞÞds
����
����

≤
kfkC1�γ

ΓðαÞ
����
����ðt2 � aÞ1−γ

Z t2

a

ðt2 � sÞα−1ðs� aÞγ−1ds

�ðt1 � aÞ1−γ
Z t1

a

ðt1 � sÞα−1ðs� aÞγ−1ds
����
����

≤
kfkC1�γ

ΓðαÞ Bðγ; αÞ��ðt2 � aÞ1−γðt2 � aÞαþγ−1 � ðt1 � aÞ1−γðt1 � aÞαþγ−1
��

≤
kfkC1�γ

ΓðαÞ Bðγ; αÞkðt2 � aÞα � ðt1 � aÞαk;

which tends to zero as t2 → t1, independent of y∈Br. Thus we conclude that QðBrÞ is
equicontinuous, that is, modcðQðBrÞÞ ¼ 0.
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Step 4. The M€onch condition is satisfied.

Suppose that D⊂Br is a countable set and D⊆ convðf0g∪QðDÞÞ. In order to show that D is
precompact, it is enough to obtain that ΦðDÞ ¼ ð0; 0Þ. Since ΦðQðDÞÞ is maximum, let
fxng∞n¼1 ⊆QðDÞ be a countable set attaining its maximum. Then, there exists a set
fyng∞n¼1 ⊆D such that xn ¼ ðQynÞðtÞ for all t ∈ J ; n≥ 1.

Now, using (H3) together with Lemmas 2.9–2.11, we obtain

Ψ
�fxng∞n¼1

� ¼ Ψ
�fðQynÞðtÞg∞n¼1

�

≤
2jvj

juþ vj
ðt � aÞγ−1

ΓðγÞ
1

Γð1� γ þ αÞ 3
Z b

a

ðb� sÞα−γΨ�f ðs; fynðsÞg∞n¼1; ðSfynðsÞg∞n¼1

��Þds
þ 2

ΓðαÞ
Z t

a

ðt � sÞα−1Ψ�f ðs; fynðsÞg∞n¼1; ðSfynðsÞg∞n¼1

��Þds
≤

2jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ 3
Z b

a

ðb� sÞα−γ�m1Ψ
�fynðsÞg∞n¼1

�þm2ΨððSfynðsÞg∞n¼1

��Þds
þ 2

ΓðαÞ
Z t

a

ðt � sÞα−1�m1ΨðfynðsÞg∞n¼1

�þm2Ψ
��
SfynðsÞg∞n¼1

��Þds
≤

2jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ 3
Z b

a

ðb� sÞα−γ�m1 sup
t∈½a;b�

ΨðfynðtÞg∞n¼1

�

þ 2m2ζ sup
t∈½a;b�

Ψ
�fynðtÞg∞n¼1

��
dsþ 2

ΓðαÞ
Z t

a

ðt � sÞα−1�m1 sup
t∈½a;b�

ΨðfynðtÞg∞n¼1

�

þ 2m2ζ sup
t∈½a;b�

Ψ
�fynðtÞg∞n¼1

��
ds ≤

2jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γ

3 eLs
�
m1 sup

t∈½a;b�
e−LtΨðfynðtÞg∞n¼1

�þ 2m2ζ sup
t∈½a;b�

e−LtΨ
�fynðtÞg∞n¼1

��
ds

þ 2

ΓðαÞ
Z b

a

ðt � sÞα−1 3 eLsðm1 sup
t∈½a;b�

e−LtΨðfynðtÞg∞n¼1Þ þ 2m2ζ sup
t∈½a;b�

e−LtΨðfynðtÞg∞n¼1ÞÞds

≤
2jvj

juþ vj
ðt � aÞγ−1

ΓðγÞ
δ
�fyng∞n¼1

�
Γð1� γ þ αÞ

Z b

a

ðb� sÞα−γeLsðm1 þ 2m2ζÞds

þ 2δ
�fyng∞n¼1

�
ΓðαÞ

Z t

a

ðt � sÞα−1eLsðm1 þ 2m2ζÞds

≤



2jvj

juþ vj
ðt � aÞγ−1

ΓðγÞ
1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γeLsðm1 þ 2m2ζÞds

þ 2

ΓðαÞ
Z t

a

ðt � sÞα−1eLsðm1 þ 2m2ζÞds
�
δ
�fyng∞n¼1

�
:
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Hence

δ
�fxng∞n¼1

�

≤ sup
t∈½a;b�

e−Lt

"
2jvj

juþ vj
ðt � aÞγ−1

ΓðγÞ
1

Γð1� γ þ αÞ
Z b

a

ðb� sÞα−γeLsðm1 þ 2m2ζÞds

þ 2

ΓðαÞ
Z t

a

ðt � sÞα−1eLsðm1 þ 2m2ζÞds
#
δ
�fyng∞n¼1

�
:

Fixing a suitable constant 0 < L
0
< 1 given by

L
0 ¼ sup

t∈½a;b�
e−Lt

"
2jvj

juþ vj
ðt � aÞγ−1

ΓðγÞ
1

Γð1� γ þ αÞ

3

Z b

a

ðb� sÞα−γeLsðm1 þ 2m2ζÞds

þ 2

ΓðαÞ
Z t

a

ðt � sÞα−1eLsðm1 þ 2m2ζÞds
#
:;

we get δðfxng∞n¼1Þ≤L
0
δðfyng∞n¼1Þ. Thus

δ
�fyng∞n¼1

�
≤ δðDÞ≤ δðconvðf0g∪QðDÞÞÞ ¼ δ

�fxng∞n¼1

�
≤L

0
δ
�fyng∞n¼1

�
;

which implies that δðfyng∞n¼1Þ ¼ 0 and hence δðfxng∞n¼1Þ ¼ 0.
Now, according to the Step 3, we have found an equicontinuous set fxng∞n¼1 on J. Hence

ΦðDÞ≤Φðconvðf0g∪QðDÞÞÞ≤ΦðQðDÞÞ, whereΦðQðDÞÞ ¼ Φðfxng∞n¼1Þ ¼ ð0; 0Þ. Therefore,D
is precompact. Hence, by Lemma 2.12, there is a fixed point yof operatorQ, which is a solution
of the problem (1.1) in C1−γ ½J ;X �.

Next, we show that such a solution is indeed inCγ
1−γ ½J ;X �. By applyingDγ

aþ on both sides of
(2.1), we get

Dγ
aþyðtÞ ¼ D

βð1−αÞ
aþ f ðt; yðtÞ; ðSyÞðtÞÞ:

Since f ðt; yðtÞ; ðSyÞðtÞÞ∈C
βð1−αÞ
1−γ ½J ;X �, it follows by definition of the space C

βð1−αÞ
1−γ ½J ;X � that

D
γ
aþyðtÞ∈C1−γ ½J ;X �, which implies that y∈C

γ
1−γ ½J ;X �. ,

4. e−Approximate solution

Definition 4.1. A function z∈C
γ
1−γ ½J ;X � satisfying the Hilfer fractional integrodifferential

inequality ��Dα; β
aþ zðtÞ � f ðt; zðtÞ; ðSzÞðtÞÞ�� ≤ e; t ∈ J ;

and

I 1−γaþ ½uzðaþÞ þ vzðb−Þ� ¼ w;

is called an e−approximate solutions of Hilfer fractional integrodifferential equation (1.1).
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Lemma 4.1 (See [22]). For β > 0, let vðtÞ be a nonnegative function locally integrable on
0 < t < T (some T ≤ þ∞) and gðtÞ be a nonnegative, nondecreasing continuous function
defined on 0 < t < T with gðtÞ≤M (constant) and uðtÞ be a nonnegative and locally integrable
function on 0 < t < T such that

uðtÞ≤ vðtÞ þ gðtÞ
Z t

0

ðt � sÞβ−1uðsÞds; 0 < t < T:

Then

uðtÞ≤ vðtÞ þ
Z t

0

"X∞
n¼1

ðgðtÞΓðβÞÞn
ΓðnβÞ ðt � sÞnβ−1vðsÞ

#
ds; 0 < t < T:

Theorem 4.1. Suppose that the function f : J 3X 3X →X satisfies the condition:

kf ðt; y1; x1Þ � f ðt; y2; x2Þk≤ n1ky1 � y2k þ n2kx1 � x2k;
for each t ∈ J and all y1; y2; x1; x2 ∈X, where n1; n2 > 0 are constants. Let zi ∈Cγ

1−γ½J ;X �;
i ¼ 1; 2, be an e−approximate solution of the following Hilfer fractional integrodifferential
equation (

Dα; β
aþ ziðtÞ ¼ f ðt; ziðtÞ; ðSziÞðtÞÞ; t ∈ J ; 0 < α < 1; 0≤ β≤ 1;

I 1−γaþ ½uziðaþÞ þ vziðb−Þ� ¼ wi; α≤ γ ¼ αþ β � αβ; i ¼ 1; 2:
(4.1)

Then

kz1 � z2kC1�γ
≤ Z−1

3

"
ðe1 þ e2Þ

 
ðb� aÞα−γþ1

Γðαþ 1Þ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γððnþ 1Þαþ 1Þðb� aÞðnþ1Þα−γþ1

!

þ jw1 � w2j
juþ vj

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
!#

;

(4.2)

where

Z ¼
 
1� jvj

juþ vj
ðn1 þ ζn2Þ

Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þ

3

(
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
)!

≠ 0:

(4.3)

Proof. Let zi ∈C
γ
1−γ ½J ;X �; ði ¼ 1; 2Þ be an e−approximate solution of problem (4.1). Then

I
1−γ
aþ ½uziðaþÞ þ vziðb−Þ� ¼ wi and��Dα; β

aþ ziðtÞ � f ðt; ziðtÞ; ðSziÞðtÞÞ
��≤ ei; i ¼ 1; 2; t ∈ J : (4.4)
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Applying Iαaþ on both sides of the above inequality and using Lemma 2.3, we get

I αaþei ≥ Iαaþ
��Dα; β

aþ ziðtÞ � f ðt; ziðtÞ; ðSziÞðtÞÞ
��≥ ����ziðtÞ � wi

uþ v

ðt � aÞγ−1
ΓðγÞ

þ v

uþ v

ðt � aÞγ−1
ΓðγÞ Iα−γþ1

aþ f ðb; ziðbÞ; ðSziÞðbÞÞ � I αaþ f ðt; ziðtÞ; ðSziÞðtÞÞ
����;

which implies that

ei

Γðαþ 1Þðt � aÞα ≥
����ziðtÞ � wi

uþ v

ðt � aÞγ−1
ΓðγÞ þ v

uþ v

ðt � aÞγ−1
ΓðγÞ I α−γþ1

aþ f ðb; ziðbÞ; ðSziÞðbÞÞ

� Iαaþ f ðt; ziðtÞ; ðSziÞðtÞÞ
����; i ¼ 1; 2:

Using jxj− jyj≤ jx− yj≤ jxj þ jyj in the above inequality yields

ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα

≥

����z1ðtÞ � w1

uþ v

ðt � aÞγ−1
ΓðγÞ þ v

uþ v

ðt � aÞγ−1
ΓðγÞ I

α−γþ1
aþ f ðb; z1ðbÞ; ðSz1ÞðbÞÞ � I αaþ f ðt; z1ðtÞ; ðSz1ÞðtÞÞ

����
þ
����z2ðtÞ � w2

uþ v

ðt � aÞγ−1
ΓðγÞ þ v

uþ v

ðt � aÞγ−1
ΓðγÞ I α−γþ1

aþ f ðb; z2ðbÞ; ðSz2ÞðbÞÞ � I αaþ f ðt; z2ðtÞ; ðSz2ÞðtÞÞ
����

≥

����


z1ðtÞ � w1

uþ v

ðt � aÞγ−1
ΓðγÞ þ v

uþ v

ðt � aÞγ−1
ΓðγÞ I α−γþ1

aþ f ðb; z1ðbÞ; ðSz1ÞðbÞÞ

� I αaþ f ðt; z1ðtÞ; ðSz1ÞðtÞÞ� �


z2ðtÞ � w2

uþ v

ðt � aÞγ−1
ΓðγÞ

þ v

uþ v

ðt � aÞγ−1
ΓðγÞ Iα−γþ1

aþ f ðb; z2ðbÞ; ðSz2ÞðbÞÞ � I αaþ f ðt; z2ðtÞ; ðSz2ÞðtÞÞ
�����

≥

����
����ðz1ðtÞ � z2ðtÞÞ � ðw1 � w2Þ

uþ v

ðt � aÞγ−1
ΓðγÞ

þ v

uþ v

ðt � aÞγ−1
ΓðγÞ Iα−γþ1

aþ ½f ðb; z1ðbÞ; ðSz1ÞðbÞÞ � f ðb; z2ðbÞ; ðSz2ÞðbÞÞ�

� I αaþ ½f ðt; z1ðtÞ; ðSz1ÞðtÞÞ � f ðt; z2ðtÞ; ðSz2ÞðtÞÞ�
����
����

≥ kðz1ðtÞ � z2ðtÞÞk �
����ðw1 � w2Þ

uþ v

ðt � aÞγ−1
ΓðγÞ

����
þ
���� v

uþ v

ðt � aÞγ−1
ΓðγÞ Iα−γþ1

aþ ½f ðb; z1ðbÞ; ðSz1ÞðbÞÞ � f ðb; z2ðbÞ; ðSz2ÞðbÞÞ�
����

� ��I αaþ ½f ðt; z1ðtÞ; ðSz1ÞðtÞÞ � f ðt; z2ðtÞ; ðSz2ÞðtÞÞ�
��:

In consequence, we have
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kðz1ðtÞ � z2ðtÞÞk

≤
ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ

����ðw1 � w2Þ
uþ v

ðt � aÞγ−1
ΓðγÞ

����

�
���� juj
juþ vj

ðt � aÞγ−1
ΓðγÞ Iα−γþ1

aþ ½ f ðb; z1ðbÞ; ðSz1ÞðbÞÞ � f ðb; z2ðbÞ; ðSz2ÞðbÞÞ�
����

þkI αaþ ½f ðt; z1ðtÞ; ðSz1ÞðtÞÞ � f ðt; z2ðtÞ; ðSz2ÞðtÞÞ�k

≤
ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

uþ v

ðt � aÞγ−1
ΓðγÞ

þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

�����Iα−γþ1
aþ ½f ðb; z1ðbÞ; ðSz1ÞðbÞÞ � f ðb; z2ðbÞ; ðSz2ÞðbÞÞ�

�����
þkI αaþ ½f ðt; z1ðtÞ; ðSz1ÞðtÞÞ � f ðt; z2ðtÞ; ðSz2ÞðtÞÞ�k

≤
ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

juþ vj
ðt � aÞγ−1

ΓðγÞ

þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þ

Z b

a

ðb� sÞα−γkz1ðsÞ � z2ðsÞkds

þðn1 þ ζn2Þ
ΓðαÞ

Z t

a

ðt � sÞα−γkz1ðsÞ � z2ðsÞkds

≤
ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

juþ vj
ðt � aÞγ−1

ΓðγÞ

þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

þðn1 þ ζn2Þ
ΓðαÞ

Z t

a

ðt � sÞα−1kz1ðsÞ � z2ðsÞkds:

Using Lemma 4.1 with uðtÞ ¼ kðz1ðtÞ− z2ðtÞÞk, gðtÞ ¼ ðn1þζn2Þ
ΓðαÞ and vðtÞ ¼ ðe1 þ e2Þ

Γðαþ 1Þ ðt − aÞαþ
jw1 −w2j
juþvj

ðt − aÞγ−1
ΓðγÞ þ jvj

juþvj
ðt − aÞγ−1
ΓðγÞ

ðn1þζn2Þ
Γðα− γþ1Þðb− aÞαBðγ; α− γ þ 1Þkz1−z2kC1− γ

, we get
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kðz1ðtÞ � z2ðtÞÞk≤ ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

juþ vj
ðt � aÞγ−1

ΓðγÞ

þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

þ
Z t

a

X∞
n¼1

ðn1 þ ζn2Þn
ΓðnαÞ ðt � sÞnα−1

�ðe1 þ e2Þ
Γðαþ 1Þðs� aÞα þ jw1 � w2j

juþ vj
ðs� aÞγ−1

ΓðγÞ

þ jvj
juþ vj

ðs� aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

�
ds

≤
ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

juþ vj
ðt � aÞγ−1

ΓðγÞ þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

þ ðe1 þ e2Þ
Γðαþ 1Þ

X∞
n¼1

ðn1 þ ζn2ÞnI nαaþ ðt � aÞα

þ jw1 � w2j
ΓðγÞjuþ vj

X∞
n¼1

ðn1 þ ζn2ÞnI nαaþ ðt � aÞγ−1

þ
jvjkz1 � z2kC1�γ

ΓðγÞjuþ vj
ðn1 þ ζn2Þ

Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þ

3
X∞
n¼1

ðn1 þ ζn2ÞnI nαaþ ðt � aÞγ−1 ≤ ðe1 þ e2Þ
Γðαþ 1Þðt � aÞα þ jw1 � w2j

juþ vj
ðt � aÞγ−1

ΓðγÞ

þ jvj
juþ vj

ðt � aÞγ−1
ΓðγÞ

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

þ ðe1 þ e2Þ
Γðαþ 1Þ

X∞
n¼1

ðn1 þ ζn2Þn Γðαþ 1Þ
Γððnþ 1Þαþ 1Þðt � aÞðnþ1Þα

þ jw1 � w2j
ΓðγÞjuþ vj

X∞
n¼1

ðn1 þ ζn2Þn ΓðγÞ
Γðnαþ γÞðt � aÞnαþγ−1 þ

jvjkz1 � z2kC1�γ

ΓðγÞjuþ vj
ðn1 þ ζn2Þ

Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þ3
X∞
n¼1

ðn1 þ ζn2Þn ΓðγÞ
Γðnαþ γÞðt � aÞnαþγ−1

¼ ðe1 þ e2Þ
 
ðt � aÞα
Γðαþ 1Þ þ

X∞
n¼1

ðn1 þ ζn2Þn 1

Γððnþ 1Þαþ 1Þðt � aÞðnþ1Þα
!

þ jw1 � w2j
juþ vj

 
ðt � aÞγ−1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðt � aÞnαþγ−1

!

þ jvj
juþ vj

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

3

 
ðt � aÞγ−1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðt � aÞnαþγ−1

!
:
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Hence, for each t ∈ J, we have

ðt � aÞ1−γkðz1ðtÞ � z2ðtÞÞk

≤ ðe1 þ e2Þ
 
ðt � aÞα−γþ1

Γðαþ 1Þ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γððnþ 1Þαþ 1Þðt � aÞðnþ1Þα−γþ1

!

þ jw1 � w2j
juþ vj

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðt � aÞnα
!

þ jvj
juþ vj

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

3

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðt � aÞnα
!
:

Thus

kz1 � z2kC1�γ

≤ ðe1 þ e2Þ
 
ðb� aÞα−γþ1

Γðαþ 1Þ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γððnþ 1Þαþ 1Þðb� aÞðnþ1Þα−γþ1

!

þ jw1 � w2j
juþ vj

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
!

þ jvj
juþ vj

ðn1 þ ζn2Þ
Γðα� γ þ 1Þðb� aÞαBðγ; α� γ þ 1Þkz1 � z2kC1�γ

3

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
!
;

which, together with (4.3), yields

kz1 � z2kC1�γ
≤ Z−1½ðe1 þ e2Þ

3

 
ðb� aÞα−γþ1

Γðαþ 1Þ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γððnþ 1Þαþ 1Þðb� aÞðnþ1Þα−γþ1

!

þ jw1 � w2j
juþ vj

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
!#

: ,

(4.5)

Remark 4.1. If e1 ¼ e2 ¼ 0 in the inequality (4.4), then z1; z2 are solutions of the problem
(1.1) in the space Cγ

1−γ ½J ;X � and the inequality (4.5) takes the form

kz1 � z2kC1�γ
≤ Z−1jw1 � w2j

juþ vj

 
1

ΓðγÞ þ
X∞
n¼1

ðn1 þ ζn2Þn 1

Γðnαþ γÞðb� aÞnα
!
;
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which provides the information with respect to continuous dependence on the solution of the
problem (1.1). In addition, if w1 ¼ w2 we get kz1−z2kC1− γ

¼ 0;which proves the uniqueness of
solutions of the system (1.1).

Remark 4.2. One can note that our results for the Hilfer fractional integrodifferential
equation (1.1) correspond to initial boundary value problem for u ¼ 1; v ¼ 0, terminal
boundary value problem for u ¼ 0; v ¼ 1 and anti-periodic problem for u ¼ 1; v ¼ 1;w ¼ 0.

Remark 4.3. If β ¼ 1, then Eq. (1.1) reduces to the Caputo fractional integrodifferential
equation with boundary conditions as in [12].
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